Preface

We are very pleased to present the proceedings of the First Workshop on Bioin-
formatics (WABI 2001), which took place in Aarhus on August 28-31, 2001,
under the auspices of the European Association for Theoretical Computer Sci-
ence (EATCS) and the Danish Center for Basic Research in Computer Science
(BRICS).

The Workshop on Algorithms in Bioinformatics covers research on all aspects
of algorithmic work in bioinformatics. The emphasis is on discrete algorithms
that address important problems in molecular biology. These are founded on
sound models, are computationally efficient, and have been implemented and
tested in simulations and on real datasets. The goal is to present recent research
results, including significant work-in-progress, and to identify and explore direc-
tions of future research. Specific topics of interest include, but are not limited
to:

— Exact and approximate algorithms for genomics, sequence analysis, gene and
signal recognition, alignment, molecular evolution, structure determination
or prediction, gene expression and gene networks, proteomics, functional
genomics, and drug design.

— Methods, software and dataset repositories for development and testing of
such algorithms and their underlying models.

— High-performance approaches to computationally hard problems in bioinfor-
matics, particularly optimization problems.

A major goal of the workshop is to bring together researchers spanning the
range from abstract algorithm design to biological dataset analysis, to encourage
dialogue between application specialists and algorithm designers, mediated by
algorithm engineers and high-performance computing specialists. We believe that
such a dialogue is necessary for the progress of computational biology, inasmuch
as application specialists cannot analyze their datasets without fast and robust
algorithms and, conversely, algorithm designers cannot produce useful algorithms
without being aware of the problems faced by biologists. Part of this mix was
achieved automatically this year by colocating into a single large conference,
ALGO 2001, three workshops: WABI 2001, the 5th Workshop on Algorithm
Engineering (WAFE 2001), and the 9th Furopean Symposium on Algorithms (ESA
2001), and sharing keynote addresses among the three workshops. ESA attracts
algorithm designers, mostly with a theoretical leaning, while WAFE is explicitly
targeted at algorithm engineers and algorithm experimentalists.

These proceedings reflect such a mix. We received over 50 submissions in
response to our call and were able to accept 23 of them, ranging from mathe-
matical tools through to experimental studies of approximation algorithms and
reports on significant computational analyses. Numerous biological problems are
dealt with, including genetic mapping, sequence alignment and sequence analy-
sis, phylogeny, comparative genomics, and protein structure.
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We were also fortunate to attract Dr. Gene Myers, Vice-President for Infor-
matics Research at Celera Genomics, and Prof. Jotun Hein, Aarhus University,
to address the joint workshops, joining five other distinguished speakers (Profs.
Herbert Edelsbrunner and Lars Arge from Duke University, Prof. Susanne Al-
bers from Dortmund University, Prof. Uri Zwick from Tel Aviv University, and
Dr. Andrei Broder from Alta Vista). The quality of the submissions and the
interest expressed in the workshop is promising — plans for next year’s workshop
are under way.

We would like to thank all the authors for submitting their work to the
workshop and all the presenters and attendees for their participation. We were
particularly fortunate in enlisting the help of a very distinguished panel of re-
searchers for our program committee, which undoubtedly accounts for the large
number of submissions and the high quality of the presentations. Our heartfelt
thanks go to all:

Craig Benham (Mt Sinai School of Medicine, New York, USA)
Mikhail Gelfand (Integrated Genomics, Moscow, Russia)
Raffaele Giancarlo (U. di Palermo, Italy)

Michael Hallett (McGill U., Canada)

Jotun Hein (Aarhus U., Denmark)

Michael Hendy (Massey U., New Zealand)

Inge Jonassen (Bergen U., Norway)

Junhyong Kim (Yale U., New Haven, USA)

Jens Lagergren (KTH Stockholm, Sweden)

Edward Marcotte (U. Texas Austin, USA)

Satoru Miyano (Tokyo U., Japan)

Gene Myers (Celera Genomics, USA)

Marie-France Sagot (Institut Pasteur, France)

David Sankoff (U. Montreal, Canada)

Thomas Schiex (INRA Toulouse, France)

Joao Setubal (U. Campinas, Sao Paolo, Brazil)

Ron Shamir (Tel Aviv U., Israel)

Lisa Vawter (GlaxoSmithKline, USA)

Martin Vingron (Max Planck Inst. Berlin, Germany)
Tandy Warnow (U. Texas Austin, USA)

In addition, the opinion of several other researchers was solicited. These subref-
erees include Tim Beissbarth, Vincent Berry, Benny Chor, Eivind Coward, Ing-
var Eidhammer, Thomas Faraut, Nicolas Galtier, Michel Goulard, Jacques van
Helden, Anja von Heydebreck, Ina Koch, Chaim Linhart, Hannes Luz, Vsevolod
Yu, Michal Ozery, Itsik Pe’er, Sven Rahmann, Katja Rateitschak, Eric Rivals,
Mikhail A. Roytberg, Roded Sharan, Jens Stoye, Dekel Tsur, and Jian Zhang.
We thank them all.

Lastly, we thank Prof. Erik Meineche-Schmidt, BRICS codirector, who
started the entire enterprise by calling on one of us (Bernard Moret) to set up the
workshop and who led the team of committee chairs and organizers through the
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setup, development, and actual events of the three combined workshops, with
the assistance of Prof. Gerth Brgdal.

We hope that you will consider contributing to WABI 2002, through a sub-
mission or by participating in the workshop.

June 2001 Olivier Gascuel and Bernard M.E. Moret
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An Improved Model for Statistical Alignment
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Abstract. The statistical approach to molecular sequence evolution involves the
stochastic modeling of the substitution, insertion and deletion processes. Substi-
tution has been modeled in a reliable way for more than three decades by using
finite Markov-processes. Insertion and deletion, however, seem to be more dif-
ficult to model, and the recent approaches cannot acceptably deal with multiple
insertions and deletions. A new method based on a generating function approach
is introduced to describe the multiple insertion process. The presented algorithm
computes the approximate joint probability of two sequenced(ii) running

time wherel is the geometric mean of the sequence lengths.

1 Introduction

The traditional sequence analysis [1] needs proper evolutionary parameters. These pa-
rameters depend on the actual divergence time, which is usually unknown as well. An-
other major problem is that the evolutionary parameters cannot be estimated from a
single alignment. Incorrectly determined parameters might cause unrecognizable bias
in the sequence alignment.

One way to break this vicious circle is the maximum likelihood parameter estima-
tion. In the pioneering work of Bishop and Thompson [2], an approximate likelihood
calculation was introduced. Several years later, Thorne, Kishino, and Felsenstein wrote
a landmark paper [3], in which they presented an improved maximum likelihood algo-
rithm, which estimates the evolutionary distance between two sequences involving all
possible alignments in the likelihood calculation. Their 1991 model (frequently referred
to as the TKF91 model) considers only single insertions and deletions, but this con-
sideration is rather unrealistic [4,5]. Later it was further improved by allowing longer
insertions and deletions [4] in the model, which is usually coined as the TKF92 model.
However, this model assumes that sequences contain unbreakable fragments, and only
whole fragments are inserted and deleted. As it was shown [4], the fragment model has
a flaw: considering unbreakable fragments, there is no possible explanation for overlap-
ping deletions with a scenario of just two events. This problem is solvable by assuming
that the ancestral sequence was fragmented independently on both branches immedi-
ately after the split, and sequences evolved since then according to the fragment model
[6]. However, this assumption does not solve the problem completely: fragments do not

0. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pj.1-10, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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have biological realism. The lack of the biological realism is revealed when we want
to generalize this split model for multiple sequence comparison. For example, consider
that we have proteins from humans, gorillas and chimps. When we want to analyze
the three sequences simultaneously, two pairs of fragmentation are needed: one pair
at the gorilla-(human and chimp) split and one at the human-chimp split. When only
sequences from gorillas and humans are compared, the fragmentation at the human-
chimp split is omitted. Thus, the description of the evolution of two sequences depends
on the number of the introduced splits, and there is no sensible interpretation to this
dependence.

1.1 TheThorneKishino—Felsenstein M odel

Since our model is related to the TKF91 model we describe it briefly. Most of the
definitions and notations are introduced in here.

The TKF model is the fusion of two independent time-continuous Markov pro-
cesses, the substitution and the insertion-deletion process.

The Substitution Process: Each character can be substituted independently for an-
other character dictated by one of the well-known substitution processes [7],[8]. The
substitution process is described by a system of linear differential equations

dx(t)
—=Q -x(t 1
= = Q1) (1)
whereQ is the rate matrix. Sinc€ contains too many parameters, it is usually sepa-
rated into two component€) os, whereQ is kept constant and is estimated with a less
rigorous method than maximum likelihood [4]. The solution[df (1) is

x(t) = eQstx(0) (2

The Insertion-Deletion Process: The insertion-deletion process is traditionally de-
scribed not in terms of amino acids or nucleotides but in terms of imaginary links. A
mortal link is associated to the right of each character, and additionally, there is an im-
mortal link at the left end of the sequence. Each link can give birth to a mortal link with
birth rate\. The newborn link always appears at the right side of its parent. Accompa-
nying the birth of a mortal link, is the birth of a character drawn from the equilibrium
distribution. Only mortal links can die out with death ratetaking their character to

the left with them. Assuming independence between links, it is sufficient to describe
the fate of single mortal link and the immortal one. According to the possible histo-
ries of links (Figurd1l), three types of functions are consideredpgé(t) denote the
probability that after time, a mortal link has survived, and has exadilgescendants
including itself. Letpf)(t) denote the probability that after timtea mortal link died,

but it left exactlyk descendants. Let(¢) denote the probability that after timethe
immortal link has exactly: descendants, including itself.
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Time Immortal Mortal Mortal

0 0 * *

t 0* * **x % —* *

k P P PAY

Fig. 1. The Possible Fates of Links. The second column shows the fate of the immortal
link (0). After atime period ¢ it has k descendants including itself. The third column
describes the fate of a survived mortal link (*). It has & descendants including itself
after time t. The fourth column depicts the fate of a mortal link that died, but left &
descendants after time ¢.

Calculating the Joint Probability of Two Sequences. The joint probability of two
sequences A and B is calculated as the equilibrium probability of sequence A timesthe
probability that sequence B evolved from A under time 2¢, where ¢ is the divergence
time.

P(A, B) = Px(A)Pyu(B | A) 3

A possible transition is described as an alignment. The upper sequence is the ancestor;
the lower sequence is the descendant. For example the following alignment describes
that the immortal link o has one descendant, the first mortal link * died out, and the
second mortal link has two descendantsincluding itself.

o - A U -
o & - C A

The probability of an alignment is the probability of the ancestor, times the probability
of the transition. For example, the probability of the above alignment is

Yo (A)m(D)p2 () (G (8" (1) fuc (2t)m(A) (4)

where ~,, is the probability that a sequence contains n mortal links, 7(X) is the fre-
quency of the character X, and f;;(2t) is the probability that a character ¢ is of j at
time 2¢. Thejoint probability of two sequencesis the summation of the alignment prob-
ahilities.

2 TheModd

Our model differs from the TKF models in the insertion-deletion process. The TKF91
model assumes only single insertions and deletions, as illustrated in Figure [2. Long
insertions and deletions are allowed in the TKF92 model, as illustrated in Figure [3
However, these long indels are considered as unbreskable fragments as they have only
one common mortal link. The death of the mortal link causes the deletion of every char-
acter in thelong insertion. The distinction from the previous model is that in our model

3
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A
A* A* C* A* C* G*
‘\u/ \g/

Fig. 2. The Flow-chart of the TKF91 Model. Each link can give birth to a mortal link
with birthrate A > 0. Mortal links die with death rate ;» > 0.

Ar(1-1)

AT

)

* A*C* A*CG*

>

{

W

Fig. 3. The Flowchart of the Thorne—Kishino—Felsenstein Fragment Model. A link can
give birth to a fragment of length & with birth rate Ar(1 — r)*~!, with A > 0 and
0 < r < 1. Fragments are unbreakable so that only whole fragments can die with death
rate p > 0.

Ar(1-r)
Ar Ar
/7 N/ N
A* A* C* A* C* G*
\“/ \p/

Fig. 4. The Flowchart of Our Model. Each link can give birthto &£ mortal linkswith birth
rate \r(1—7r)*=1, with A > 0and0 < r < 1. Each newborn link can dieindependently
with death rate i« > 0.

every character hasits own mortal link in the long insertions, asillustrated in Figure [4.
Thus, this model allows long insertions without considering unbreakable fragments. It
is possible that along fragment is inserted into the sequence first and some of the in-
serted links die and some of them survive after then. A link gives birth to a block of &
mortal linkswith rate A, where

Me=M1-r)k1 k=1,2,...,A>0,0<r<1 (5)

Only mortal links can die with rate p > 0.
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2.1 Calculating the Generating Functions

The Master Equation: First, the probabilities of the possible fates of the immortal
link is computed. Collecting the gain and loss terms for this birth-death process, the
following Master equation is obtained:

dpn — . =
P Z(n — J)NjPn—j + NpPpt1 — (nz)\j +(n— 1)#) Pn (6)

Jj=1 Jj=1

Using 3%, A = Aand 3207 (n = 5)Ajpn—j = 5=y kAn—kpr, We have:

dpn = n—k—1
o= \r ; k(1—r) Pr+ npppir — (RA+ (= 1)p) pn @

Dueto theimmortal link, we haveVt, po(t) = 0. For n = 1, thesumin (@) isvoid. The
initial conditions are given by:

pn(o)::5m1 (8)
Next, we introduce the generating function [9]:
P&t) =" &"palt) ©)
n=0
Multiplying (@) by £, then summing over n, we obtain alinear PDE for the generating
function: P M op
9T A S R T2V ol
-0 (n- g ) e - -0k @

withinitial condition P(§;0) = &.
Solution to the PDE for the Generating Function: We use the method of Lagrange:
dt d¢ dpP

1 _(1_5)@_%) C—(1-9kP

The two equalities define two, one-parameter families of surfaces, namely v(¢; &; P)
and w(t; &; P). After integrating thefirst and the second equalitiesin ([I) the following
families of surfaces are obtained:

(11)

) = [ g = (12)
w(E&;t; P) = P@ o (13)

witha = A+ (1 —r) > 0. The general form of the solution is an arbitrary function of
w = g(v). Thismeans:

P(&t) = €(n—af) (%e““w) (14)
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The function g isfixed from theinitial condition P(¢,0) = &:

9(z) = (n—af ()" (15)
where ) ;
@) = (19

Thus the exact form for the generating function becomes:

A a

_ -1 —(pr—A)t
R ) )

The Praobabilities for the Fate of the Mortal Links: The Master Equations for the
probabilities p) () and p'? (¢) are given by

dgll) n—1 .
j=1

dp(2) n—1 ‘
7 = = )p + (n+ Vpply + L - nZ/\ +np | pP (19)
j=1 j=1

We have the following conditionsto be fulfilled:
(1)
VE>0, py’(t) =0 (20)
and theinitial conditions:

vn >0, p(0)=06,1, PP0)=0 (21)

’I’L

The corresponding partial differential equationsfor the generating functions,
PO(&, 1) = 220 enpli(t), for i = 1,2, are given by

orW A& orW _ HEpa)

o 7Y <“‘1—5<1—r>) gt = et @)
or® A OP® )

o~ -0 (v =i =) e~ EF @

Solution to the PDEs for the Generating Functions of the Mortal Links: First, we
solve ([22) using the method of Lagrange

8
dt d¢ _ap 2

1 A T _ep)
_(1 - f) (:u - 1—5(%—7")) 13
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The two, one-parameter families of surfacesare v(t; &; P(V) and w(t; &; PM). Since v
comes from the integration of thefirst equality in (22), it isthe same as (12). Integrating
the second equality yields:

(1- g)w/(wfx\)
§(u— ag) MmN
Proceeding as in the previous section, we have:

PO 1) =

w—a& PEEy 1— f—l(f(g)e—(;w—A)t) e
g(u - af‘l(f(ﬁ)e‘“”‘”t)) ( 1-¢ ) (26)

with f given by (T8). To caculate P(®)(¢;t), we first define Q(&;t) = P (&;t) +
P@)(¢&;t). Summing (Z2) and (23) the following equation is obtained for Q:

0Q A 9Q
7 0-0 (- =g 5 -

This is again easily solved with the method of characteristics. First, we integrate the
characteristic equation, which is the first equation in (24), to obtain the family of char-
acteristic curves, given by v(¢;t) = c¢; asin [@2). Thus, Q(&;t) = g(v) isthe general
solution, where g(z) is an arbitrary, differentiable function, to be set by theinitial con-
ditions. Using (20) and 1), we have Q(&; 0) = £. Thisleadsto:

w(& t; PY) = pt) o (25)

0 27)

Q(&t) = FH(f(§e =) (29)
with f given by (16), and therefore:
P& t) = fH(f(&e” M) — PM(&:1) (29)

with P (¢:t) given by (26).

2.2 TheEquilibrium Length Distribution

The generating function of the equilibrium length distribution can be obtained from ([17)
by considering the limit t — oco. Since f ~1(0) = 1 and due to the immortal link, the
generating function becomes

r(e) = (/fj_‘jg)% (30)

Calculating the Taylor-series of I"(£) around 0, we get for the equilibrium probabilities:

A 15 (A + da)
,YTL = (M - a) @ n!'u"_l_;’_)\/a (31)
From %ff) inthelimit of ¢ — 17, the expected value of the sequencelengthis obtained
as.
A

- ur — A (32)

E(7)
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3 TheAlgorithm

3.1 Calculatingthe Transition Probabilities

Unfortunately, the inverse of f given by (1I6) does not have a closed form. Thus a
numerical approach is needed for calculating the transition probability functions p ,, (¢),
pP (1), and p{P (). We calculate the generating functions P(&;t), P(M(&;¢) and
P@) (& t)inly 4+ 1 pointsaround ¢ = 0, wherel; isthe length of the shorter sequence.
For doing this, the following equation must be solved for = numerically where &, p, A,
r, t,and a are given.

I i (39

(- az)?

Givenl; = 1 points, the functions are partially derived [, times. After this

_open 1

pu(t) = ot nl (34)

and similarly for i (t) and for 2 (t). Thus, the transition probability functions can
be calculated in O(I2) time.

3.2 Dynamic Programming for the Joint Probability

Without loss of generality we can suppose that the shorter sequenceis sequence B. The
equilibrium probability of sequence A is

s ISV +ia)

Poo(A) = (1 — a)
(At =147 a 1! D r(ay)

(35)

where a; isthe ith character in A and I(A) is the length of the sequence.

Let A; denote the i-long prefix of A and let B; denote the j-long prefix of B.
There is a dynamic programming algorithm for calculating the transition probabilities
P,(A; | Bj). Theinitia conditions are given by:

Pi(A, | Bj) = pn1 () IT]_ 7 (by) (36)
To save computationtime, we calculate I75_, w(by,) for every I < j beforetherecursion.
Then the recursion follows
J

=0
j—1

+ 3" P(Aicy | BOPY () fasbin Ty om(br) — (37)
=0

The dynamic programming is the most time-consuming part of the algorithm, it takes
O(I?) running time.
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3.3 Findingthe Maximum Likelihood Parameters

As mentioned earlier, the substitution process is described with only one parameter,
st. (A genera phenomenon is that the time and rate parameters can not be estimated
individualy, only their product.) The insertion-deletion model is described with three
parameters, \t, ut, and r, which however, can be reduced to two, if the following equa
tion is taken under consideration

A I(A)+1(B)

ur— A - 2 (38)

namely, the mean of the sequence lengths is the maximum likelihood estimator for the
expected value of the length distribution.

The maximum likelihood values of the three remaining parameters can be obtained
using one of the well-known numerical methods (gradient method, etc.).

4 Discussion and Conclusions

Thereisanincreasing desirefor statistical methods of sequence analysisin the bioinfor-
matics community. The statistical alignment provides a sensitive homology testing [5],
which is better than the traditional, similarity-based methods [10]. The summation over
the possible alignments leads to a good evolutionary parameter estimation [3], while
the parameter estimation from a single alignment is doubtful [3,11].

Methods based on evolutionary models integrate the multiple alignment and the
evolutionary tree reconstruction. The generalization of the Thorne—Kishino—Felsenstein
model to arbitrary number of sequencesis straightforward [12,13]. A novel approachis
to treat the evolutionary models as HMM. The TKF model fits into the concept of pair-
HMM [14]. Similarly, the generalization to n sequences can be handled as multiple-
HMM. Following this approach, one can sample alignments related to a tree providing
an objective approximation to the multiple alignment problem [15]. Sampling pairwise
alignments and evolutionary parameters allows further investigations of the evolution-
ary process [16].

Theweak point of the statistical approach is the lack of an appropriate evol utionary
model. A new model and an associated algorithm for computing the joint probability
wereintroduced. This new model is superior to the Thorne—Kishino—Felsensteinmodel:
it allowslonginsertionswithout considering unbreakabl efragments. However, itisonly
a small inch to the reality, as it contains at least two unrealistic properties. It cannot
deal with long deletions, and the rates for the long insertions form a geometric series.
The elimination of both these problems seems to be rather difficult but not impossible.
Other rate functionsfor long insertions lead to more difficult PDE-swhose characteris-
tic equations may not be integrated without a rather involved computational overhead.
The same situation appears when long deletions are allowed. Moreover, in this case
calculating only the fates of the individual links is not sufficient. Thus, for achieving
more appropriate models, numerical calculations are needed in an earlier state of the
procedure. Neverthel ess, we hope that the generating function approach will open some
novel avenuesfor further research.
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Abstract. Alignments of frequency profiles against frequency profiles have a
wide scope of applications in currently used bioinformatic analysis tools ranging
from multiple alignment methods based on the progressive alignment approach
to detecting of structural similarities based on remote sequence homology. We
present the newog average scoring approach to calculating the score to be used
with alignment algorithms like dynamic programming and show that it signifi-
cantly outperforms the commonly used average scoring and dot product approach
on a fold recognition benchmark. The score is also applicable to the problem of
aligning two multiple alignments since every multiple alignment induces a fre-
quency profile.

1 Introduction

The use of alignment algorithms for the establishing of protein homology relationships
has a long tradition in the field of bioinformatics. When first developed, these algorithms
aimed at assessing the homology of two protein sequences and at constructing their best
mapping onto each other in terms of homology. By extending these algorithms to align
sequences of amino acids not only to their counterparts but to frequency profiles, which
was first proposed by Gribskov [10], it became feasible to analyse the relationship of a
single protein with a whole family of proteins described by the frequency profile. Based
on this idea the PSI-Blast prograim [2] was developed which belongs to the most well
known and heavily used tools in computational biology. Recently, a further abstraction
has proven to be of considerable use in protein structure prediction. In the CAFASP2
contest of fully automated protein structure prediction the group of Rychlestiski
reached the second rank using a profile-profile alignment method called FFAS [18].
The notion of alignment is thus extended to provide a mapping between two protein
families represented by their frequency profiles. Rychlewséi. used the dot product
to calculate the alignment score for a pair of profile vectors. In this paper we present a
new approach which allows to choose an amino acid substitution model like the BLO-
SUM model [12] and leads to a score that not only increases the ability to judge the
relatedness of two proteins by the alignment score but also has a meaning in terms of
the underlying substitution model.

We start by introducing the definition of profiles and subsequently discuss the three
candidate methods for scoring profile vectors against each other. In the second part

0. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp[11-26, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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the fold recognition experiments we performed are described and discussed. In the ap-
pendix further technical information on the benchmarks can be found.

2 Theory

The use of profiles is to represent a set of related proteins by a statistical model that
does not increase in size even when the set of proteins gets large. This is done by mak-
ing a multiple alignment of all the sequences in the set and then counting the relative
frequencies of occurrence of each amino acid in each position of the multiple align-
ment. Usually it is assumed that the underlying set of proteins is not known completely,
but that we have a small subset of representatives, for instance from a homology search
over a database. Extensive work has been done on the issue of estimating the “real” fre-
guencies of the full set from the sample retrieved by the homology search. Any of these
methods like pseudo counts [20], Dirichlet mixture models [6], minimal-risk estimation
[24], sequence weighting methods [13],/[16], [19] may be used to preprocess the sample
to get the best estimation of the frequencies before one of the following scoring meth-
ods is applied. In any case will the construction yield a vector of probability vectors
which are in our setting of dimension 20 (one for each amino acid). These probabilities
are positive real numbers that sum up to one and stand for the probability of seeing a
certain amino acid in this position of a multiple alignment of all family members. This
sequence of vectors will be called frequency profile or profile throughout the paper. The
gaps occurring in the multiple alignments are not accounted for in our models, there-
fore the frequency vectors must eventually be scaled up to reach a total probability sum
of one. All of the profile-to-profile scoring methods introduced will be defined by a
formula which gives the corresponding score depending on two probability vectors (or
profile positions) named ands.

2.1 Dot Product Scoring

The simplest and fastest method is the dot product method as used by Rycldewski
al. [18]. This is a rather heuristic approach since a possible interpretation of the sum of
these scoring terms over all aligned positions remains unclear. The score is calculated
as

20
SCOIQot produc(a> ﬁ) = Zaiﬁi
=1

which is in fact the probability that identical amino acids are produced by drawing from
the distributionoe and 5 independently. Thég of this score might therefore serve as

a meaningful measure of profile similarity but this is not discussed here. As can be
seen this scoring approach does not incorporate any knowledge about the similarities
between the amino acids and is therefore independent of any substitution matrix.

2.2 Sequence-Sequence Alignment

When aligning two amino acid sequences, the score is calculated as a likelihood ratio
between the likelihood that the alignment occurs between “related” sequences and the
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likelihood that the alignment occurs between “unrelated” sequences. The notion of re-
latedness is defined here by the employed substitution model, which incorporates two
probability distributions describing each case. The first distribution, called null model,
describes the average case in which the two positions are each distributed like the amino
acid background and are unrelated, yield@X = i,Y = j) = p;p;. Herep;, stands

for the probability of seeing an amino adidwhen randomly picking one amino acid

from an amino acid sequence database. The probability of seeing a pair of amino acids
in a “related” pair of sequences in corresponding positions has been estimated by some
authors using different methods. M. Dayhoff derived the distribution from observations
of single point mutations resulting in the series of PAM Matri¢es [8]. In the case of the
BLOSUM matrix series[12] the distribution is derived from blocks of multiply aligned
sequences, which are clustered up to a certain amount of sequence identity. We intro-
duce an event called “related” for the case that the valués ahdY” are related amino

acids and call the probability distributid®d(X = i, Y = j|related = prei(4, j). Using

this, we receive the formula for the log odds score (“log” always standing for the natural

logarithm) o
M(i. j) = log (p—f;'(” >) @)

iDj
which are the values stored in the substitution matrices except for a constant factor
which is 10;010 in the Dayhoff models an@loz—2 in the BLOSUM matrices.
Using Bayes’ formula we get an interpretation of the likelihood ratio term defining

the log odds alignment score:

X =14,Y = jlrelated

P(relatedX =i,Y = j) = P(related il

PIX—7,Y —j) @
= P(related LZ(;J ) )
iDj

This means that except for the prior probabilifrelated, which is a constant, the
usual sequence-sequence alignment score Isgtad the probability that the two amino
acids come from related positions, given the data.

If different positions are assumed to be independent of each other, the log odds
score summed up over all aligned amino acid pairs is the log of the probability that
the alignment occurs in case the sequences are related divided by the probability that
the alignment occurs between unrelated sequences. It is therefore in a certain statis-
tical sense the best means to decide whether the alignment maps related or unrelated
sequences onto each other (Neyman-Pearson lemmal,_€.g. [23]). This quantity will be
maximised by the dynamic programming approach yielding the alignment that max-
imises the likelihood ratio in favour of the “related” hypothesis. The gap parameters
add penalties to this log-likelihood-ratio score, which indicate that the more gaps an
alignment has, the more likely it is to occur between unrelated sequences rather than
between related sequences.

2.3 Average Scoring

The average scoring method has been the very first approach to scoring frequency pro-
files against amino acid sequences [10]. The basic idea is that the score for a distribu-
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tion of amino acids is calculated by taking the expected value of the sequence-sequence
score under the profile distribution while keeping the amino acid from the sequence
fixed. This can be extended to to profile-profile alignments in a straightforward fashion
and has been used in ClustalWW [22]. There, two multiple alignments are aligned using
as score an average over all pairwise scores between residues, which is equivalent to
the average scoring approach as used here. The formula which we obtain this way is the

following:
20 20

SCOI’%\,eragéO( ﬁ ZZOQBJ prel ‘ ]) (4)
bip;

=1 j=1

It can easily be shown that this score has an interpretation\.be a large integer

and lets take a sample of si2é from the two profile positions (each sample being a
pair of amino acids, the distribution beirig; 5;): je1,...,20). Then this score divides

the likelihood that the related distribution produced the sample by the likelihood that
the unrelated distribution produced the sample, takes the log and divides tiNs by

The average score summed up over all aligned profile positions thus has the following
meaning: If we draw for each aligned pair of profile positions a sample of'§iaich
happens to shouV ¢; 3; times the amino acid pait, j), then the summed up average
score is the best means to decide whether this happens rather under the “related” or the
“unrelated” model.

The problem with the approach is, that this is not the question we are asking. The
two distributions (“related” and “unrelated”) that are suggested as only options are both
known to be inappropriate since their marginal distributions (the distributions that are
obtained by fixing the first letter and allowing the second to take any value and vice
versa) are the background distribution of amino acids by the definition of the substitu-
tion model. The appropriate setting for this model describes a situation in which each
profile position would in fact be occupied by a completely random amino acid (de-
termined by the background probability distribution) meaning that, if we drew more
and more amino acids from a position, then the observed distribution would have to
converge to the background amino acid distribution. This is not compatible with the
meaning usually associated with a profile vector which is thought of being itself the
limiting distribution to which the distribution of such a sample should converge.

Another drawback to this method is the fact that the special case of this formula,
when one of the profiles degenerates to a single sequence (at each position a probability
distribution which has probability one for a single amino acid), has not the expected
behaviour of a good scoring system. This will be shown in the following section, where
we will extend the commonly used sequence-sequence score in a first step to the profile-
sequence setting such that a strict statistical interpretation of the score is at hand and
then further to the profile-profile setting which will be evaluated further on.

2.4 Profile-Sequence Scoring

The sequence-sequence scoring (1) can be extended to the profile-sequence case in a
straightforward manner. It has been noted several times (e.g. [ 7]) that for the case that
the target distribution of amino acids in a profile positieiis known, the score given
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by

score(a, j) = log % (5)

Dj

yields an optimal test statistics by which to decide whether the amingjasid sam-
ple from the distributiorx or rather from the background distributipn These values
summed up over all aligned positions therefore give a direct measure of how likely it is
that the amino acid sequence is a sample from the profile rather than being random. If
for a protein family only the corresponding profile is known, calculating this score is an
optimal way to decide whether an amino acid sequence is from this family or not. This
is a rather limited question to ask if we want to explore distant relationships. Therefore,
in our setting it is of interest whether the sequence is somehow evolutionary related to
the family characterised by the profile or not.

Evolutionary Profile-Sequence Scoring. One method for evaluating this in the profile-
sequence case is the evolutionary profile method[11,7] which only makes use of the
evolutionary model underlying the amino acid similarity matrices. The val(es—

j) = p’e'[()—”) can, due to the construction of the similarity matrix, be interpreted as
the transition probabilities for a probabilistic transition (mutation) of the aminoacid

to j. From this point of view the valu@/ (i, j) from () can be written a8/ (i, j) =

log %jj) which can be read as the likelihood ratio of amino gdidving occurred by
transition from amino acid against;j occurring just by chance. This can be extended
to the profile-sequence case wheris replaced with the profile vecter and letting

the same probabilistic transition take place on a random amino acid with distribution
« instead of on the fixed amino acid The resulting probability ofi occurring by
transition from an amino acid distributed likeis given by

= = prel(i ])
CQP(Z — j) = 011‘77 (6)
; ; Di

which leads to the score

20 . . 20 .o

Score(w, j) = log 2z @iPl =) = logz aiw )

DPj im1 pibj
This score summed up over all aligned positions in an alignment of a profile against
a sequence is therefore an optimal means by which to decide whether the sequence is
more likely the result of sampling from the profile which has undergone the probabilis-
tic evolutionary transition or whether the sequence occurs just by chance (optimality in
a statistical sense).

Itis apparent that the formuld 7 is not a special case of the earlier introduced average
scoring [4). This is a drawback for the average scoring approach since it fails to yield an
intuitively correct result in a simple example: If the profile position is distributed like
the amino acid background distribution, i.ce; = p; for all 4, we would expect that we
have no information available on which to decide whether an aminojaisidelated
with the profile position or not. Thus it is a desirable property of a scoring system that
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any amino acidi should yield zero when scored against the background distribution.
This is the case for the evolutionary profile-sequence score but is not the case for the
average score where we receive (witheing the background distribution aad being

the j-th unit vector)

SCOréc, j) = SCOl@yeragdD, €j) = Z piM (i, j)
i=1,...,20

which is never positive due to Jensen’s inequality (seele.g. [4]) and will always be neg-
ative for the amino acid background distribution commonly observed. Thus the average
score would propose that we have evidence against the hypothesis that the profile po-
sition and the amino acid are related, which seems questionable. This is the motivation
to look for a generalisation of the evolutionary sequence-profile scoring scheme to the
profile-profile case. The results are explained in the following section which introduces
the new scoring function proposed in this paper.

25 Log Average Scoring

Let again(X,Y) be a pair of random variables with values{it, . .., 20} which rep-
resent positions in profiles for which the question whether they are related is to be
answered. Since the goal here is to score profile positions against profile positions we
have to incorporate into our model the fact that the speiandY we are observing

have the amino acid distributiofay;);—1,... 20 and(5;);=1,...,20, respectively. This is
done by introducing an evet which has the following property:

P(X =1i,Y =j|E) = a; 3 (8)
This leads to the equations

20 20
P(relatedE) = Y ") " P(X =14,Y = j, relatedE) 9)
=1 j=1
20 20
=> > P(X=i,Y =j|E)P(relatedX =i,Y = j,E)  (10)
i=1 j=1

Since a substitution model that directly addresses the Easih its special distribu-

tions ofa andg is not available for the calculation of the last factor, we use the standard
model (see equatiofi](3)) as an approximation instead and exploit the knowledge on the
amino acid distributions (seEl(8)) at the current profile positions for the first factor:

20 20
~ > Y P(X =i,Y =j|E)P(relatedX = i,Y = j) (11)
i=1 j=1
20 20

P(related Y > aif3 ;2 prei(t,J) (12)

=1 j=1
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If the prior probability is set td and thelog is taken like in the usual sequence-
sequence score we receive the following formula for tgeaverage score

20 20

)
SCOMygaverag, 3) = log » >~ iy g, Relind) (13)

=1 j=1

Itis interesting to note that the only difference between this formula and the average
score is the exchanged order of tlhe and the sums. As can be seen this formula is
an extension of the evolutionary profile score for the profile-sequence case with the
advantages discussed above. If these scoring terms are summed up over all aligned
positions in a profile-profile alignment the resulting alignment score is thus the log of
the probability that the profiles are related under the substitution model given the data
they provide (except for the prior).

3 Evaluation

In order to evaluate whether the different scores are a good measure of the relatedness
of two profiles, we performed fold recognition and related pair recognition benchmarks.
Additionally, we investigated how a confidence measure for the protein fold prediction
depending on the underlying scoring system performed on the benchmark set of pro-
teins.

3.1 DataSet

The experiments were carried out using a protein sequence set which consists of 1511
chains from a subset of the PDB with a maximumi6; pairwise sequence identity
(seel[5]). The composition of the test set in terms of relationships on different SCOP
levels is shown in figurgl 1. Throughout the experiments the SCOP version 1.50 is used
[17].

Note that there are 34 proteins in the set which are the only representatives of their
SCORP fold in the test set. They were deliberately left in the test set even though it is not
possible to recognise their correct fold class because this way the results resemble the
numbers in the application case of a query with unknown structure.

For all sequences a structure of the same SCOP class can be found in the benchmark
set, there are 34 chains in the set without a corresponding fold representative (i.e. single
members of their fold class in the benchmark), SCOP superfamily and SCOP family
representatives can be found for 1360 and 1113 sequences of the test benchmark set,
respectively.

Only chains contributing to a single domain according to the SCOP database were
used in order to allow for a one-to-one mapping of the chains to their SCOP classifi-
cation. For each chain a frequency profile representing a set of possibly homologous
sequences was constructed based on PSI-Blast searches on a non redundant sequenc
database following a procedure described in the appendix.
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Composition of the test set
Composition of the test set (1511 single domain chains from PDB40)

1200
I

SCOP superfamily

SCOP fold

SCOP class (o fold recognition)

SCOP family

0 200 400 600 800

T 1
SCOP class SCOPfold ~ SCOP superfamily ~ SCOP family

No. of proteins for which the testset contains a member of the same ... Closest relative in the test set belongs to the same .

Fig. 1. Composition of the Test Set. Left: Number of proteins for which the test set con-
tains a member of the indicated SCOP level. Right: Number of proteins whose closest
relative (in terms of SCOP level) in the test set belongs to the indicated SCOP level.
This is a partition of the test set in terms of fold recognition difficulty; ranging from
SCOP family being the easiest to SCOP class being impossible.

3.2 Implementation Details

For each examined scoring approach we then used a JAVA implementation of the Gotoh
global alignment algorithim |9] to align a query profile against each of the remaining
1510 profiles in the test set. For a query sequence of lerigtlabout 6 alignments per
second can be computed od@ M H = Ultra Sparc 10 workstation.

It should be noted that for the case of fold recognition where one profile is subse-
guently being aligned against a whole database of profiles a significant speedup can be
achieved by preprocessing the query prafiland calculating

20 (i, §)
&= (Zaiprel ) J >
i=1 pibj j=1,...,20

=1,...,

thus reducing the score calculation

20
SCOI@ygaveragéy; 3) = log Z @;B;
=1

to one scalar product and one logarithm. This can be done in a similar manner with the
average scoring approach where the complexity reduces to only the scalar product. The
running time of the algorithm could be reduced by a factor of more ¢hasing this
technique.

3.3 Alignment Parameters

The appropriate gap penalties were determined separately for every scoring method
using a machine learning approach (see appendiX, [25]) and are shown i ltable 1.
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Table 1. Gap Penalties Used for the Experiments.

scoring  |gap opefgap extension

dot produc 3.1 0.68
average 5.6 1.22
log average 10.3 0.16

Throughout the experiments shown here we used the BLOSUM 62 substitution model
[12]. The average scoring alignments were calculated using the values from the BLO-
SUM 62 scoring matrix and, thus, contain the above mentioned scaling facforof

%. To keep the results comparable we also applied the factor to the log average score.
Therefore, the gap penalties for the log average score inffable 1 must be divided by

the score is calculated exactly as in formulal (13).

3.4 Resaults

For each of the three profile scoring system discussed in sddtion 2 the following test
were performed using the constructed frequency profiles. In order to assess the superi-
ority of the profile methods over simple sequence methods we also performed the tests
for plain sequence-sequence alignment on the original chains using the BLOSUM 62
substitution matrix and the same gap penalties as for the log average scoring.

2000

Sequence alignment using BLOSUM 62

Profile alignment using dot product scoring

Profile alignment using average scoring w BLOSUM 62
Profile alignment using log average scoring w BLOSUM 62
Total

| Eupupugs]

1500
I

1000
I

500
I

Fig. 2. Total Fold Recognition Performance.

Fold Recognition. The goal here is to identify the SCOP fold to which the query pro-
tein belongs by examining the alignment scores of all 1510 alignments of the query
profile against the other profiles. The scores are sorted in a list together with the name
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Profile alignment using dot product scoring
Profile alignment using average scoring w BLOSUM 62 —
Profile alignment using log average scoring w BLOSUM 62
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fold superfamily family

Fig. 3. Fold Recognition Performance for Each of the Difficulty Classes.

of the protein which produced the score and the fold prediction is the SCOP fold of the
highest scoring protein in the list. Since all the proteins in the list are aligned against
the same query and the scores are compared, a possible systematic bias of the score by
special features of the query sequence is not relevant for this test (e. g. length depen-
dence). The test was performed following a leave-one-out procedure, e. g. for each of
the 1511 proteins the fold was predicted using the list of alignments against the 1510
other profiles. The fold recognition rate is then defined as the percentage of all proteins
for which the fold prediction yielded a correct result.

Out of the 1511 test sequences log average scoring is able to assign correct folds for
1181 cases or 78.1%, whereas the usual average scoring correctly predicts 1097 (72.6%)
and dot product scoring 1024 (67.7%) sequences, both improving on simple sequence-
sequence alignment with 969 (64.1%) correct assignments. This improvement becomes
more distinctive for more difficult cases towards the twilight of detectable sequence
similarity. Figure[ shows the fold recognition rates for family, superfamily, fold pre-
dictions separately. Here, all four methods perform well for the easiest case, family
recognition, with 81.2% for sequence alignment performing worst and log average pro-
file scoring with 91.5% performing best. For the hardest case of fold detection, log
average scoring (24.8%) significantly outperforms (at least 50% improvement) both
other profile methods (11.1% and 16.2%), whereas sequence alignment hardly is able
to make correct predictions (6.8%). However, the effect of performance improvementis
most marked for the superfamily level, where some remote evolutionary relationships
should, by definition, be detectable via sensitive sequence methods. Here, the new scor-
ing scheme again achieves a 50% improvement over the second best (average profile
scoring) methods, thereby increasing the recognition rate from 36.8% to 54.3%. This
almost doubles the recognition rate of simple sequence alignment (23.0%).



Improving Profile-Profile Alignments via Log Average Scoring 21

A more detailed look on the fold recognition results can be achieved by using con-
fidence measures which measure the quality of the fold prediction a priori. Here we use
the z-score gap which is defined as follows. First the mean and standard deviation for
the scores in the list are calculated and the raw scores are transformegodces with
respect to the determined normal distribution, i. e. the following formula is applied:

score — mean
standard deviation

z — Score=

Then the difference of the-score between the top scoring protein and the next best
belonging to a SCOP fold different from the predicted one is calculated yielding the
score gap. A list. which contains all 1511 fold predictions together with thescore

gap is set up and sorted with respect to thecore gap. Entriese L which represent
correct fold predictions are termgubsitives, othersnegatives. If i is an index in this

list, figure[4 shows the percentage of correct fold predictions if only the ¢myries of

the list are predicted. It also demonstrates a clear improvement of fold prediction sensi-
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Fig. 4. Fold Recognition Ranked with Respect to thecore Gap (See Text).

tivity and specificity for the log average scoring as compared to the competing scoring
schemes. Again, all profile methods perform better than pure sequence alignment, but
dot product only shows a slight improvement.
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Related Pair Recognition. This protocol aims at a slightly different question. The goal
is to decide whether two proteins have the same SCOP fold by only looking at the score
of their profile alignment. Therefore, a good performance in this test means that the
scoring system is a good absolute measure of similarity between the sequences. Length
dependency and other systematic biases will decrease the performance of a scoring
system here.

The calculations done here also rely on the 1511 lists calculated in the fold recog-
nition setting. These are merged into one large list following two different procedures:

— z-scores: Before merging, the mean and standard deviation for each of the lists are
calculated and the raw scores are transformedirgtoores as in[(314). This setting
is related with the fold recognition setting since biases introduced by the query
profile should be removed by the rescaling.

— raw scores: No transformation is applied.

The resulting listL contains in each entryc L a score scor@) and the two proteins
whose alignment produced the score. An entey L will be calledpositive if the two
proteins have the same SCOP fold amdative if not. The list of 1511 % 1510 =
2281610 entries is then sorted with respect to the alignment score and for all scores
in the list specificity and sensitivity are calculated from the following formulas:

_ #{l € L |1 positive scorél) > s}
SPets) = #{l € L|scorél) > s} (14)

_ #{l € L |1 positive scorgl) > s}
sengs) = #{l € L | positive} (15)

The plots of these quantities for the whole range of score values are shown in(figure 5,
which clearly exhibits the recognition performance of the new scoring scheme over the
whole range of specificities. The ranking of the respective methods is again sequence
alignment, dot product, average scoring, and log average scoring best, almost doubling
the performance of average scoring. Using z-scores, sequence alignment and dot prod-
uct scoring improve somewhat, but still, log average scoring consistently shows doubled
performance over the second best method.

4 Discussion

All experiments we performed show a clear improvement of recognition performance
when using the introduced log average score over average scoring as well as over dot
product scoring. The results of the fold recognition test are most interesting for the
protein targets that fall into the superfamily difficulty class since the SCOP hierarchy
suggests here a “probable common evolutionary origin” which would make this prob-
lem tractable to sequence homology methods as the ones discussed here. The increase in
performance over the best previously known profile method (average scoring) achieved
by using log average scoring becomes as larg&sds (from 36.8% to 54.3%) and is

still greater on the fold level.



Improving Profile-Profile Alignments via Log Average Scoring 23

o
—l
— Profile/Profile alignment using dot product scoring, raw score
- - Profile/Profile alignment using log av. scoring with BLOSUM 62, raw score
Profile/Profile alignment using average Scoring with BLOSUM 62, raw score
--- Sequence/Sequence alignment with BLOSUM 62, raw score
2
=
=
2]
c
Q
(2]
o
—l
— Profile/Profile alignment using dot product scoring, z-score
- - Profile/Profile alignment using log average scoring with BLOSUM 62, z-score
Profile/Profile alignment using average scoring with BLOSUM 62, z-score
." - .- Sequence/Sequence alignment with BLOSUM 62, z-score
i
«Q il
1
o \
'
©
2 o
=
=
2]
c
Q
n < -
o R
h N
N v
o
................ N
Q
o I I I I

0.0 0.2 0.4 0.6 0.8 1.0

Fig.5. Related Pair Recognition. Top: Specificity-sensitivity plots for the raw scores.
Bottom: Specificity-sensitivity plots for the-scores (see text).
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The pair recognition test for the raw score provides a good measure of how well the
alignment score represents a quantitative measure for the relationship between two pro-
teins. The log average score outperforms all other methods here and the plain sequence-
sequence alignment score even outperforms the dot product method which indicates
that the latter approach is heavily dependent on some re-weighting procedure like the
z-score rescaling. When performing thiscore rescaling the average scoring becomes
significantly worse which is an unexpected effect since the objective is to make the
scores comparable independent of the scoring method used. It is interesting that the log
average score shows only a slight improvement here over the raw score performance
suggesting that the raw score alone is already a good measure of similarity for the two
profiles.

In conclusion, we see that the proposed log average score leads to a superior per-
formance of profile-profile alignment methods in the disciplines fold recognition and
related pair recognition suggesting that it is a better measure for the similarity of two
profiles than the previously described other methods tested here. This is the effect of
simply exchanging théog and the weighted average in the definition of the average
score. A more general fact might also be learned from this: When a scoring function
that maps a state to a score is to be extended to a more general setting where a score is
assigned to a distribution of states, it is not always the best way to simply take the ex-
pected value (i. e. average scoring). Following this, future developments might include
an incorporation of the log average scoring into a new scoring approach for protein
threading as well as an application of the technique in the context of progressive multi-
ple alignment tools.
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A Appendix

Two distinct sets of proteins from the PDBI[3] are used in the described experiments.
The first one is a set introduced kyi[1,21] of 251 single domain proteins with known
structure. It is derived from a non-redundant subset of the PDB introduced by [ 14]
where the sequences have no more than 25 % pairwise sequence identity. From this set
all single-domain proteins with all atom coordinates available are selected yielding the
training setSyain 0f 251 proteins (see alsp [25]).

A.1 Adjusting Gap Costs

To provide each scoring approach with appropriate gap penalties we use the iterative
approach/ALP (for Violated Inequality Minimization Approximation Linear Program-
ming) introduced in|[25] which is based on a machine learning approach. We use a
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training sefTR of 81 proteins from the data set mentioned above belonging to 11 fold
classes each of which contain at least five of the sequencesTiRoin every iteration

each of the members @R is used as a query and aligned against all 251 protein pro-
files. If we call the alignments of the best scoring fold class member for each of the 81
proteins the 8 good alignments and all the alignments of each of the 81 proteins against

a member of a different fold classbad alignment then the iteration tries to maximise

the difference of the alignment scores between the good and the bad alignments. The
iterations were stopped when a convergence could be observed which always happened
before 16 iterations were completed.

A.2 Construction of Frequency Profiles

For each amino acid sequence in the two sets a homology search is performed using PSI-
Blast [2] with 10 iterations against the KIND_[15] database of non redundant amino acid
sequences. The resulting multiple alignment from the last iteration is restricted to the
guery sequence. A frequency profile is calculated via a sequence weighting procedure
that minimises the relative entropies of the frequency vectors regarding the background
amino acid distribution [16]. Finally, a constant number of pseudo counts is added to
account for amino acids that may occur by chance at this position. This is necessary
since the goal is to end up with an estimation of the “true” amino acid distribution in

a certain position of a protein family and it is not advisable to conclude from a finite
number of observations which failed to show a certain amino acid that it is impossible
(zero probability) to observe this amino acid in this position. Finally, all the profiles are
scaled such that the total probability for all amino acids in each position yields one.
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Abstract. This paper outlines an algorithm for whole genome order restriction
optical map assembly. The agorithm can run very reliably in polynomial time by
exploiting astrict limit on the probability that two maps that appear to overlap are
in fact unrelated (false positives). The main result of this paper is a tight bound
on the false positive probability based on a careful model of the experimental
errors in the maps found in practice. Using this false positive probability bound,
we show that the probability of failure to compute the correct map can be limited
to acceptable levelsif the input map error rates satisfy certain sharply delineated
conditions. Thus careful experimental design must be used to ensure that whole
genome map assembly can be done quickly and reliably.

1 Introduction

In the recent years, genome-wide shot-gun restriction mapping of several microorgan-
isms using optical mapping [8,7] have led to high-resolution restriction maps that di-
rectly facilitated sequence assembly avoiding gaps and compressions or validated shot-
gun segquence assembly [4]. The simplicity and scalability of shot-gun optical mapping
suggests obvious extensions to bigger and more complex genomes, and in fact, its ap-
plications to human and rice are underway. Furthermore, a good-quality human map
is likely to play a critical role in validating several currently available but unverified
sequences.

The key computational component of this process involves the assembly of large
numbers of partia restriction maps with errors into an accurate restriction map of the
complete genome. The general solution has been shown to be NP-compl ete, but a poly-
nomial time solution is possible if a small fraction of false negatives (wasted data) is
permitted. The critical component of this algorithm is an accurate bound for the false
positive probability that two maps that appear to match arein fact unrelated.

The map assembly and alignment problems are related to the much more widely
studied sequence assembly and alignment problems. The primary difference in the
problem domains is that the sequence alignment problem involves only discrete data
in which errors can be modeled as discrete probabilities, whereas map alignment in-
volves fragment sizing errors and hence requires continuous error models. However,
even in the case of sequence alignment, statistical significance tests play akey rolein
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eliminating false positive matches and are included in many sequence alignment tools
such as BLAST (seefor example chapter 2 in [5]).

A simple bound using Brun’s sieve can be easily derived [[2], but such abound often
fails to exploit the full power of optical mapping. Here, we derive a much tighter but
more complex bound that characterizesthe sharp transition from infeasible experiments
(requiring exponential computation time) to feasible experiments (polynomia compu-
tation time) much more accurately. Based on these bounds, a newer implementation of
the Gentig algorithm for assembling genome-wide shot-gun maps [ 2] has improved its
performancein practice.

A close examination shows that the fal se positive probability bound exhibitsacom-
putational phase-transition: that is, for poor choi ce of experimental parametersthe prob-
ability of obtaining a solution map is closeto zero, but improves suddenly to probability
one as the experimental parameters are improved continuously. Thus careful optimized
choice of the experimental parametersanalytically has strong implication to experiment
design in solving the problem accurately without incurring unnecessary laboratory or
computational cost. In this paper, we explicitly delineate the interdependencies among
these parameters and explore the trade-offsin parameter space: e.qg., sizing error vs. di-
gestion rate vs. total coverage. There are many direct applications of these bounds apart
from the alignment and assembly of mapsin Gentig: Comparing two related maps (e.g.
chromosomal aberrations), Validating a sequence (e.g. shot-gun assembly-sequence) or
a map (e.g., a clone map) against a map, etc. Specific usage of our bounds in these
applications will appear elsewhere[[3].

1.1 A Sub-quadratic Time Map Assembly Algorithm: Gentig

For the sake of completenesswe give a brief but general description of the basic Gentig
(GENomic conTIG) map assembly algorithm previously described elsawhere in details
[2]. Roughly, Gentig can be thought of as a greedy algorithm that in any step considers
two islands (individual maps or map contigs) and postulates the best possible way these
two maps can be aligned. Next, it examines the overlapped region between these two
islands and weighs the evidence in favor of the hypothesis that “these two islands are
unrelated and the overlapis simply achance occurrence.” If enough evidencefavorsthis
“falsepositive” hypothesis, Gentig rejects the postulated overlap. In the absence of such
evidence, the overlap is accepted and the islands are fused into a bigger/deeper island.
What complicates these simple ideas is that one needs a very quantitative approach
to calculate the probabilities, the most likely alignment and the criteria for rejecting
a false positive overlap—all of these steps depending on the models of the error pro-
cesses governing the observations of individual single molecule maps. Ultimately, the
Gentig algorithm can be seen to be solving a constrained optimization problem with a
Bayesian inference algorithm to find the most likely overlaps among the maps subject
to the constraints imposed by the acceptable false positive probability. False Positive
constraints limit the search space, thus obviating full-scal e back-tracking and avoiding
an exponential time complexity. As a result, the Gentig algorithm is able to achieve a
sub-quadratic time complexity.

The Bayesian probability density estimate for a proposed placement is an approxi-
mation of the probability density that the two distinct component maps could have been
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derived from that placement while allowing for various modeled data errors. sizing er-
rors, missing restriction cut sites, and false optical cuts sites.

The posterior conditional probability density for ahypothesized placement H, given
the maps, consists of the product of a prior probability density for the hypothesized
placement and a conditional density of the errors in the component maps relative to
the hypothesized placement. Let the M input maps to be contiged be denoted by data
vectors D; (1 < 5 < M) specifying the restriction site locations and enzymes. Then
the Bayesian probability density for H, given the data can be written using Bayes rule
asin[1]:

M M M
fHIDy...Dy) = f(H) [ FDsm)/ [T £(Ds) o< f(H) [ £(D;1H).
Jj=1 Jj=1 Jj=1

The conditional probability density function f (D ;|) depends on the error mode! used.
We model the following errorsin the input data:

1. Each orientation is equally likely to be correct.

2. Each fragment sizein data D ; is assumed to have an independent error distributed
as a Gaussian with standard deviation o. (It is aso possible to model the standard
deviation as some polynomial of the true fragment size.)

3. Missing redtriction sites in input maps D ; are modeled by a probability p. of an
actual restriction site being present in the data.

4. False restriction sites in the input maps D; are modeled by a rate parameter p ¢,
which specifies the expected fal se cut density in the input maps, and is assumed to
be uniformly and randomly distributed over the input maps.

The Bayesian probability density components f(H) and f(D ;|H) are computed sep-
arately for each contig (island) of the proposed placement and the overall probability
density is equal to their products. For computational convenience, we actually compute
apenalty function, A, proportional to the logarithm of the probability density asfollows:

M
1) = (H W) exp(—4/(20%)).

Jj=1

Herem is the number of cutsin input map D ;.

For fragment sizing errors, consider each fragment of the proposed contig, and let
the contig fragment be composed of overlaps from several map fragments of length
21, ..., . If po = 1 and py = 0 (the ideal Situation), it is easy to show that the
hypothesized fragment size 1» and the penalty A are:

DR N
,u:ZTz, and A:Z(:ci—,u)z.
i=1

Now consider the presence of missing cuts (restriction sites) with p. < 1. To model
the multiplicative error of p. for each cut present in the contig we add a penalty A. =
202 log[1/p.] and to model the multiplicative error of (1 — p..) for each missing cut in
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the contig we add a penalty A,, = 202 1og[1/(1 — p.)]. The alignment computed by a
Dynamic Programming algorithm determines which cuts are missing.

The computation of 1 is modified in the case of missing cuts by assuming that
the missing cuts are located in the same relative location (as a fraction of length) as
in overlapping maps that do not have the corresponding cut missing. Finally, consider
the presence of false optical cuts whenpy > 0. For each false cut, we add a penalty
Ay = 202 log[1/(psv/270)] in order to model a“scaled” multiplicative penalty of p ;.
A modified penalty term is required for the end fragments of each map which might be
partial fragments, as described in [2]. When combining contigs of maps rather than in-
put maps, the Dynamic programming structureisthe same, except that the exact penalty
values are slightly different and computed as the increase in penalty of the new contig
over the penalty of the two shallower contigs being combined.

The resulting alignment algorithm has atime complexity of O(m 7m?) inthe worst
case, but an average case complexity of O(m; + m;), achieved with several simple
heuristics. The basic dynamic programming is combined with a global search that tries
al possible pairs of the M input maps for possible overlaps. A sophisticated implemen-
tation in Gentig achieves an average case time complexity of O([mM]1*¢) (e = 0.40
istypical for the errors we encounter), where m is the average value of m ;. It relies on
several heuristics based on “geometric hashing” while avoiding any backtracking.

1.2 Summary of the New Results

Before proceeding further with the technical details of our probabilistic analysis, we
summarize the two main formulae that can be used directly in estimating the false pos-
itive probability for a particular map alignment, or in designing a biochemical exper-
iment with the goal of bounding the false positive probability below some acceptable
small value (typically < 1073).

The Formula for False Positive Probability. Consider a population of M ordered
restriction mapswith errors of the kind described earlier. Assumethat the best matching
pair of maps (under a Bayesian formulation) has n aligned cuts and » misaligned cuts,
and R is some average of the relative sizing error of aligned fragments in the overlap.
Then F PT, denotes the probability that the two maps are unrelated and the detected
overlapis purely by chance.

FPT, < 4(M) (2714—7‘—1—2)]%6&57
2 T
(B
N

Note that if » = 0 (implying that the best match has al the cuts aligned and the only
error source is sizing error), then FPT, = 4(%)P,. If R < 1 then asn gets larger
F PTy exhibits an exponentia decay to 0, and this property remains true for non-zero
values of .

where P,, =
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The Formula for Feasible Genome-Wide Shotgun Optical Mapping. Consider an
optical mapping experiment for genome-wide shotgun mapping for agenome of size G
and involving M molecules each of length L. Thus the coverageis M L;/G. Let the
a fragment of true size X have a measured size ~ N'(X,02X). Let the average true
fragment size be L, and the digestion rate of the restriction enzyme be P,. Thus the
average relative sizing error R = o4/ P,/ L and the average size of aligned fragments
will be L/ P,2. As usual, let 9 represent the minimum “overlap threshold” Hence the
expected number of aligned fragmentsin avalid overlapisatleast n = 0L deQ/L. Let
d = 1/Py, the inverse of the digest rate. Feasible experimental parameters are those
that result in an acceptable (e.g., < 10~3) False Positive rate F PT":

FPT ~ 9M2 [Qnd + 2-| L A /%wez(d;%n,R
[2n(d —1)] N

To achieve acceptable false positive rate, one needs to choose an acceptable value for
the experimental parameters: Py, o, L4 and coverage. F'PT exhibitsa sharp phase tran-
sition in the space of experimental parameters. Thus the success of a mapping project
depends extremely critically on a prudent combination of experimental errors (digestion
rate, sizing), sample size (molecule length and number of molecules) and problem size
(genome length). Relative sizing error can be lowered simply by increasing L with a
choice of rarer-cutting enzyme and digestion rate can be improved by better chemistry
[e].

Asan example, for ahuman genome of size G = 3, 300M b and adesired coverage
of 6x, consider the following experiment. Assume a typical value of molecule length
L, = 2Mb. If the enzyme of choiceis PAC I, the average true fragment length is about
25 Kb. Assume a minimum overlapﬂ of & = 30%. Assume that the sizing error for a
fragment of 30kb isabout 3.0kb, and hence o2 = 0.3kb. With adigest rateof Py = 82%
we get an unacceptable F PT ~ 0.0362. However just increasing P, to 86% resultsin
an acceptable FPT = 0.0009. Alternately, reducing average sizing error from 3.0kb to
2.4kb while keeping P; = 82% also produces an acceptable F PT ~ 0.0007.

Obviously one should alow some margin in choosing experimental parameters so
that the actual experimental parameters will be a reasonable distance from the phase
transition boundary. Thisis needed both to allow some slippage in experimental errors
as well as the possibility that there may be additional small errors not modeled by the
error model.

2 A Technical Probabilistic Lemma

The key to understanding the fal se positive bound is the following technical lemmathat
forms the basis of further computation. Let X = (z1, ..., z,) adY = (y1, ..., Yn)
be a pair of sequences of positive real numbers, each sequence representing sizes of
an ordered sequence of restriction fragments. We rely on a “matching rule” to decide
whether X and Y represent the same restriction fragments in a genome, by comparing

! This value should be selected to minimize F'PT.
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the individual component fragments. We proceed by computing a “weighted squared
relative sizing error” that is then compared to a specific threshold ©. The “weighted
squared relative sizing error” is simply

n XZ_Y1 2
Zwi<X¢+Yi> ’

i=1

where w;’sare chosen to match the error model. For example, if the sizing error variance
2—p

for afragment with true size X is o2 X?, wherep € [0,2], wecan usew; = &%

Lemmal LetX = (Xy,..., X,)andY = (Y1,...,Y,) beapair of sequences of

1D random variables X;’s and Y;'s with exponential distributions and pdf’s f(z) =
%e_"”/L. Then

1 Pr(|X; — Yi|/(X; + Y;) < ©) < O, for all 0 < © and with equality holding, if
6<1.

2. P wi($5%)? < ) < % for all 0 < © and with equality
holdlng, if e < mlnlgign Ws.

Proof. The first identity can be shown by integrating the relevant portion of the joint
distribution of X; and Y;:

Pr(]X; — Vil /(X; Yi) <0)

[e%s) X1 1

Note that this means that for each pair of random fragment sizes X ;, Y; the statistic
U, = |X; - Yi|/(X; + ;) isuniformly distributed between 0 and 1.
We can now compute the overall probability P,, for al n fragment pairs:

1+(—>

n

X —Y;
P, = IP’r(Zwi(Xl +Y)2 <o)
i=1 ‘ §

= Pr(z ’w,UZ2 S @)
i=1

Notethat Uy, ..., U, arelID uniform distributions over [0,1], hence this probability is
just that part of the volume of the n-dimensional unit cube that satisfies the condition
ST w;U;? < 6. For smal sizing errors such that © < min(wy, . . ., w,), this region
is one orthant of an n dimensional ellipsoid with radius values of /@ /w; in the ith
dimension. In general this volumeis an upper bound and hence:

(z0)"/2
(%)' H?:1 W;

Here n! is defined in terms of the Gamma function for fractiona n: n! = I'(n + 1).
QED

PHS
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Lemma2. Let X = (Xq, ..., X,)andY = (Y7, ..., Y,) be a pair of sequences
such that variables X;'s and Y;'s are given in terms of 11D randomvariables Z ;' s with

exponential distributions and pdf’s f(z) = +e~*/%. In particular, for i = 1, ..., n, if
we can express X; and Y; in terms of exponential 11D random variables 74, .. ., Z,,,
Lridly « - oy Zryts,; asfollows:

min(X;,Y;) = E Zritk

max(X,;,Y;) = ZZM— ZZr7+k

Then
L Pr(|X; —Yil/(Xs +Y:) <O

) < (Frher, foral 6 > 0.
2. Pr(, wi(F54)? < 0) <

n (/2B (O fwg) T 2
Y /z()(n ,;}/2);‘ [0 Al o> 0.
i=1"T1% :

Proof. Similar to the previouslemma. QED

3 Model of Random M aps

Our model of random mapsis that cut sites are randomly and uniformly distributed, so
that the distance between cut sitesis arandom variable X with an exponential distribu-
tion and probability density f(z) = Le~*/L, where L is the average distance between
cut sites. Here we assume that all cut snec are indistinguishable from each other.

First we consider the case with no misaligned cuts, so that the only errors in the
proposed overlap region are sizing errors. Thus our alignment data consists of two maps
with fragment sizes x4, . . ., x, on one map that align with fragment sizes y4, ..., yn
on the other map, where n is the number of fragments in the overlap region. Here the
quality of the alignment will be measured by a weighted squared relative sizing error,
E = YT wilw — vi)?/ (@i + )3, Where w;'s are chosen as explained earlier. We
need to compute P, = Pr(}_7 wz(x v Yi)2 < E),where E =37 wl(igjjb) .Byan
application of the previouslemma, we have:

($)' iz
Here, n! = I'(n + 1). For current purposes it suffices to note that (
example, (2)! = 3 (1)1 = 3T,

To see more clearly how this probability scales with the sizing errors, let us define
the weighted RM S relative sizing error R,,, and the average weight A,,:

)N = @.For

1y
2

" D Wi .
1 n
A, =— w;. 2
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Then we can rewrite P,, using Sterling’s expression for factorials as.

(Ru/\/2]en)" {1 [As
P, < NG 1:[1\/3 : ®3)

This shows that asymptoticaly the n-fragment false positive probability P,, will de-
crease with the nth power of the RMSrelative error R, provided that R,, < \/2/em =
0.48309.

To complete our computation of the False Positive Likelihood F'P for a particular
pair of maps D1 and D-, we need to consider the multiple possible choices of overlaps
of n or more fragments. Let the two molecules contain N, and N» fragments with
N1 < No. If n < Nj there will be exactly 4 possible ways of forming an overlap of
n fragments. Otherwise, if n = N; there will be 2(N; — Ny + 1) ways of forming
an n fragment overlap. Each such overlap has the same independent probability P.,,.
Thus with 4 possible overlaps, the probability F'P,, of finding at least 1 overlap of n
fragments between two random maps as good as the actua alignment is bounded by the
probability FP,, <1 — (1 — P,)* <4P,.

We also need to consider random overlaps of more than n fragments that are as
good as the actual overlap. Under a typical Bayesian error model such as described in
[2], each overlap of morethan n fragmentscan havedlightly larger sizing errorsthan the
actual alignment with the same probability density, since the prior probability density
must be biased towards larger overlaps. For an error model such asin [[2] one can show
that the permissibleincreaseinrelativesizing error R ,, 11 VS. R,, isgiven approximately

by:

b

A R+ K2
Ay Ry 2 < Mondn T A/Z
+1 +1 = (n+1)

where K is a prior bias parameter, typically in therange 1 < K < 1.4. Hence for
n+ k < Ny wecanwrite F P, 1, as.

ax k/2
n g [ AR/ 2 AT
FP,1 <4P, R,
o Vin+k ( 2G,,

Here G,, isthe geometric mean of w;,i = 1,...,n. If n+k > Ny then FP,1 . =0
andif n + k = Ny wejust need to replace the factor 4 by 2(Ny — Ny + 1).

We can now compute F'P by combining overlaps of all possible number of frag-
ments (ranging over n, . . ., N1):

Ni—n
k=0
1+7
=2P, (2/(1 — Z) + <N2 — N; — 14_—Z> ZNl—n)
A, eK/2An Rn?
whereZ = R, | 2n€ """

2G,
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This result applies to the case of two maps. The generalization to a population of many
maps is considered for the more general case of missing cuts in the next section.

4 False Positive Probability with Missing Cuts

When misaligned cuts are present in the actual alignment, the fal se positive probability
becomes|arger. Assuming the maps are random, we have many possible alignmentsfor
agiven overlap region, greatly increasing the odds of coming up with agood alignment.

In this case our actual alignment dataconsists of n pairsof fragmentsizesz 1, o, ...,
Ty, and y1, Yo, ..., Yn, as before, plus the total number of fragments m in the overlap
region of the two maps, wherem = 2n +r and r > 0 isthe number of misaligned cuts.

First consider the case where the number of misaligned cutsis fixed at r = m —
2n and the number of aligned fragments is fixed at n in each map and we define the
probability P, ., as the probability that two random maps with an overlap region of
exactly m total fragmentsin both maps could produce an alignment of n fragments as
good as the actual alignment.

The key to computing P, ., iS a systematic way to enumerate possible alignments
that can be applied to each sample of the two hypothesized random maps, then compute
the probabilitiesthat a particular enumerated alignment will have better sizing error than
the actual alignment, and combine these probabilities over al enumerated alignments.

It simplifies matters if we consider random alignments between the left end of two
random maps and compute the probability of finding an alignment involving the first m
fragments from the left (on either of the two random maps) that is as good as the actual
overlap.

We now claim that all possible alignments between the left end of two random maps
involving m fragments can be enumerated, independent of the random map sample, as
follows:

1. Pick any n + 1 numbers sy, s1, ..., s, and another n + 1 numbers rg, 7y, ..., 7,
subject only to the constraints s; > 1,7; > 1, > ((si + ;) <m +2

2. Align the two random map samples so that their left ends coincide. Then scan
both maps from the left end and pick the sth cut site encountered on either map.
Then scan further to the right on the other map until another r o cut sites have been
encountered and align the ryth one with the previous cut site. This defines the first
aligned pair of cuts. The map is now re-aligned so that this pair of cuts coincide
(rather than the left ends of the maps).

3. Repeat thisstep fori = 1, ..., n: Starting from the previous aligned cut site scan
to the right on both maps until s; sites have been seen and mark the last one, which
could be on either map. Then scan to the right from that cut site on the opposite
map only until r; cut sites have been seen and align the last (r;th) one with the
previously marked cut site. This defines the ith set of aligned fragments. Realign
the maps so that this pair of cut sites coincide.

4. After aligning the last ((n + 1)th) cut site, scan right on both maps until atotal of
m + 2 cut sites have been seen (including all cut sites seen in previous steps). Mark
the boundary of the aligned region anywhere between the last seen cut site and the
next one.
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For each enumerated alignment defined by a particular choiceof s, .. ., s,,andrg, .. .,
r, We can compute the probability PA,, ,, s that for two random maps that particul ar
enumerated alignment will have relative sizing errors better than the actual map aign-
ment. We can then compute an upper bound for P,, ,,, asthesum of PA,, ,, s . over dl
enumerated alignments.

First we compute £, ,, the probability of no overhang as a function of ¢ and so.
An overhang occurs if the sum of r random fragments add up to more than the left-
most fragment in the same molecule. Using 11D random variablesé 1, ..., é,- each drawn
from Le~X/L to represent the r intervals, and Z1, ..., Z,, aso drawn from Le=X/L,
to represent twice the s intervals used to select the first aligned cut, we can obtain by
suitable integration:

s—1
1 1 r4+s—2 1 /r+k—-2
Er s — oo o1 § o
B 3r—1 (351( r—1 )+k_13’€< k-1 ))
Using the earlier lemma 2.2, We can write PA,, ., s » asfollows:

Xi—v;\?
PAn,m,s.,r = Toﬁsopr (Z Wi (Xz + Y;) = E)

i=1

n 2
Ti — Y 2
where E = w; =nA,R,”",

and simplify it to

n Q ! (G +r,—1)
PAnﬂn,,s,T < ETO7L5'0P71,(2€R7,,2A")S/2 (W
n

[v)

(n+S+1)/2 n
) 115
i=1 2

where N = max r;, and S = E
1<i<n 1
Z

Here P, isthe result without misaligned cuts.
Wewill now sumup PA,, ., s over al possible choicesof sy, ..., s, while keeping
To, ..., ry, fixed subject to the constraint >_"_(s; + ;) < m + 2 to produce:

PAn,m,r = ZPAn,m,s,r

L 5 m+1—rg N m+1—rp

2ro 2n+ S 2n+1+S

(n+S+1)/2 n (ﬂ)l
) &

(Dl

n

XP7,(2€Rn2An)S/2 (TH——S

i=1

Next, we will add up PA,, ,,, » over all possiblechoice;of rothenry, ..., ., whererg
isconstrainedby 1 <rg <m-—-2n—-S+1landry,...,r, by S = Z, i —1) <
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m — 2n. Approximating w; by its geometric mean G,, where needed we get:

= Z ZPAn,m,r

T1..Tn TO

(n+5+1)/2 n ri\|
< 9 5/2 n m + 1 (2 )
< 3 Reerat A (5) ( iy

o +1+5) LD o072
T1..Tn =

100 I (e "

() (R () () (@)

<5 ( 2\ay) Ve @
The resulting expression diverges for large values of r but the bound is quite tight for
realistic valuesof m, n, R,,.

Asafina step in computing the False Positive probability we need to combine the

P, ., just computed over random alignments involving fewer misaligned cuts (smaller
values of ) or more aigned fragments (larger n), as well as consider the possible ways
theends of two random maps coul d be aligned with each other. Using the same approach
as for the case without misaligned cuts to model the permissible changein sizing error
we can show that theresult is:

r 1 j—1 2n+r+1 "
M 41+ 2 1y o4\ (Gt
FP, < 4Pn< ) 14> [ 25 | [ Ry 5 S SR A
’ ( ((%)! Gn )\

1 1 1+ 7 Ni—n—r/2
(1—Z+2<N2 Ni—7 Z)Z

where,

T ApeK/2A0Rn? [ op 4 4 32
2G,, 2n+ 3

Z =R,

5 False Positive Probability: Population of Maps

Finally if there are multiple maps to choose from, we need to reject the possibility that
the proposed map pair is merely the best matching amongst all possible map pairs. We
need not consider maps with less than n + r /2 fragments. L et the number of mapswith
at least n + r/2 fragments be M, with number of fragments N,, i = 1, ..., M arranged
in ascending order. For each of the possible M (M — 1)/2 map pairs we can compute
the probability F'P, just described, but with N1, N, suitably adjusted. The resulting
probability F' PT, isgiven by:

M-1 M
FPT.< Y Y FP.(N;N;)
i=1 j=i+1

IN

Pn(2n+:+2) (1+§<

MIH wl&n

) () ()
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IM(M —1) N & 1+ 2Z\ none

44 N; + N; — —=2 ) zNi=n=r/2 4

( -z Z Z it 1-Z @)

=1 j=i+1
where,
TAneK/2AnRn® [ 2p 4 p 4 3\ 2

Z =R, 5
2G,, ( 2n+ 3 ) ©)

Which isto be used with the previous equationsfor P,,, R,,,A,G, andthe error model
parameter K (and implicitly o).

6 Experiment Design

I'n designing a shot-gun genome wide mapping experiment, one needs to ensure that the
dataallows correct map overlapsto be clearly distinguished from random map overlaps.
If this is done using a False Positive threshold such as the F PT we have derived in
this paper, the goal is to ensure that the expected F'PT for correct map overlaps does
not exceed some acceptable threshold (e.g. 10 ~2). In this section we will estimate the
expected value of F'PT for avalid overlap based on the experimental error parameters.

In principle we just need to estimate the values of n, r, R,,, M for a correct overlap
based on the experimental errors. However given the extreme sensitivity of ' PT on
n, the number of aligned fragments, we will compute F'PT for correct map overlaps
of a certain minimum size. By selecting a suitable value of 4, the minimum “overlap
value’, we can control the expected minimum value of n, at the cost of some reduction
in effective coverage by the factor 1 — 6 [[9].

In addition to # assume the following experimental parameters: G = Expected
Genome size. L; = Length of each map. C' = Desired coverage (before adjustment
for §). L = average distance between restriction site in Genome. o v X = Sizing error
(standard deviation) for fragment of size X. P, = The digestions rate of the restriction
enzyme used.

Assuming R <« 1 and A,, ~ G,, we can then write F'PT in terms of the experi-
mental parameters as.

FPT ~ 2M? (L;szj ﬂj) % (1 +(d— 1)R\/§> (6)

— 1, Lib p_ _ & — CG
wherewe haved = il Lpd2,R \/L/_Pd,andM To

7 Simulated Experimental Results

This section provides some simulated experiments of our algorithm, to illustrate the
effect of different experimental parameters. To generate simulated tests sets of the map
data, we begin witha30 Mbin silico map of chromosome 22 using the PAC | restriction
enzyme, and sample random pieces of this map averaging 2 Mb in size, and introduce
the following errorsinto each such map:
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— : Each fragment of actual size L is re-sampled from a Gaussian distribution with
mean L and variance o2 L with o2 = 0.3k B.

— : Each restriction site is retained with an independently simulated digest rate of P,.
We ran experimentswith P; = 0.5, 0.6, 0.7, 0.71, 0.72, 0.73, 0.74, 0.75, 0.8 and
0.9.

— . False cutsareintroduced at auniformrate of Ry = 1 per Mb.

— : Missing small fragments are simulated at arate of 0.7 for an L Kb fragment etc.

— : The orientation of each moleculeis randomly flipped with probability of 0.5.

Enough maps were generated in each experiment to produce a gross coverage of 16x
(240 maps for the 30 Mb chromosome). Each simulated data set was then run on a pro-
gram implementing the algorithms described in this paper, using false positive thresh-
olds of 0.00001.

Digest-Rate[# contigs| Size of the |# singletons
largest contig

0.60 9 3994 Kb 212
0.70 5 11588 Kb 110
0.71 3 13731 Kb 90
0.72 3 14385 Kb 88
0.73 1 30119Kb 53
0.75 1 30144 Kb 47
0.80 1 30075Kb 17
0.90 1 30000 Kb 4

The contigs generated were checked and verified to be at the correct offset (though
minor local alignment errors may be present).

8 Conclusion

In this paper we derived a tight False Positive Probability bound for overlapping two
maps. This can be used in the assembly of genomewide mapsto reduce the search space
from exponential time to sub-quadratic time with only a small increase in false nega-
tives. The False Positive Probability bound also can be used to determineif a sequence
derived map has a statistically significant match with a map.

We also showed how the False Positive Probability bound can be used to select ex-
perimental parametersfor whole-genome shot-gun mapping that will allow the genome
wide map to be assembled rapidly and reliably and showed that the boundary between
feasible and infeasible experimental parameters is quite narrow, exhibiting a form of
computational phase transition.

Our approach has certain limitations due to the assumptions underlying our model
that unrelated parts of the genome will not align with each other except in a random
manner. This assumption is not true for haplotypes, for example, and hence our algo-
rithm is not sufficient to produce a haplotyped map. Similarly if some other biological
process results in strong homol ogies over large distances our algorithm may merge ho-
mologousregions of the genome. If this turnsout to be problem, explicit postprocessing
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of the resulting map contigs to look for merged homologous regions or haplotypes can
be performed.
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Abstract. Radiation hybrid (RH) mapping isasomatic cell techniquethat is used
for ordering markers along a chromosome and estimating physical distances be-
tween them. It nicely complements the genetic mapping technique, allowing for
finer resolution. Like genetic mapping, RH mapping consistsin finding a marker
ordering that maximizes a given criteria. Several software packages have been
recently proposed to solve RH mapping problems. Each package offers specific
criteria and specific ordering techniques. The most general packages look for
maximum likelihood maps and may cope with errors, unknowns and polyploid
hybrids at the cost of limited computationa efficiency. More efficient packages
look for minimum breaks or two-points approximated maximum likelihood maps
but ignore errors, unknowns and polyploid hybrids.

In this paper, we present a simple improvement of the EM algorithm [5] that
makes maximum likelihood estimation much more efficient (in practice and to
some extent in theory too). The boosted EM algorithm can deal with unknowns
in both error-free haploid data and error-free backcross data. Unknowns are usu-
aly quite limited in RH mapping but cannot be ignored when one deals with
genetic data or multiple populations/panels consensus mapping (markers being
not necessarily typed in all panels/populations). These improved EM agorithms
have been implemented in the CARLAGENE software. We conclude with a com-
parison with similar packages (RHMAP and MapMaker) using simulated data
sets and present preliminary results on mixed simultaneous RH/genetic mapping
on pig data.

1 Introduction

Radiation hybrid mapping [I4] isasomatic cell techniquethat is used for ordering mark-
ers along a chromosome and estimating the physical distances between them. It nicely
complementsalternative mapping techniques especially by providing intermediate reso-
[utions. Thistechnique has been mainly applied to human cells but also used on animals,
eg. [6].

The biological experiment in RH mapping can be rapidly sketched as follows: cells
from the organism under study are irradiated. The radiation breaks the chromosomes
at random locations into separate fragments. A random subset of the fragmentsis then
rescued by fusing the irradiated cells with normal rodent cells, a process that produces
a collection of hybrid cells. The resulting clone may contain none, one or many chro-
mosome fragments. This cloneis then tested for the presence or absence of each of the

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 41-51] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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markers. Thisprocessis performed alarge number of times producing aradiated hybrid
panel.

The agorithmic analysis which follows the biological experiment, based on the re-
tention patterns of the markers observed, aims at finding the most likely linear ordering
of the markers on the chromosome along with distances between markers. The under-
lying intuition is that the further apart two markers are, the most likely it is that the
radiation will create one or more breaks between them, placing the two markers on
separate chromosomal fragments. Therefore, close markers will tend to be more often
co-retained than distant ones. Given an order of the markers, the retention pattern can
therefore be used to estimate the pairwise physical distances between them.

Two fundamental types of approaches have been used to evaluate the quality of
a possible marker’s permutation. The first, crudest approach, is a non parametric ap-
proach, called “obligate chromosomal breaks’ (OCB), that aims at finding a permu-
tation that minimizes the number of breaks needed to explain the retention pattern.
This approach is not considered in this paper. The second oneis a statistical paramet-
ric method of maximum likelihood estimation (MLE) using a probabilistic model of
the RH biological mechanism. Several probabilistic models have been proposed for RH
mapping [9] dealing with polyploidy, errors and unknowns. In this paper, we are only
interested in a subset of the models that are compatible with the use of the EM algo-
rithm [5] for estimating distances between markers. According to our experience, the
simplest “equal retention model” is the most frequently used in practice and aso the
most widely available becauseit is a good compromise between efficiency and realism.
Such models are used in the RHMAP and RHMAPPER packages. More recently, more
efficient approximated MLE versions based on two points estimation have also been
used [2] but they don’'t deal with unknowns and won'’t be considered in the sequel.

The older but still widely used genetic mapping technique [|10] exploits the occur-
rence of cross-overs during meiosis. As for RH mapping, the underlying intuition is
that the further apart two markers are, the most likely it is that a cross-over will occur in
between. Because cross-overs cannot be directly observed, the indirect observation of
allelic patternsin parents and children is used to estimate the genetic distance between
them. There is a long tradition of using EM in genetic mapping [[7]. This paper will
focus on RH mapping but we must mention that the improvements presented in this
paper have also been applied to genetic mapping with backcross pedigree. Actualy,
genetic and RH data nicely complement each other for ordering markers. Genetic data
leads to myopic ordering: set of close markers cannot be reliably ordered because usu-
ally no recombination can be observed between them. On the contrary RH dataleads to
hypermetropic ordering: set of closely related markers can be reliably ordered but dis-
tant groups are sometimes difficult to order because too many breaks occurred between
them. Dealing with unknown is unavoidable in genetic mapping since markers may be
uninformative.

In either RH or genetic mapping, the most obvious computational barrier is the
shear humber of possible orders. For n markers, there are %’ possible orders (as an
order and its reverse are equivalent), which is too large to search exhaustively, even for
moderate values of n. In the simplest case of error-free unknown-free data, it has been
observed by several authorsthat the MLE ordering problem is equivalent to the famous
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traveling salesman problem [[131], an NP-hard problem. The ordering techniques used
in existing packages go from branch and bound [ 2], to local search techniquesand more
or less greedy heuristics. In al cases, finding a good order requires avery large number
of MLE cadlls. In practice, the cost of EM execution is still too heavy to make branch
and bound or local search methods computationally usable on large data sets and the
greedy heuristic approach remains among the most widely used in practice.

In this paper, we show how the EM algorithm for RH/genetic mapping can be sped
up when it is applied to data sets where each information is either completely informa:
tive or completely uninformative. This is the case, e.g. for error-free haploid RH data
with unknown or error-free backcross data with unknowns. In practice, for RH map-
ping, it has been observed in [[9] that “analyzing polyploid radiation hybrids as if they
were haploid does not compromise the ability to order markers’ which makes this re-
striction to haploid data quite reasonable. For genetic mapping, most phase-known data
can be reduced (although with some possible loss of information) to backcross data.
In practice, we have applied it to diploid RH data and complex animal (pig) pedigree
with very limited discrepancies (see section [5) and a speed-up factor of two orders of
magnitude.

Interestingly, this boosted EM algorithm is especialy adapted to the unknown/
known patterns that appear in multiple population/panels mapping when a single con-
sensus map is built: when two or more data sets are available for the same organism
(and with a similar resolution for RH), a possible way to build a consensus map is to
merge the two data sets in one. markers that are not typed in one of the 2 data sets are
marked as unknown in this case. In this case, we show that each iteration of the EM
algorithm may bein O(n) instead of O(n.k), where n is the number of markers and %
the number of individualstyped.

Theseimproved EM a gorithms along with several TSP-inspired ordering strategies
for both framework and comprehensive mapping have been implemented in the free
software package CARAGENE [[13] which allows for multiple popul ation/panels map-
ping using either shared or separate distance estimation for each pair of data sets. This
allows, among other, for mixed genetic/RH mapping (with separate estimations of ge-
netic and RH distances) which nicely exploits the complementarity of genetic and RH
data.

2 TheEM Algorithm for RH Data

In this section, we will explain how EM can be optimized to deal with haploid RH data
sets with unknowns. This optimization also applies to backcross genetic data sets with
missing data. It has been implemented in the genetic/RH mapping software
CARLAGENE [[13] but has never been described in the literature before.

Suppose that genetic markers M1,... M,, aretyped on k radiation hybrids. The ob-
servationsfor agiven hybrid, given the marker order (M4, ..., M,,) can bewritten asa
vector x = (x4, ...,z,) where x; = 1 if the marker M; istyped and present, X; = 0
if the marker istyped and absent and x; = — if the marker could not be reliably typed.
Such unknowns are relatively rare in RH mapping but are much more frequent in ge-
netic mapping or in multiple population/panel consensus mapping.
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The probabilistic HMM model for generating each sequence z in the case of error-
free haploid “equal retention” data is defined by one retention probability denoted r
(probability for a fragment to be retained) and n — 1 breakage probability denoted
b1,...,bn—1 (b; isthe probability of breakage between marker M, and M 1). Break-
age and retention are considered independent processes.

The structure of the HMM model for 4 markersordered as ML,. . .,M4 is sketched as
aweighted digraph G = (V, E) in Figure[dl. Vertices correspond to the possible state of

Retained

Fig. 1. A Graph Representation of the “Equal Retention Model” for RH Mapping.

being respectively retained, missing or broken. An edge (a,b) € E that connects two
vertices a and b is simply weighted by the conditional probability of reaching the state
b from the state a, noted p(a, b). For example, if we assume that M/, is on a retained
fragment, there is a probability b, that a new fragment will start between M, and M,
and a probability (1 — b) that the fragment remains unbroken. In the first case, the
new fragment may either be retained () or not (1 — r). In the second case, we know
that M5 is on the same retained fragment. The EM algorithm [15] is the usua choice
for parameter estimation in hidden Markov models [[11] where it is aso known as the
Forward/Backward or Baum-Welsh agorithm. This algorithm can be used to estimate
the parameters r, b1, b2 . . . and to evaluate the likelihood of a map given the available
evidence (avector x of observation for each hybrid in the panel).

If we consider one observation 2z = (0, —,0, 1) on a given hybrid, the graph can
be restricted to the partial graph of Figure [21by removing vertices and edges which are
incompatible with the observation (dotted in the figure). Every path in this graph corre-
spondsto apossibleredlity. The path in bold correspondsto the fact that a fragment has
been a breakage between each pair of markers, each fragment being successively miss-
ing, retained, missing and retained. If we define the probability of such a source-sink
path as the product of al the edge probabilities, then the sum of the probabilities of all
the paths that are compatible with the observation is precisely its likelihood. Although
thereis aworst-case exponential number of such paths, dynamic programming, embod-
ied in the so-called “ Forward” algorithm [[11] may be used to compute the likelihood of
asingle hybrid in (n) time and space. For any vertex v, if we note P;(v) the sum of
the probabilities of al the paths that exist in the graph from the source to the vertex v,
we have the following recurrence equation:
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Fig. 2. The Graph Representation for z = (0, —, 0, 1).

P = Y Plw)pu)

u s.t. (u,v)EE

Thissimply saysthat in order to reach v from the source, we must first reach avertex
u that is directly connected to v (with probability P;(«)) then go to v (with probability
p(u,v)). We can sum up al these probabilities that correspond to an exhaustive list of
distinct cases. This recurrence can simply be used by initializing the probability P; of
the source vertex to 1.0 and applying the equation “Forward” (from left to right, using
atopological ordering of the vertices). Obviously, P; for the sink vertex is nothing but
the likelihood of the hybrid. One should note that the same idea can be exploited to
compute for each vertex P,.(v), the sum of the probabilities of all paths that connect v
to the sink (simply reverse all edges and apply the “forward” version).

The EM algorithm is an iterative algorithm that starts from given initial values of
the parameters r, bo, by, . . . and that goes repeatedly through two phases:

1. Expectation: for each hybrid h € H, given the current value of the parameters, the
probability P (u, v) that a path compatible with the observation « for hybrid h uses
edge (u, v) can simply be computed by:

P (u,v) = Pi(u).p(u,v).Pr(v)

If for a given parameter p, and given hybrid h, we note S; (p) the set of all edges
weighted by p and S, (p) the set of all edgesweighted by 1—p, an expected number
of occurrence of the corresponding event can be computed by:

Z(u,v)ES:’f(p) Ph(ua U)

E(p) =
heH Z(u,v)eS,f(p)us; (p) Pp(u,v)

2. Maximization: the value of each parameter p is updated by maximum likelihood
under the assumption of complete data by:

E
Di+1 = %
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It is known that EM will produce estimates of increasing likelihood till alocal maxi-
mum isreached. The usual choiceisto stop iteration when theincrease of log-likelihood
is lower than a given tolerance. Several iterations are usually needed to reach, e.g. tol-
erance 10~*, especially as the number of unknownsincreases.

Each of the forward, backward and E(p) computation of the E phase successively
treat each pair of adjacent markersin constant time (there are at most 6 edges between
each pair of markers). Thiswill be called “steps’ in the sequel with the aim of getting
abetter idea of complexity than Landau’s notation can offer (and which can anyway be
derived from the number of steps needed since each step is constant time). From the
previous simplified presentation of EM, we can observe that each EM iteration needs
3(n + 1)k steps since n + 1 steps are required for the Forward phase, the Backward
phase and the E(p) computation phase. The M phaseisin 6(n) only.

2.1 Speeding Up the E Phase

To make the E phase more efficient, the ideaisto try to sum up the datafor al hybrids
in a more concise way in order to try to avoid, as far as possible the k factor in the
complexity of the E phase. The crucia property that is exploited is that when a loci
status is known (0 or 1), then the probabilities P, and P, for the corresponding “Re-
tained” vertex are both equal to 0.0 and 1.0 respectively (1.0 and 0.0 respectively for
the“Missing” vertex) and this independently of the markers around.

Any given hybrid can therefore be decomposed in segments of successive loci of 3
different types asillustrated in Figure 3

dangling dar_1g|ing
left bounded known right
——N—

= —
— —100—-10001 0-—

Fig. 3. Decomposing Hybrid into Segments.

— dangling segments are either segments that start at the first loci and are al of un-
known status except the rightmost one (dangling left) or segments that end at the
last loci and are al of unknown status except the leftmost one (dangling right).

— known pairs are segments composed from a pair of adjacent loci which are both
of known status.

— bounded segments are segments that start and stop at loci of known status but
which are separated by loci of unknown status.

Given the hybrid data set H, it is possible to precompute for al pairs of markers
the number of known pairs of each type. This is done only once, when the data set is
loaded. For a given loci ordering, we can precompute in a O(n.k) phase the number
of dangling and bounded segments of each type that occurs in the data set. Then the
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EM algorithm may iterate and perform the E phase by computing expectationsfor each
of the cases and multiplying the results by the number of occurrences. Maximizing
remains unchanged.

For known pairs, the expectation computation can be donein one step and there are
at most 4(n — 1) different types of pairs which means4(n — 1) steps are needed. For all
other segments, dangling or bounded, the expectation computation needs a number of
steps equal to the length of the fragment. So, if we note u the total number of unknowns
in the data set, the total length of these fragments is less than 3« and the expectation
computation can be done in at most 9u steps. We get an overall number of steps of
4(n — 1) + 9u which is usually very small compared to the 3(n + 1)k needed before.
From an asymptotic point of view, thisistill in O(nk) becauseu isin O(nk) but it does
improve things alot in practice. Also, decomposing hybrids into fragments guarantees
that repeated patterns occurring in two or more hybrids are only processed once.

Thereisaspecificimportant case where asymptotic complexity may improve. When
multiple population/panels consensus mapping is performed, a marker which is not
typed in a data set will be unknown for all the hybridg/individuals of the data-set. This
may induce dangling and bounded segments that are shared by all the hybrids/indivi-
duals of the data-set but that will be processed only once at each EM iteration. In this
case, known pairs and all dangling/bounded segments induced by data-set merging will
be handlein O(n) timeinstead of O(nk).

3 The CARLAGENE Package

This improved EM algorithms have been implemented in the CARAGENE package
[13]. Beyond RH and backcross data, CARJAGENE can also handle genetic intercross,
recombinant inbred lines and phase known outbred data. Although perfectly ableto han-
dle single population mapping, CARJAGENE is oriented towards multiple population
mapping: data sets can be hierarchically “merged” and the user decides which data sets
share (or not) distance estimations. Markers ordering are always evaluated using atrue
maximum likelihood multipoint criteria. Beyond multiple population genetic mapping
or multiple panels RH mapping, CARLAGENE alows to perform mixed genetic/RH
mapping by merging genetic and RH data and estimating genetic/RH distances sepa-
rately using a common loci order.

Considering loci ordering, CARJAGENE offers alarge spectra of tools for building
and validating both comprehensive and framework maps. Most of these tools have been
derived from the famous Traveling Salesman Problem (TSP) solving technology. From
its beginning [13], CARLAGENE has exploited the anal ogy between backcross genetic
mapping and the TSP. As it has been observed in [|1], this analogy also exists for RH
mapping. CARLAGENE has beenimplementedin C++ and hasa Tcl/Tk based graphical
interface. It is available on the web at www-bia.inra.fr/T/CarthaGene. It runs on most
Unix platforms and Windows.
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4 Empirical Evaluation of the Boosted EM Algorithm

To better evaluate the gains obtained by theimproved EM algorithm, we have compared
it to the EM implementations available in the RHMAP RH mapping package [13] and
in the MapMaker genetic mapping package [[7]. Since we only wanted to compare EM
efficiency and not loci ordering efficiency, al tests have been done by estimating the
log-likelihood of afixed loci ordering using the same convergence tolerance, the same
starting point, on a Pentium |1 400M hz machine running Linux, using GNU compilers
(respectively g77, gec and g++ for RHMAP, MapMaker and CARJAGENE), on 1000

EM cdls.

Simulated data sets have been generated using the underlying probabilistic model
both for backcross and RH data:

— the first tests have been done single panel/population data. The RH data uses 50
markers evenly distributed on a 10 ray long chromosome, 100 hybrids and 5% of
unknowns. The genetic data, uses 50 markersevenly distributed on a1l Morganlong
chromosome., 200 individuals and 25% of unknowns. This corresponds to typical
framework mapping situations.

— the second tests have been done by merging two panels/population. The data sets
have been generated using the same parameters except that each data set shares half
of the markerswith the other data set. When a marker is not typed in a panel/popu-
lation, the corresponding hybrid/individual is marked as unknown|

Software |Data Panels |CPU time |Improvement
package |type populations| (1000 EM)|ratio
RH 1
RHMAP 3.0 110”64
CARLAGENE 557 19.8
RH 2
RHMAP 3.0 2376"48
CARLAGENE 125’95 |18.9
BC 1
MapM aker 60799
CARLAGENE 8"46 7.2
BC 2
MapM aker 23227
CARLAGENE 70°94 33

For radiated hybrid data, the speed-up exceeds one order of magnitude. M ore mod-
est improvements are reached on genetic data. These improvements may reduce day of

! Note that for RH data, this situation corresponds to the merging of two panels that have been
irradiated using a similar level of radiation. If thisis not the case, one should rather perform
separate distance estimations per panel. More complex models, using proportiona distances,
are available in RHMAP but are not compatible with the use of the EM algorithm.
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computation timeto hoursand enable the use of more sophisticated ordering techniques,
without any approximation being made. These numbers still leave room for improve-
ments since CARLAGENE does not exploit the strategy of precomputing known pairs
once and for al but recomputesthem at each EM call.

5 Application to Real Genetic and Radiation Hybrid Data

The improvements obtained apply only to haploid RH data and phase known backcross
genetic data. This could be considered as quite restrictive. In this section we show how
RH polyploid data and complex genetic data can be reduced to these cases and evaluate
the impact of these reductions. This also illustrates how genetic and RH data can be
mixed in order to exploit the different resolutions for marker ordering.

Considering genetic data, the USDA porcine reference pedigree consists in a two
generations backcross population of 10 parents (2 males from a White composite line
and 8 F1 females) and 94 progeny [[12]. The height F1 females were obtained after
mating White composite females with Duroc, Fengjing, Meishan or Minzhu boars. To
reducethisto backcross data, phases have been set to the most probabl e phase, identified
using Chrompic from the CRIMAP package. Then the datais encoded as two backcross
(onefor the paternal allele and one for the maternal allele). The original data set can be
processed by CRIMAP (but not by MapMaker).

Considering RH data, the IMpRH panel consistsin 118 radiated hybrid clones pro-
duced after irradiation of porcine cellsat 7000 rads[[14]. Using this panel afirst genera-
tion whole genome radiation map has been established using 757 markers[[6] including
699 markers already mapped on the genetic map from [112].

These two data-sets have been merged and a framework consensus order built for
chromosome 1 using the bui | df w command of CARJAGENE. The resulting order
contains 38 markers. This order has been validated using simulated annealing and other
usual techniques (local permutations, swapping of markers...) and could not be im-
proved, the second best order having a log-likelihood 4.48 below the best. The simu-
lated annealing step alone took few hours on Pentium-11 400Mhz and could probably
not have been donein reasonable time using standard EM algorithms.

Using CARLAGENE instead of CRIMAP/RHMAP, we made the assumptions that
using an haploid model on diploid data, fixing the phase and considering outbreds as
double backcross does not change differencesin likelihood too much. In order to check
these assumptions, we compared CARJAGENE to CRIMAP and RHMAP applied sep-
arately on the 4 best ordersidentified by CARJAGENE. We used CARLAGENE haploid
model, RHMAP haploid model and RHMAP diploid model on the RH data alone. The
following table indicates the log-likelihoods obtained in each case and the differences
in log-likelihood with the best order. The results are consistent with our assumption.

Order 1 Order 2 Order 3 Order 4
CARJAGENE [-927.61 -928.37 -932.65 -931.21
RHMAP haplo.|-927.61 -928.37 -932.65 -931.21
RHMAP diplo. |-926.45 -927.26 -931.36 -930.07
Dif. haplo. 0.00 -0.76 -504 -3.60
Dif. diplo. 000 -081 -491 -362
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The same comparison was done using CRIMAP outbred model and CARLAGENE back-
cross model on the derived double backcross data. The results obtained are again con-
sistent with our assumption. Note that the important change in log-likelihood is not
surprising: fixing phases brings in information, while double backcross projection re-
moves some information. The important thing is that differencesin log-likelihood are
not affected.

Order 1 Order 2 Order 3 Order 4
CRIMAP -366.54 -370.26 -366.54 -379.22
CARLAGENE |-422.29 -426.01 -422.29 -434.97
Dif. CRIMAP| 0.00 -3.72 0.00 -12.68
Dif. Cartha 0.00 -3.72 0.00 -12.68

We completed this test by a larger comparison, using more orders, and it appears that
the differences in log-likelihood are well conserved: a difference of difference greater
than 1.0 was observed only for orders whose log-likelihood was very far from the best
one (more than 10 LOD). CARJAGENE can thus be used to build framework and com-
prehensive maps, integrating genetic and RH maps in reasonable time. For better fi-
nal distances between markers, one can simply reestimate them with RHMAP diploid
model and CRIMAP.

6 Conclusion

We introduced a simple improvement for the EM algorithm in the framework of HMM

based RH and genetic maximum likelihood estimation. One of the limitation of this
improvement isthat it can only deal with observationsthat either completely determine
the hidden states or |eave the hidden state undetermined (unknown). It can therefore not
be extended, e.g. to handle intercross genetic data, diploid RH data or to models that
explicitly represent typing errors [[9]. However, as we experienced on real data, these
restrictions can be easily be dealt with.

Thisis especialy attractive considering that our application to haploid radiation hy-
brid and backcross genetic mapping shows that the boosted EM algorithms can lead
to speed-ups of more than one order of magnitude compared to the traditional EM ap-
proach, without any loss in accuracy. Ordering techniques such as simulated annealing
or taboo search requires an important number of calls to the evaluation function. The
efficiency of the boosted EM al gorithm makes the application of such approaches prac-
tical, even in the presence of unknowns. Thisis crucia for multiple population/panel
mapping as it has been done, e.g. in [8].
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Abstract. We describe the theoretical basis of an approach using microarrays of
probes and libraries of BACs to construct maps of the probes, by assigning rel-
ative locations to the probes along the genome. The method depends on several
hybridization experiments: in each experiment, we sample (with replacement) a
large library of BACsto select a small collection of BACs for hybridization with
the probe arrays. The resulting data can be used to assign alocal distance metric
relating the arrayed probes, and then to position the probes with respect to each
other. The method is shown to be capable of achieving surprisingly high accu-
racy within individual contigs and with less than 100 microarray hybridization
experiments even when the probes and clones number about 10°, thus involving
potentially around 10° individual hybridizations.

This approach is not dependent upon existing BAC contig information, and so
should be particularly useful in the application to previously uncharacterized
genomes. Nevertheless, the method may be used to independently validate aBAC
contig map or aminimal tiling path obtained by intensive genomic sequence de-
termination.

We provide a detailed probabilistic analysis to characterize the outcome of asin-
gle hybridization experiment and what information can be garnered about the
physical distance between any pair of probes. This analysis then leads to a for-
mulation of a likelihood optimization problem whose solution leads to the rel-
ative probe locations. After reformulating the optimization problem in a graph-
theoretic setting and by exploiting the underlying probabilistic structure, we de-
velop an efficient approximation algorithm for our original problem. We have
implemented the algorithm and conducted several experiments for varied sets of
parameters. Our empirical results are highly promising and are reported here as
well. We aso explore how the probabilistic analysis and algorithmic efficiency
issues affect the design of the underlying biochemical experiments.

1 Introduction

Genetics depends upon genomic maps. The ultimate maps are compl ete nucleotide se-
guences of the organism together with a description of the transcription units. Such
maps in various degrees of completion exist for many of the microbial organisms,

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 52-68] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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yeasts, worms, flies, and now humans. Short of this, genetically or physically mapped
collections of objects derived from the genome under study are still of immense utility,
and are often precursors to the development of complete sequence maps. These objects
may be markers of any sort, DNA probes, and genomic inserts in cloning vectors.

We have been exploring the use of microarraysto assist in the development of ge-
nomic maps. We report here one such mapping algorithm, and explore its foundation
using computer simulations and mathematical treatment. The algorithm uses unordered
probes that are microarrayed and hybridized to an organized sampling of arrayed but
unordered members of libraries of large insert genomic clones.

In the foregoing we assume some knowledge of genome organization, DNA hy-
bridization, repetitive DNA, gene duplication, and the common forms of microarray
experiments. In the proposed experimental setting, one sample at a time is hybridized
to microarrayed probes, and hybridization is measured as an absolute quantity. We as-
sume probes are of zero dimension, that is, of negligible length compared to the length
of the large genomic insert clones. Most importantly, we assume that hybridization sig-
nal of aprobereflectsitsinclusionin one or morelarge genomicinsert clones presentin
the sample, and negligible background hybridization. Our analysisis general enough to
include the effects of other sources of error. The novelty of the results reported hereis
intheir ability to deal with ambiguities, an inevitable consegquence of the use of massive
parallelismin microarraysinvolving many probes and many clones. Similar algorithms
are reported in the literature [[7], but assume only the knowledge of clone-probe inclu-
sion information for every such combination and suggest different algorithms that do
not exploit the underlying statistical structure.

One important application of our method is in measuring gene copy number in
genomic DNA [10]. Such techniqueswill eventually have direct application to the anal-
ysis of somatic mutations in tumors and inherited spontaneous germline mutations in
organisms when those mutations result in gene amplification or deletion. In contrast,
low signal-to-noise ratios, due to the high complexity of genomic DNA, make other
approaches such as the direct application of standard DNA microarray methods highly
problematic.

2 Related Literature

The problem of physical mapping and sequencing using hybridization is relatively well

studied. As shownin [6], the general problem of physical mapping is NP-complete. An
approach based on traveling salesman problem (TSP) in the absence of statisticsisgiven
in[I]. The problemformalism used in this paper will be similar to the foundational work
in [1,2)3,5/7111/12/14]. Our method extends the previous results by devising efficient
algorithmsaswell as biochemical experiments capable of achieving higher resolution of
probe placement within contigs. In [B] the MATRIX-TO-LINE problem is suggested as
the model problem for determining Radiation Hybrid maps. Probe mapping using BACs
is dlightly different in that pairwise distances for probes far away cannot be resolved
directly using BACs. Our design is general in that the inputs are modeled as random
variables with known statistics determined a priori by our experimental designs chosen
appropriately for a range of applications. Also we provide estimated probabilities of
correctnessfor the map we produce. In this sense, this paper invokes an an experimental

optimization as recommended in [12].



54 Will Casey, Bud Mishra, and Mike Wigler
3 Mathematical Definitions

Given a set of P probes listed as {p1, ps, ...,pp} and contained in some contiguous
segment of the genome we define a probe map to be a pair of sequences, ordering
= {Pr(1): Pr(2), - - - » Pr(p) } @ position = {z1, 29, ..., zp}. The position sequence
infers the positions of the probes and the ordering sequence is determined by the per-
mutatior] = € Sp that sorts the given list of probesby position.

However the underlying correct position of each probe remains unknown. We infer
probe maps approximating the correct positions as best as possible from an experimen-
tal set of data which is stochastic. Experimental data sets are represented by graphs;
given aset of probes {p1, po,...,pp}, let V bethe set of indices. Then apairwise dis-
tance graphisan undirectedgraph G = (V, E), E C V x V whereeach edgee ; ; maps
to adistance d; ; between probe and probe ;.

We model various experimental errors arising from the hybridization experiment
used to measure probe to probe distance. With the model we can understand the dis-
tribution of pairwise distance graphs as a random variable. Under certain parameters
we can implement Bayes formula to build a Maximum Likelihood Estimator (MLE)
for probe map reconstruction. With the MLE established we attempt to optimize the
computation involved for practical implementation.

3.1 Experimental Procedure

Consider a genome represented by the interval [0, G]. Take P random short sub-strings
(about 200bps) which appear on the genome uniquely. Represent these strings as points
{z1,...,xp}. Assume that the probes arei.i.d. with uniform random distribution over
the interval [0, G]. Let S be a collection of intervals of the genome, each of length L
(usually ranging from few 100kbsto Mbs). Suppose the | eft-hand points of theintervals
of S arei.i.d. uniform random variables over the interval [0, G]. Teke a small, evenin
number sized subset of intervals S’ C S, chosen randomly from S. Divide S’ randomly
into two equal-size disjoint subsets S’ = S’;, U S¢;, where R indicates ared color class
and G indicates agreen color class. Now specify any point z in [0, G] and consider the
possibl e associations between x, and the intervalsin S':

x isnot covered by any interval in S”.

x is covered by at least oneinterval of S}, but no intervals of S¢.

x is covered by at least oneinterval of S¢, but nointervals of Si,.

x is covered by at least oneinterval of S}, and at least oneinterval of S¢,.

If we perform a sequence of M such experiments then for each x we get a sequence of
M outcomes represented as a color vector of length M. We are interested in observing
sequences of such outcomesontheset {x4,...,zp}.

For DNA the short sub-strings can be produced with the use of restriction enzymes,
or synthesized as oligoes. The collection of covering intervals may be provided by a
BAC or YAC clone library. The division of a random sample taken from the clone
library may be done with phosphorescent molecules added to the DNA and visible

! We denote the permutation group on P indices as Sp.
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with a laser scanner. Hybridization microarrays allow us to observe such an outcome
seguence for each of the 100,000 probes in a constant amount of time.

Consider an example with human. To make a set of Human Oligoe Probes we may
use restriction enzymes to cut out P probe substrings of size 200bp to 1200bp from the
genome and choose a low complexity representation (LCR) as discussed in [[10[9]. We
may arrange for a sequence of M random samples from the BAC library, suppose each
sample has K BACs and coveragec = % Samples are then randomly partitioned into
two color classes X' = {R, G}, and then hybridized to a microarray, arrayed with P
probes. If we pick one probe p;, then the possible outcomes for one experiment are:

— p; hybridizesto zero BACs. We say the outcomeis ‘B’ (blank).

— p; hybridizesto at least one red BAC and zero green BACs. We say the outcomeis
‘R’ (red).

— p; hybridizesto at |east one green BAC and zero red BACs. We say the outcomeis
‘G’ (green).

— p; hybridizes to at least one green BAC and at least one red BAC. We say the
outcomeis‘Y’ (yellow).

We call theseeventsig, ig, ig, and iy respectively. We use M random samplesto com-
pletethe full experiment. The parameter domain for thefull experimentis (P, L, K, M),
where P isthe number of probes, L is the average length of the genomic material used
(for BACs, L = 160kb), K isthe sampling size, and M isthe number of samples. The
output is a color sequence for each probe. The sequence corresponding to probe p ; is
Sj = <Sj’k>]]€w:1 with Sik € {B, R, G, Y}

How the Distances Are Measured. With the resulting color sequences s; we can
compute the pairwise Hamming distance. Let

H,; ; = # placeswheres; and s; differ,
C;,; = # placeswheres; ands; arethe same but s; # B,
T;; = # placeswheres; ands; are B.

The Hamming distance defines a distance metric on the set of probes.

Lemma 31. Consider an experiment with parameters (P, L, K, M), and ¢ = % Let
i and j bearbitrary indices fromthe clone set and z ;; is the actual distance (in number
of bases) separating probe p, from probe p; on the genome. Let &;; = min{x;;, L}.

Then:

266(%0)£%ij

H;; ~ Bin (M, + O((#:5)*))

Cig~ BIN(M,1— ™+ Z(e7° = 2e75)iy; + O((1;)?))

~

T;; ~ Bin (M, (e~c(Fi)y)
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Proof. See appendix.
These computations for small « lead to an accurate estimator:

Corollary 32. The estimator of z;; givenby ;; = Hi’jgf—]f[ is good in the sense that
there are values of ¢ so that:

(d—=;5)?
1 T 2022,
——e i ifay; < L
~ — L] b)
[(&i; = d|zij) — V2oV - asM — oo.
1 Ty ifx.,: > L:
ryAd ifzy; > L;

with 2 = ()

2¢

Proof. It isbased on a standard approximation. We have developed Chernoff boundsto
analyze tradeoff between parameters K (determining ¢), and M. For z < % one can
show that for nearly any value of ¢ the above convergencein distribution is significantly
rapidw.rt. M. 0O

We have developed an estimator of x;; givenby ;; = %e%L this
estimator takes into account the variation of sample coverage over the genome.

Lemma 33. Thedistribution for distance d is a function of = and is approximated by
e—(d—m)2/2a2x e—(d—L)2/2¢72L
—_— + HL<7:<G7

V2rxo - V2rLo

Proof. Simple restatement of corollary 2.2 O
Since we have assumed that any given probeisdistributed uniformly randomly over
the genome, the density function for the probe’s positioniis:

fdz) = To<a<r

1
G

Our next lemmais an application of Bayes formulato compute f(x|d) from f(x)
and f(d|x) computed above.

fz) =

—(d—2)2 /2022 —(d—L)2/202L
Lemma 34. |ff(d|$) ZHOSm<LP‘7 HLSmSGeT.Then

2nxo

ef(wfd)2/20'2d 1
f(z|d) = Hd<LW +g>r In<z<a (G — L) ;
Proof. See appendix O.

With conditional f(x|d) we can now define the Maximum Likelihood Estimation
problem:

Givenan arbitrary pair-wise distance edge weighted completegraph G of P vertices,
representing probes, and each edge (i, j) labeled with d; ;, asampled value of arandom
variable with the distribution f(d||z; — z;|), wewould like to choose an embedding of
G (or more precisely, an embedding of the vertices of G) into thereal line:

{i1,f2,...,[ip} C [O,G},
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that maximizesalikelihood function F'(Z 1, Z2, ..., Zp|d;j : 4,7 € [1, P]). By ignoring
the week dependencies, we approximate F as.

I ra& —alidy).
1<iG<P

Hence, we can minimize arelated cost function

> —Inf(ld - @lldig).

1<i,j<P
Lemma 35. The Optimization problem of finding Z ; to minimize f(z;|{%; : i < j},
{d; j : i < j}) is approximated by solving the fol lowing optimization problem:
minimize Z M/,j(‘.fz —jj| —dij)Q,
1<i<j<P

where W;;’s are positive real valued weight functions:

1
——— ifdy < L
W’L_] = 20’2d1j ! J <
€ otherwise,
ande = O ((G 1L)2)
Proof.
(x—d)? —
—1Hf($|d)N 2924 +1H( 2’/Td0') |fd<..L,
In(G — L) —Inlp<,<c otherwise.
Hence
> (@ —glldy) = Y Wii(1& — 3] — diy)*.
1<i,j<P 1<i<j<P
Note that e = 2(751(1,;_7- < QUleL < Q(G_lL)QL as o being the maximum variance is

bounded by (G — L) O

3.2 SimpleAlgorithm

The simplest algorithm to place probes proceedsasfollows: Initially, every probeoccurs
in just one singleton contig, and the relative position of a probe Z; in contig C; is
at the position 0. At any moment, two contigs C, = [Zp,, Tp,, -- -, &p,] ad Cy =
[Zg1+ Tgos - -, Zq,,] May be considered for a “join” operation: the result is either a
failure to join the contigs C,, and C, or a new contig C,. containing the probes from
the constituent contigs. Without loss of generality, assume that |C',| > |C,|, and that
the probe corresponding to the right end of the first contig (x ,,,) is closet to the left end
of the other contig (x,). Thet is the estimated distance d,, 4, is smaller than all other
estimated distances: dy, 4,, dp,.,q,, AN dp, q,,. -
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dphfh

Let 0 < € < 1 be a parameter to be explored further later, and L’ = L6 < L. If
dy, q, > L' then the join operation fails. Otherwise, the join operation succeeds with
the probes of C, placed to the |eft of the probes of C',, with all the relative positions of
the probes of each contig left undisturbed. We will estimate the distance between the
probesin C), and the probe z,, by minimizing the function:

N (‘%m_‘%i_dim)z
minimize .

) Z 2U2d11.q1 )

i€{p1,...,p1 }idi g <L’ ’
whereZ;'s (i € {p1,...,p }) arefixed by thelocations assigned in the contig C',. Thus
taking a derivative of the expression above with respect to Z,, and equating it to zero,
we see that the optimal location for z 4, in C,. is
Zie{pl,...,pl}:diyql <L’ (i-l + di#]l) /sz’i#h

2.
Zie{ph...,pz}:di,ql <L’ 1/0 dl-,(h

. -
d* = max |Zy,,

Once the location of x,, is determinedin C, at d*, the locations of &l other probes of
C, inthe new contig C',. are computed by shifting them by the value d*. Thus

CT = [‘%T17"'7‘%Tl7jrl+l7"'7jrl+ml7

wherer; = p; and Z,, = &, for1 < i < I;rqy = ¢ and &y, = d* + Iy,
for 1 < i < m. Note that when the join succeeds, the distance between the pair of
consecutive probes 7., and 7, IS

O S 'i}?"l+1 - i‘Tl S Ll?

and the distances between all other consecutive pairs are exactly the same as what they
wereinthe original constituent contigs. Thus, in any contig, the distance between every
pair of consecutive probes takes a value between 0 and L’. Note that one may further
simplify the distance computation by simply considering the k& nearest neighborsof z ,
fromthe contig C: namely, 7, ., ..., Tp,-

* ~
L — max xp“ Z 1/0’2d
'Le{pl—k+17'~~7pl}:di,ql<L/ 2,491

In the greediest version of the algorithm & = 1 and
dT = Tp, + dpz-,(hv

asoneignoresall other distance measurements.
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At any point we can also improve the distances in a contig, by running an “adjust”
operation on acontig C',, with respect to aprobe 7, , where

Cp=[Zpys s Tp; 1 Tp s Ty e Ty ]

Tp,; adjust

Tpy Tp; Tp;

We achieve this by minimizing the following cost function:

- (13, — il — diy?
minimize —

A Z 202d; ’
i€{p1,epiI\{py }rdi p; <L’

sPj

wherez;’s(i € {p1,...,pi}\{p;}) arefixed by thelocations assigned in the contig C',.
Let:

L ={iie{p1,...,pj—1} :di, p, < L'}

Iy ={iz € {pjs1,...,m} 1 dip p, < L'}

= Zileh (‘%il + dihpj) /Uzdihm + 2112612 (‘%iz - dimpj) /Uzdizﬁm .
Zil en 1/o%di q + Zizelz 1/o2d;, p,

At thispoint, if z* # z,,,, thenthe new position of the probe z ,, inthe contig C', is
z*. As before, one can use various approximate version of the update rule, where only
k probes from the left and & probes from the right are considered and in the greediest
version only the two nearest neighbors are considered. Note that the “ adjust” operation
awaysimprovesthe quadratic cost function of the contig locally and sinceit is positive
valued and bounded away from zero, the iterative improvement operations terminate.

4 Implementation of the k-Neighbor Algorithm

I NPUT

Theinput domainisaprobeset V', and asymmetric positive real-val ued distance weight
matrix D € RY*P, where P = |V/|.

PRE- PROCESS
Construct agraph G’ = (V, E'), where E' = {e, = (x;,2y)|d;; < L'}. The edge
set of the graph G’ is sorted into an increasing order as follows: eq, e, ..., eq, With

@ = |E’| such that for any two edges ey, = [xi,,xj,] and eg, = [xiy, ;] iIf k1 < ko
thend;, j, < di,.;,. G’ canbe constructed in O(|V|?) time, and its edges can be sorted
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in O(|E’|1log(|V])) time. Inasimpler version of the algorithm it will suffice to sort the
edges into an “approximate” increasing order by a parameter H ; ; (related to d; ;) that
takes values between 0 and M . Such a simplification would result in an algorithm with
O(|E'|log M) runtime.

MAI N ALGORI THM

Data-structure: Contigs are maintained in a modified union-find structure designed to
encode a collection of digoint unordered sets of probes which may be merged at any
time. Union-find supports two operations, union and find [[13], union merges two sets
into onelarger set, find identifiesthe set an element isin. At any instant, ais represented
by the following:

— Doubly linked list of probes giving left and right neighbor with estimated consecu-
tive neighbor distances.
— Boundary probes: each contig has a reference to left and right most probes.

Inthe kth step of the algorithm consider edge e, = [x;, z;]: if find(z;) and find(z ;)
arein distinct contigs C,, and Cy, thenjoin C,, and C;, and update a single distance to
neighbor entry in one of the contigs.

At the termination of this phase of the algorithm, one may repeatedly choose a
random probe in arandomly chosen contig and apply an “adjust” operation.

QUTPUT

A collection of probe contigs with probe positions relative to the anchoring probe for
that contig.

4.1 Time Complexity

First we estimate the time complexity of the main a gorithm implementing the k—neigh-
bor version: For each e € E’ there are two find operations. The number of union oper-
ations cannot exceed the number of probes P = |V/|, as every successful join operation
leading to a union operation involves a boundary vertex of a contig. Any vertex during
its life time can appear at most twice as a boundary vertex of a contig, taking part in
a successful join operation. The time cost of a single find operation is a most ~(P),
where +y is the inverse of Ackermann’s function. Hence the time cost of all union-find
operationsis a most O(|E’|~(P)). The join operation on the other hand reguires run-
ning the k£ —neighbor optimization routine which is done at acost O(k). Thusthe main
algorithm has aworst case time complexity of:

O(1E'/(IV]) + K|V
The Full Algorithm including preprocessing is:
(1B log(|V]) + V[2)

In adightly more robust version the contigs may be represented by a dynamic balanced
binary search tree which admit find and implant operations. Each operation has worst
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case time complexity of O(log(|V])). Thus after summing over al | E’| operationsthe
worst case runtime for the main algorithmiis:

O(IE'[1og(IV1) + kIV1)
and for the full algorithmis:
O(1Elog(|V]) + V[2)

mean d(x) of 100 samples when |(BAC)=160 var d(x) of 100 samples when |(BAC)=160
T T 11 T

14

variance

5 What Dothe Simulations Tell?

5.1 Simulation: Observed Distance

The sample mean and variation of the distance function are computed with a ssmple
simulation done in-silico. BACs are 160Kb in length, we generate 1, 200 BACs and
place them randomly on a genome of size G = 32,000Kb, This givesa 6x BAC set.
In this experiment 100 random points are chosen on the genome and for each point we
compute the Hamming distance compared to points 10, 20, 30, . . . 300 Kb to the right
on the Genome. Color sequences are computed by using 20 samples of 130 randomly
chosen BACs of which half are likely to be red and the other half green.

5.2 Simulation: Full Experiment

Below we describe anin-silico experiment for a problem with 150 probes. On a Genome
of size 5,000 Kb we randomly place 150 probes, there positions are graphed as amono-
tonefunctionin the probeindex. Next we construct a popul ation of 500 randomly placed
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BACs. From the population we repeat a sampling experiment using a sample size of 32
BACS 16 are colored red, and 16 are colored green. Each sampleis hybridized in-silico
to the probe set. Here we assume a perfect hybridization so there are no cross hybridiza-
tions or failures in hybridizations associated with the experiment. We repeat the sample
experiment 130 times. This produces the observed distance matrix, whose distribution
we modeled earlier. This is the input for the algorithm presented in this paper. In the
distance vs. observed data plot we see that using a large M = 130 (suggested by the
Chernoff bounds) has its benefits in cutting down the rate of the false positives. The
observed distance matrix is input into the (10—neighbor, § = %) algorithm without
the use of the adjust operation, theresult is 7 contigs. The order within contigs had five
mistakes. We look at the the 4th contig and plot the relative error in probe placement.

probe pair-wise observed distance vs
positions probe distance distance observed
5000 ' ' 200
4000 6000 200
150
£ 3000 4000
2 2000 ® 100
2 2000
0 0 50
1000 200 ~ 200 p
200 200
0 . 100 100 _ 100 100
0 100 200 index o g index index o g index 0 5000
index X
inferred inferred inferred order difference in relative
probe positions contig structure given contig order positions for largest contig
2000 7 150 100
6 L 50
1500 2
%5 £ 100 0
< ko] L
S £ 2 a
g 1000 o4 E g -0
e 5 3
©3 £ 50 -100
500 E
2 -150
0 1 0 -200
0 100 200 O 100 200 O 100 200 O 50 100
index inferred index probe index index

6 FutureWork

The more robust variation of the algorithm based on a dynamically balanced binary
search tree will be studied in more detail. A comparison with Traveling Salesman
heuristics and an investigation of an underlying relation to the heat equation will show
why this algorithm works well. We will work on a probabilistic analysis for the statis-
tics of contigs. A model incorporating failure in hybridization and cross hybridization
will be developed. We are able to prove that, if errors are not systematic, then a dight
maodification of the Chernoff bounds presented here can be applied to ensure the same



Placing Probes along the Genome Using Pairwise Distance Data 63

results. We shall also consider the choice of probesto limit the cross-hybridization er-
ror and a choice of melting points to further add to the goa of decreasing experimental
noise. A set of experimental designswill be presented for the working biologists. More
extensive simulations, and results on real experiments shall report the progress of what
appearsto be a promising algorithm.
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Appendix
A Proof of Lemma 2.1

LemmaAl H;, ~ Bin(M, 222201 0(32)) ¢, 5 ~ Bin (M, 1—e~+5(e—
2e"5)x + O(2?)),T;; ~ Bin(M,(e~c(1+%))) with parameters (P, L, K, M) as
above and ¢ = % 1,7 are arbitrary indices from the Clone Set and z is the actual
distance as number of bases separating the probe positions on the Genome.

Proof. Since the M samples are done independently the proof reduces to showing that
when M = 1 the probabilities are Bernoulli with respective parameters. Let us define
eventsT = (igAjg),C = ((irNjr)V(ic Njc)V (iy Njy)),and H = (=T A—C).

Given a set of K BACs on a genome [0, G] the probability that none start in an
interval of length 7 is (1 — )’ ~ e~ wherea = £

Shown below is a diagram that is helpful in computing the probabilities for events
C,H,T when z < L. The heavy dark bar labeled a represents a set of BACs which
covers probe p; but not p;; the bar labeled b represents a set of BACs that covers probe
p; and p;; finally, the bar labeled ¢ represents a set of BACs that coversp; but not p;.

Hence we derive:

P(T|z < L) = exp(—(ar + ag)(L + z))
P(iR /\jR|[E < L) = e*&g(L«H:){(l _ efaR(Lfa:))
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(1 - emonT) (R (] - mone))

— e—oc(I4a) ] _ ge=arl | c—an(L+e)}
P(ic Njglr < L
P(iy Njylz < L
PClz <L
PH|z <L

,aR(L+x){1 _ 9¢—aclL + e*ac(l&x)}
= (1 —2e7nb pemonllrn)) (1 — gemach 4 gmac(lhe)
=P(ir ANjrlr < L)+ P(ig Njglzr < L)+ P(iy A jyle < L)
=1—[P(T|z < L)+ P(Clz < L)]

—_— — — —

When x > L the probabilities are:

P(Clz>L
P(H|z > L

P(ir A jrlz > L) +P(ZG Ajglz > L)+ P(iy A jylz > L)
—1—[P(T|z > L) + P(Cla > L)]

P(T|z > L) = exp(—(agr + ag)(2L))
P(ip Ajrlz > L) = e *¢CD{(1 — e nk)?}
Pic A jalv > L) = e *rCD{(1 — _QGL)Q}
Piy Ajyle > L) = (1 — e *"F)?(1 — emak)?
) =
) =

Because op = ag, arl = agL = £ = L Letq = q(z) = P(H) and
p = p(xz) = P(C). In general ¢(z) and p(x) are complicated function of x, below we
derive afirst order approximation of z(q) to be used as a biased estimator.

. e 2 =
P(H)=(1—(1—2e% +2e7(+8))2) = %U)x

P(T) = <e*0(1+%)>

P(C)=1—e¢"+ g(e—c —2¢5)z + O(z?)

+O(z?)

With independent sampling:

2cexp(5°)x
L
P(C1j) ~ Bin (M,l —e ‘4

P(H; ;) ~ Bin (M, + O(z?))
(e7¢— 26_%)l‘ +0(z%))

P(T; ;) ~ Bin (M, (e~¢1+1))) 0

N o

B Proof of Lemma 2.3 Using Bayes Formula

LemmaB1. If f(d|z) = szd% + HL<T<G%. Then

p ; e—(z—d) /20%d . . 1
f(z]d) =~ d<LW+ d>L lp<z<a (G—L)’
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Proof.
o fdn)f@)
f(zld) = —&
Jo fldlz)f(z) dx
e—(d—2)2 /2022 o~ (d—L0)%/202L
¢ (HOSKL'T + HLSISG‘W)
= G e—(d—2)2 /2022 e—(d—L)2 /202
&5 (Tosoer ™ 4 ligesa = pgs™ ) do

For small values of o2 the denominator in the above expression can be approximated
as follows:

1 L ef(dfz)2/2o2a: G-1T ef(de)2/20'2L
O=(=) [ “— =g
1o=(g) ] -+ (%57)

2rxo 2w Lo

1 L
~ —I 1—-— —7.
Gd<L+( G>5d_L

Thus, we make further simplifying assumptions and choosethe following likelihood
function:

ef(wfd)2/20'2d

xld) =~ 1 e
f(|) d<L mo_

+1I I L O
a>rir<e<e \ = )

C How Good Arethe Results?

C.1 FalsePositives, False Negatives

We treat the problem of false positives, and fal se negatives with Chernoff’stail bounds.
We find upper bounds on the probability of getting a false positive or false negative in
terms of the parameters 0, M,c = ££,0<6 < 1,L' = Lo < L.

A false positiveis a pair of probesthat appear to be close by the Hamming distance
but are actually far apart on the genome. We denote the event as:

FPR =(d<L)AN(z>1L)

A false negative is a pair of probes that appear to be far by the Hamming distance but
are actually close on the genome. We denote the event as:

FN. = (z < L')A(d> L)

In the following picture the volume of data which are false positives and false neg-
atives are indicated by the squares noted F.P. and F.N. respectively.

2 The Dirac Deta Function is distribution defined by the equations

(Sm:() =0 if €T 7é 0
fz (Sz:od:l‘ =1 ’
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We develop a Chernoff bound to bound the probability that the volume of false
positive dataiis greater than a specified size.
The Chernoff bounds for a binomia distribution with parameters (M, ¢) are given

by:
v Mgq
—Mq(1-6)2 .
PH<0Mqg)<e 2 with0 <6 <1

Let H(M ) bethe Hamming distance when M phasesarecomplete. Let ¢(L) = P(H|z
> L)~ % = 2—; We start by noting equivalent events:

(d < 0Llx > L) = (c?H(M) < 0L|x > L)

=(H(M) < 9%\3: > L)

C (H(M) < 92224)

= (H(M) < 0Mq(L))

Using the Chernoff bound we have:

—Mc(1—-0)2

P(d< 0Lz > L)< P(HM)<60Mqy)<e 2
For the Fal se Negatives we begin by noting that:
(d> Lz <0L) = (6®H(x) > Lz < L)

= (0?H(z) > (1 +v)L'|z < L") wherev = (é —1)

— (H(z) > “f‘i;’)ypc <L)

C (H(z) > (1 +v)Mg(x))
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Thelast event inclusion is because:

2cMx  2eML’
— <

<L/ = = —_—
(xf ) (QEL — ezl

) = (Ma(e) < 1)
Applying the Chernoff bound we get:

v Mq(z)
€ T_1)p3\Mqr
P(EN.) < P(H > (1+v)Mg(z)) < <(1 - u)<1+v)> < (ela7Vg7)

M2c

<
e2

= (e(%_l)aé)

Chernoff bounds are:
—Mc(1—6)2
P(FP)<e .2

P(FN.) < (e(-8)" 5

The Chernoff bounds for typical parameters are shown below.

Chernoff F.P. Chernoff F.N. F.P. Chernoff F.N. Chernoff
Bound contour Bound. contour upperbound 6=.7 upperbound 6=.7
1 1
450 0.9 4 0.9} 4
400 o.8f 4 os i
350 0.7 1 07 4

300

o
o

o

o
L

= 250

o
0

200

o
IS
_L_

CReTTOT Upper Bound
o
[0}
L

Cheroff Upper Bound
o
IS

150 0.3 4 0.3 -
100 0.2 4 o2H i
50 0.1 4 o0.af -
o o
500 0 500
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Abstract. Stochastic models are commonly used in bioinformatics, e.g., hid-
den Markov models for modeling sequence families or stochastic context-free
grammars for modeling RNA secondary structure formation. Comparing data is
a common task in bioinformatics, and it is thus natural to consider how to com-
pare stochastic models. In this paper we present the first study of the problem of
comparing a hidden Markov model and a stochastic context-free grammar. We
describe how to compute their co-emission—or collision—probability, i.e., the
probability that they independently generate the same sequence. We also con-
sider the related problem of finding a run through a hidden Markov model and
derivation in a grammar that generate the same sequence and have maximal joint
probability by a generalization of the CYK algorithm for parsing a sequence by a
stochastic context-free grammar. We illustrate the methods by an experiment on
RNA secondary structures.

1 Introduction

The basic chain-like structure of the key biomolecules, DNA, RNA, and proteins, al-
lows an abstract view of these as strings, or sequences, over finite alphabets, obviously
of finite length. Furthermore, these sequences are not completely random, but exhibit
various kinds of structures in different contexts. E.g. a family of homologous proteins is
likely to have similar amino acid residues in “equivalent” positions; an RNA sequence
will have pairs of complementary subsequences to form base pairing helices. Hence, it
is natural to consider applying models from formal language theory to model different
classes of biological sequences.
Though not completely random, biological sequences can still possess inherent

stochastic traits, e.g., due to mutations in a family of homologous sequences or a lack

* Supported by grants from Carlsbergfondet and the Program in Mathematics and Molecular
Biology

** Partially supported by the IST Programme of the EU under contract number IST-1999-14186
(ALCOM-FT)

0. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp[69-84, 2001.
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of knowledge (and computing power) to correctly model all aspects of RNA secondary
structure formation. Thus, it is often better to use stochastic models giving a probability
distribution over all sequences, where a high probability reflects a sequence likely to be-
long to the class of sequences being modeled, instead of formalisms only distinguishing
sequences as either belonging to the class being modeled or not. The two most widely
used grammatical models in bioinformatics are hidden Markov modéls [ 3, 1/8, 16, 9]
and stochastic context-free grammars|[15[ 14, 7], though other models have also been
proposed[[18, 13]. These two types of stochastic models were originally developed as
tools for speech recognition (s€e L2, 2]). One can identify hidden Markov models as
a stochastic version of regular languages and stochastic context-free grammars as a
stochastic version of context-free languages (Sek [17] for an introduction to formal lan-
guages). A more in-depth treatment of biological uses of hidden Markov models and
stochastic context-free grammars can be foundin [5, Chap. 3—6 and 9-10].

As stochastic models are commonly used to model families of biological sequences,
and as a common task in bioinformatics is that of comparing data, it is natural to ask
how to compare two stochastic models.|In/[10] we described how to compare two hid-
den Markov models, by computing the co-emission—or collision—probability of the
probability distributions of the two models, i.e., the probability that the two models
independently generate the same sequence. Having the co-emission probability for a
pair of probability distributions as well as for each of the distributions with itself, it is
easy to compute thé,- and the Hellinger-distance between the two distributions. In
this paper we study the problem of comparing a hidden Markov model and a stochastic
context-free grammar. We develop recursions for the co-emission probability of the dis-
tributions of the model and the grammar, recursions that lead to a set of quadratic equa-
tions. Though quadratic equations are generally hard to solve, we show how to find an
approximate solution by a simple iteration scheme. Furthermore, we show how to solve
the equivalent maximization problem, the problem of finding a run through the hidden
Markov model and derivation in the grammar that generate the same sequence and have
maximal joint probability. This is in essence parsing the hidden Markov model by the
grammar, so the algorithm can be viewed as a generalization of the CYK algorithm
for parsing a sequence by a stochastic context-free grammar. Indeed, in most cases the
complexity of our algorithm will be identical to the complexity of the CYK algorithm.
Finally we discuss the undecidability of some natural extensions of our results.

The structure of this paper is as follows. In S&dt. 2[@nd 3 we briefly introduce hid-
den Markov models and stochastic context-free grammars and the terminology we use.
In Sect[4 we consider the problem of computing the co-emission probability of the
probability distributions of a hidden Markov model and a stochastic context-free gram-
mar, and in Seck]5 we develop the algorithm for parsing a hidden Markov model by a
stochastic context-free grammar. In S&dt. 6 we present an illustrative experiment and in
Sect[T we discuss the problems occurring when trying to extend the methods presented
in Sect[4 andl5.
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2 Hidden Markov Models

A hidden Markov model/ is a generative model consisting.ofstates andn transi-
tions between states, where each state is either silent or non-silent. The model generates
a strings over a finite alphabel’ with probability P/ (s) such thaty " Py (s) = 1,
i.e., M describes a probability distribution over the set of finite strings avek hidden
Markov model is deft-right model if the states can be numberg®, . .., n such that
all transitionsi — j from statei to state; satisfyi < j.

Arunin M begins in a speciaart-state and continues from state to state according
to the state transition probabilities, Whereaé‘,”q, is the probability of a transition from
stateq to ¢/, until a specialend-state is reached. A state is eithersdent or a non-
silent state. Each time a non-silent state is entered, a symbol is emitted according to
the symbol emission probabilities, whereef]\{, is the probability of emitting symbat €
X in stateq. When entering a silent state, nothing is emitted. A run thus follows a
Markovian pathr = (mg, 71, ..., ;) Of States and generates a string X' * which
is the concatenation of the emitted symbols. The probal#lity(s) of M generatings
is the probability of following any path and generatingThe probability P 5 (7, s)
of following pathm = (mg, m,...,m) and generating depends on the subsequence
(i, s Tigs - - -, ™, ) OF NON-silent states on the path If the length ofs is different from
the number of non-silent states alongthe probabilityP,, (r, s) is zero. Otherwise:

k 14

Py(m,8)=Py(m) - Pa(s | m) = [[ !, .- exi syt Par(s) = > Pu(r, s).
i=1 j=1 ™

A partial runin M is a run that starts in a stgteand ends in a statg which are not
necessarily the special start- and end-states. To ease the presentation of the methods in
Sect[4, we introduce the concept of a partial run fgota ¢ semi-including ¢ meaning
that if ¢ is a non-silent state then no symbol has yet been emitteddrdime probability
of a partial run fromp to ¢ semi-includingg and generating is thus the probability
of generatings on the path fronp to the immediate predecessor@tnd taking the
transition tog. Given a strings and a modelV/, efficient algorithms for determining
Py (s) and the run inM/ of maximal probability generatingare known, see[12]5].

3 Stochastic Context Free Grammars

A context-free grammag describes a set of finite strings over a finite alphabgdlso
called a language over. It consists of a se” of non-terminals, a séf = X' U {¢} of
terminals, where is the empty string, and a sét of production rulesx — 3, where
a € VandB € (VUT)*. A production rulee — 3 means thaty can be rewritten
to 8 by applying the rule. A string € X'* can bederived from a non-terminal’,
U = s, if U can by rewritten ta by a sequence of production ruless in the language
described by if it can be derived from a special start non-termiSalA derivationD
of sin G is a sequence of production rules which rewrife® s. A derivation ofs in G
is also called a parsing ofin G.



72 Arun Jagota, Rune B. Lyngsg, and Christian N.S. Pedersen

A stochastic context-free grammag is a context-free grammar in which all pro-
duction rulese — [ are assigned probabilitidd; («« — ) such that the sum of the
probabilities of all possible production rules from any given non-terminal is one. The
resulting stochastic grammar describes a probability distribution over the set of finite
string over the finite alphabét, where the probability’; (s) of derivings in G (some-
times also referred to as the probability®@fyenerating) is the sum of the probabilities
of all possible derivations of from S. The probability of a derivatio® of s in G, i.e.,
Pg(D) = Pa(S 2 s), is the product of the probabilities of the production rules in the
sequence applied to derives from S.

Any (stochastic) context-free grammar can be transformed to an equivalent (stochas-
tic) context-free grammar in Chomsky normal form which describes the same language
but where the production rules can be split into two sets; @gseaif non-terminal pro-
duction rules on the forr — XY, and a sef’; of terminal production rules on the
formU — o andU — ¢, whereU, X andY are non-terminalsy is a symbol inX,
ande is the empty string. For a stochastic context-free gram@hisyr Chomsky normal
form, we can comput®(s) by the inside algorithm, and the most likely parsesof
in G by the CYK algorithm, in timeD (| P| - |s|?) where| P| is the number of production
rulesinG, i.e.,|P,| + | P|, and|s| is the length ofs, see [5].

4 Comparinga SCFG and aHMM

In this section we will consider the problem of comparing a stochastic context-free
grammarG (in Chomsky normal form) and a hidden Markov modélwhich generate
strings over the same alphahBt More precisely, we will consider the problem of
computing the co-emission probability(G, M), of the probability distributions of?
and M over all strings, i.e., the quantity

C(G,M) =Y Pa(s)- Puls),

sex*

which is similar to the definition of the co-emission probability of two hidden Markov
models in [10]. This quantity is also often referred to as the collision probability of
the probability distributions otz and M, as it is the probability that strings picked

at random according to the two probability distributions collide, i.e., are identical. We
initially assume thatV/ is an acyclic hidden Markov model, i.e., a left-right hidden
Markov model where no states have self-loop transitions. By itself, this is not a very
interesting class of hidden Markov models, e.g., a model of this type cannot generate
strings of arbitrary length, but the ideas of our approach for computing the co-emission
probability for this class of models are also applicable to left-right and general hidden
Markov models.

For acyclic hidden Markov models we can use an approach closely mimicking the
inside algorithm for computing the probability that a stochastic context-free grammar
generates a given string. In the inside algorithm, when computing the probability that
a strings is derived in a stochastic context-free grammar, track is being kept of the
probability that a substring of is derived from a non-terminal of the grammar. In our
algorithm for computing the co-emission probability@fand M we keep track of the
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2,
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(a) The A array holds the probabilities of getting from one stat® another state in M
without emitting any symbols.
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(b) The B array holds the probabilities of getting from one statt® another statg in
M while emitting only one symbol and at the same time generating the same symbol by a
terminal production rule for the non-termin@lin G.

€
O/\/\/\”@7U:>e

@W@ Uso

(c) The C array holds the probabilities of getting from one statéo another state in
M while emitting any string and at the same time generating the same string from a non-
terminall in G.

xT
O\ U S o
p q

Fig. 1. lllustration of the individual purposes and recursions of the three arrays used.
Hollow circles denote silent states, solid circles denote non-silent states, and hatched
circles denote states of any type. Squiggle arrows indicate partial runs of arbitrary length
and straight arrows indicate single transitions between states.

probability of deriving the same string from a non-terminal that is generated on a partial
run from a statep to a statey semi-includingg in M. In our dynamic programming
based algorithm we maintain three arrass B, andC, for the following purposes.
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— A(p, q) will be the sum of the probabilities of all partial runs framto ¢ semi-
includingq that does not emit any symbols, illustrated in Fig. [L(a). |.e. all states on
the partial runs, except possibly fgrare silent states.

— B(U, p, q) is the probability of independently deriving a single symbol string from
the non-terminall' and generating the same single symbol string on a partial run
from p to ¢ semi-includingy, illustrated in Fig[1(B).

— C(U,p, q) is the probability of independently deriving a string from the non-ter-
minal U and generating the same string on a partial run fpaimg semi-including
q, illustrated in Fig[I{g).

The purpose of thel andB arrays is to deal efficiently with partial runs consisting
of silent states. As all symbols of a string are in a sense “non-silent”, this is the main new
problem encountered when modifying the inside algorithm to “parse” acyclic hidden
Markov models.

The C array is similar to the array maintained in the inside algorithm. The array
of the inside algorithm tells us the probability of deriving any substring of the string
being parsed from any of the non-terminals@f Similarly, theC' array will tell us
the probability of independently generating a sequence on a partial run between any
pairs of states and at the same time deriving it from any of the non-termin&lslbis
evident thatC'(G, M) = C(S, start, end), whereS is the start symbol off and start
andend are the start- and end-statesidf, as the co-emission probability 6f and M
is the probability of deriving the same string fra$hthat is generated on a (genuine)
run fromstart to end. This is assuming that the end-stateMdfis silent, so that any
partial run fromstart to end semi-includingend in M is also a genuine run if/.

Having described the required arrays, we must specify recursions for computing
them—and argue that these recursions split the computations into ever smaller parts,
i.e., that the dependencies of the recursions are acyclic—to obtain a dynamic program-
ming algorithm computin@' (G, M ). The A array are the probabilities for getting from
the statep to the statey in M along a path that only consists of silent states. In general
such a path can be broken down into the last transition of the path and a preceding path
only going through silent states. Hence, we obtain the following recursion where the
first case takes care of the initialization.

1 ifp=gq
A(p.q) =4 > Alp,r)-a), otherwise (1)
p<r<q,
r silent
The ordering of states referred to in the summation is any ordering consistent with the
(partial) ordering of states by the acyclic transition structure. One immediately observes
that each entry of thel array requires time at most tim@(n) to compute. Thus the
entire A array can be computed in tim@(n?). However, one can observe that we
actually only need to sum over statesvith a transition tog in the summation off(I1).
This observation reduce the time requirement®tam) as each transition is part of
O(n) of the above recursions.
The B array holds the probabilities for getting from the state the state in M by
a partial run generating exactly one symbol, and at the same time generating the same
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symbol fromU by a terminal production rule. In general we can partition the partial run
into an initial path consisting only of silent states and the remaining partial run starting
with the non-silent state emitting the symbol. Hence, we obtain the following recursion
where “initialization” is handled by paying special attention to the special case where
the initial path of silent states is empty.

B(U7pvq): Z PG(UHU)
(U—o)eG
eM - > all A+ Y. Alpr)-B(Urq) (2)
p<r<q P<r<,q7
r non-silent
To find the time requirements for computing tBearray one observes that each non-
terminal of G occurs inO(n?) entries. Hence, each terminal production rulecofs
part of O(n?) of the above recursions. Each of these recursions require<X{mgto
compute. Thus, computing thg array requires im@® (| P| - n?).
The C array should hold the probabilities for getting from the sjate the statey
in M by a partial run generating any string, and at the same time generating the same
string from a non-termind/ in G. The purpose of thel and B arrays is to handle the
special cases where at most a single symbol is emitted on a partial rup frmm In
these cases we do not really recurse on a non-terrbirfedm G but either ignore=
completely or only consider terminal production rules. In the general case where a string
with more than one symbol is generated, we need to apply a non-terminal production
ruleU — XY from G. Part of the string is then derived frof and part of the string
is derived fromY". This leads to the following recursion.

CU,p,q) = Pc(U — ¢€) - A(p,q) + B(U, p,q)+
Z Ps(U — XY) - Z C(X,p,r)-C(Y,r,q) (3)

(U—=XY)eG p<r<gq
r non-silent

The reason for requiring to be a non-silent state in the last sum is to ensure a unique
decomposition of the partial runs fromto ¢. If we allowedr to be silent we would
erroneously include some patrtial runs frgnto ¢ several times in the summation. As
we did with the computation of thB array, we can observe that each non-terminal pro-
duction rule is part oD (n?) of the above recursions, and that each recursion requires
time O(n) to compute. Hence, we obtain total time requirement® @#,,| - n*) for
computing theC' array. Adding the time requirements for computing the three arrays
leads to overall time requirements©f| P| - n3) for computing the co-emission proba-
bility of G andM. This is in correspondence with the time requiremen® @f| - |s| %)
for parsing a string by the grammaé cf. Sect[3.

As previously stated, in order for these recursions to be used for a dynamic pro-
gramming algorithm, we need to argue that the recursions only refer to elements that in
some sense are smaller. l.e. that no recursion for any of the entries of the three arrays
depends cyclicly on itself. But this is an easy observation as all pairs of states indexing
an array on the right-hand side of the recursions are closer in the ordering of states than
the pair of states indexing the array on the left-hand side of the recursions.
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The point of always recursing by smaller elements is exactly where we run into
problems when trying to extend the above method to allow cycled ireven when
only allowing the self-loops of left-right models this problem crops up. We can easily
modify (@), (2), and[(B) to remain valid as equations for the entries oftthB andC
arrays. All that is needed is to change some of the strict inequalities in the summation
boundaries to include equality. More specifically, if we assume that only non-silent
states can have self-loop transitions (self-loop transitions for silent states are rather
meaningless and can easily be eliminated), we need to chahge (£] and (3) to

B(Up,q)= >, PalU— o)

(U—o)eq@d
ST dM A+ Y Alpr)-B(Urg), @

p<r<q p<r<g,
r non-silent

C(vavQ):PG(UHG)'A(pv )+B(Upv )
Y PeU—XY)- Y CX,pr)-C(Y,rq). (5)

(U—-XY)eG p<r<q

For theB array, [4) still refers only to smaller elements. Either tharray or an entry
of the B array where the two states are closer in the ordering@s to be strictly larger
thanp in the ordering in the last sum. But for tli¢ array we might choose equal to
eitherp or ¢ in the last sum. Hence, to computéU, p, q) we need to knov’ (X, p, q)
andC(Y, p, ¢) which might in turn depend on (or even B&jU, p, q).

But, as stated abové,](5) still holds as equations for the entries ¢ toeay. For
each pair of stateg; andq, in M we thus have a system of equations with one vari-
able and one equation (and the restriction that all variables have to attain non-negative
values) for each non-terminal 6f. Assume that we solve these systems in an order
where the distance between the pair of states in the ordering is increasing, i.e., we first
consider systems with = ¢, then systems witly being the successor g etc. Then
most of the systems will be systems of linear equations. In the equation for a given
entry C(U, p, q) the only unknown quantities are the occurrence€’¢0X, p, ¢q) and
C(Y,p, q) corresponding to production rulés — XY of G. These occurrences have
coefficientsPg (U — XY') - C(Y,q,q) andPg(U — XY) - C(X,p,p), respectively,
coefficients that have known valuesif< ¢. But if p = ¢ the last sum of[(l5) will lead
to a number of terms of the for@ (X, p,p) - C(Y, p,p). |.e. the system of equations
is quadratic. Hence, for each state with a self-loop transition we need to solve a system
of quadratic equations with one variable and one equation for each non-termiial of
General systems of quadratic equations are hard to solve, 'see [6], but the construction
proving this requires equations with all terms having coefficients with the same sign.
One can immediately observe that in a system of equations basédl on (5) the left-hand
side terms will have coefficients that have opposite sign of the right-hand side terms.
Hence, the hardness proof does not relate to the system of quadratic equations we obtain
from (H). We have not been able to find any literature on algorithms solving systems of
the type derivable froni{5). But as all the dependencies are positive we can approximate
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a solution simply by initializing all entries to the terms depending only onAtend

B arrays and then iteratively update each entry in turn. This process will converge to
the true solution. We conjecture that this convergence will be very rapid for all realistic
grammars and models.

For general hidden Markov models we do not have an ordering of the states of
M. Hence, to modify[(I1)[{2), and’}3) to hold for general hidden Markov models, the
ordering constraints on states should be removed from all the summations. When we
do no longer have any ordering of the states, all entries might depend on each other.
Thus, we cannot separate the systems of equations for the entries@fairay into
independent blocks based on the pair of states indexing the entry of the array. This
means that we obtain just one aggregate system of quadratic equatior}¥ \vith >
variables and equations for the entries of ¢harray, whergV'| is the number of non-
terminals inG andn is the number of states /. However, for the entries of thé and
B arrays we still only get systems of linear equations. Actually,Bharray can even
be computed by simple dynamic programming.

5 Parsingan HMM by a SCFG

Given a stochastic context-free gramndéamodeling RNA secondary structures and

a hidden Markov modelM representing a family of RNA sequences, we can use the
method of the previous section to determine the likelihood that the family has a common
secondary structure. This being established, one might want to find the most likely
structure. In other words, an equivalent to the CYK algorithm for finding the most
likely parse of a string, but finding the most likely “parse” of a hidden Markov model,
is desirable. Hence, we want to compute

max{Pg(D) - Py (r) | D aderivationinG, r arunind, andS £ s,},  (6)

wheres,. is the string generated by the rapreferably in a way that allows us to easily
extract a derivatiorD and a run- witnessing the maximum.

The basic principles we will use to compute the value[df (6) are similar to those
used for computing the co-emission probability in the previous section. Thus, the gen-
eral technique is to find the probabilities of optimal combinations of a derivation from a
non-terminall in G and a partial run between a pair of stateendq in M yielding the
same string. Furthermore, this optimal combination is split into a pair of optimal combi-
nations of a derivation from a non-terminal and a partial run between states as illustrated
in Fig.[Z(c). However, computing the maxima is easier than computing the sums. The
main reason for this is that we do not have to consider combinations of derivations and
partial runs of arbitrary lengths. The probability of an optimal combination for a par-
ticular choice of a non-terminal and pair of states cannot depend cyclicly on itself—the
product of two or more probabilities can never be larger than any of these probabilities.
A similar principle is used in algorithms for finding shortest paths in graphs with only
positive edge weights, cl.[4, chapters 25—-26]. Not surprisingly, the methods described
in this section will bear strong resemblances to such algorithms, though the particular
nature of the problem does prevent formulating it simply as a shortest path problem in
a well chosen graph.
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The description of our method will employ three arra¥s,.x, Bmax, andCiyax,
similar to theA, B, andC arrays used in previous section. THg,.x(p, ¢) entries hold
the maximum probability of any partial run from statéo stateg semi-includingg not
emitting any symbols. But this is just the path of maximum weight in the graph defined
by the transitions not leaving a non-silent statélin We can thus compute thé,, .
array by standard all-pairs shortest paths graph algorithms inGitné logn + nm),
cf. [4, p. 550].

The Bnax(U, p, q) entries hold the maximum probability of a combination of a
derivation consisting of only a terminal production rile— ¢ and a partial run from
p 10 ¢ generating a string consisting only of the symboThis imposes a restriction on
the path fronyp to g preventing the use of standard graph algorithms. Still, we only need
to combine transitions from non-silent states with preceding and succeeding partial runs
not emitting any symbols, i.e., with entries 4f,,... However, if we compute th8,,.x
entries directly from the equation

Bmax(Uapv q) = (Uma)X c {PG(U i 0) : 67{”{7 ° af«ws ° Amax(p7 T) : Amax(sv (])} (7)
—0o)E ’ ’
p—qeEM

we use timeD (| P;| - m - n?). This could possibly be the dominating term in the overall
time requirements for computing the value [of (6), as we will see later.

Hence, we will specify a more efficient way to compute #g.. (U, p, q) entries.
If p is a non-silent state the optimal choice of a preceding partial run not emitting any
symbols must be the empty run. Thus
{Pg(U —o0)- eM L gM . Amax (7, q)} (8)

BmaX(Uapv q) = (Umax p,0 p,T

)EG
p—reM

for all entries of B, With p non-silent. Having computed these entries, we can now
proceed to compute the entries fosilent by

BmaX(U7p7 q) = max {Amax(p7 T) . Bmax(Uv T? q)} . (9)
(U—0o)eG
r € M, r non-silent

Computing theB,,,., array this way reduces the time requirement®{oP;| - n3).
We are now ready to specify how to determine the valuglof (6), i.e., how to compute
the entries of th€',,,.x array. An entnyCh,ax (U, p, ¢) holds the maximum probability of
a combination of a derivation froi in G and a partial run fronp to ¢ in M yielding
the same string. The following equation for computing an ent/ gf.. closely follows

Fig.[1(c).

Pa(U — €) - Amax(p; )

Bumax(U,p,q)

max { Po(U — XY) - Craax(X,p,7) - Cinax (Y, 7, q)
|(U— XY)eG,re M}

Cmax(U7pv (]) = max (10)

The only exception is that there is no harm in considering the same combination of a
derivation and a partial run several times when working with maxima instead of sums.
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Hence, there is no restriction on the type of the state (denotedl thyat we maximize
over in the general case. In an actual implementation one might want to retain the type
restriction to speed up the program, though.

Again, this is slightly beyond a shortest path problem. Howevel, (10) gives us a
number of inequalities for each of the entries@f,.,, similar to [4, Lemma 25.3];
Cmax(U, p, q) must be at least as large as any of the terms on the right-hand side of
(@J). Thus, we can use a technique very similar to the relaxation technique discussed
in [4, pp. 520-521]; if at any tiM€& ,.x (U, p, q) < Po(U — XY) - Crpax (X, p,7) -
Cmax(Y,r,q) forany (U — XY) € G andr € M we can increas€,,.x (U, p, q)
to this value. This means that we could start by initializing eéth.<(U, p, q¢) to
max{Pg(U — €) - Amax(P, q), Bmax(U, D, q)} and then keep updatinG,.x by it-
erating over all possible relaxations until no more changes occur. This process will
eventually terminate as no entry can depend cyclicly on itself, as discussed above.

The worst-case time requirements of this scheme are quite excessive, though. Thus,
the question of how to order the relaxations so as to compyte, most efficiently still
remains. We propose an approach very similar to Dijkstra’s algorithm for computing
single-source shortest paths in a graph, [cf. [4, Sect. 25.2]. Assumé tisathe set
of entries for which we have already determined the correct value, and that we have
performed all relaxations combining the correct values of these entries (and initialized
all entries using thel,,,. and By,ax arrays as mentioned in the preceding paragraph).
Let Cax (U, p, q) be an entry of maximum value not §. We claim that the current
value ofC\,,.x (U, p, ¢) must be correct, i.e., that it cannot be increased. In fact, no entry
not in S can have a correct value larger th@p,.x (U, p, ¢). The reason for this is that
any relaxation not combining two entries both§a—which we assumed have already
been performed—will involve an entry not &, and thus with current value at most
Cmax(U, p,q). As the other entry used in the relaxation can have a value of at most
1, no future relaxations can lead to values ab6vg.« (U, p, ¢). Hence, we can insert
Cmax(U, p, q) in S and perform all relaxations combinifg,,.x (U, p, ¢) with an entry
from S. This idea is formalized in algorithid 1.

So what are the time requirements of algorithim 1? To some extent this of course
depends on the choice of data structures implementing the priority qe@uand the
setS, but a key observation is that each possible relaxation, i.e., combination of two
particular entries, is only performed once, namely when the entry with the smaller value
is inserted inS. Hence, algorithril1 perforn@(| P, | - n?) relaxations. One can observe
that for each relaxation we need to perform the operatioreasekey on PQ, while all
other operations o are performed at mo€)(|V| - n?) times. Thusincreasekey is
the most critical operation, why we will assume tirgp is implemented by a Fibonacci
heap. This limits the time requirements for all operationg®sito O(|P,,| - n3 + |V| -

n? log(|V| - n)).

For the setS we need to be able to insert an element efficiently, and to efficiently
iterate through all elements with a particular non-terminal and state. But having already
set aside time? (|P|n ~n3) for the priority queue operations, the operationsSodo
not need to be that efficient. As it turns out, it is actually sufficient to mairfasim-
ply as a three-dimensional boolean array indexedly, ¢). This makes insertion a
constant time operation. However, it does not allow for an efficient way to iterate over
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[* Initialization */
PQ=0,S=10
foral U € G,p,q € M do
PQ.insert((U,p, q); min{ Po(U — ) - Amax(p, 0), Bmax (U, 1, 0)})
/* Main loop where one entry is fixed at a time */
while PQ is not emptydo
/* Fix the entry with highest probability not yet fixed */
(U,p,q); x = PQ. deletemax
S.insert((U, p,q); z)
/* Combine this entry with all feasible, fixed entries*/
foral X,Y € Gwith (X - UY) € Gandal r € M with (Y,q,r);y € S do
PQ.increasekey ((X, p,r);z - y)
foral X,Y € Gwith (X — YU) € Gandall r € M with (Y, r,p);y € S do
PQ.increasekey ((X,r,q);y - )

Algorithm 1: The algorithm for computing an optimal parse of a hidden Markov model
M by a stochastic context-free gramndar

all elements inS with a particular non-terminal and state, short of iterating over all
elements with that non-terminal and state and test the membership of each individual
element. However, this turns out to be sufficiently efficient. In some situations, espe-
cially in the beginning when there are only a few elements jrwe might test the
membership of numerous elements notSinBut each membership test can be asso-
ciated with a relaxation involving a particular pair of elements, namely the relaxation
that is performed if the test succeeds. Furthermore, for each relaxation we will only test
membership twice, once for each element that the relaxation combines. Hence, the total
time we spend iterating over elementsSiis O(| P,,| - n3). Thus, the time requirements

for algorithn1 isO(| P, |- n3 + |V|-n?-log(|V|-n)). Combined with the time complex-

ity of computing theA ,,.x and B« arrays, this leads to an overall time complexity of
O(|P|-n®+|V]-n? log(|V]-n)) for determining the optimal parse of a general hidden
Markov model by a stochastic context-free grammar (having compdited., Buax,
andCy,., itis easy to find the optimal parse by standard backtracking techniques). This
should be compared with the time requirement®¢fP| - |s|?) for finding the optimal
parse of a string by the CYK algorithm.

In the above description we did not use any assumptions about the structure of the
hidden Markov modelM. A natural question to ask is thus how much can be gained
with respect to time requirements, by restricting our attention to left-right models. That
it is not a lot should not be surprising, considering that we are already close to the
complexity of the CYK algorithm. However, we can observe that.. (U, p, ¢) can
only depend on entrieS . (U’, p’, ¢') with p < p’ < ¢’ < q (where the ordering is
with respect to the implicit partial ordering of states in a left-right model). Thus, we can
separate[(10) int®(n?) systems, one for each choiceofindg, that can be solved
one at a time in a predefined order. Hence, the priority queue only needs to hold at
most|V| elements at any time, reducing the time complexity for finding the optimal
parse taO(|P| - n3 + |V| - n? - log|V|). More importantly, though, as we only need a
priority queue with at mogt/| elements angV| will usually be very small, it might be
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Fig.2. Alignment and predicted secondary structure of the two sequesagisand
seg2, used to construct thier na2 model, and the sequence and secondary structure
of the maximal parse dfr na2 aligned according to the statestafna2 emitting the
symbols. In the two positions indicated with &rthe sequence of the maximal parse
does not match any of the two other sequences.

feasible to replace the Fibonacci heap implementation with implementations that have
worse asymptotic complexities but smaller overhead. Thus, if we just impleR@nt

with an array, scanning the entire array each tindelatemax operation is performed,

the complexity of parsing a left-right model only increase®(oP| - n? + |V|? - n?)

with the involved constants being very small.

6 Results

Algorithm[T has been implemented as the progz2&toRM (Comparison of Stochas-

tic (Random) Models) and we are currently working on adding computation of the co-
emission probability to the implementation. The implementation is available at
http://wwv. cSe. ucsc. edu/ riyngsoe/ cstormtar. gzl As an illustrat-

ing experiment we have used the program to parsé thea2 profile hidden Markov
model that is part of the test suite for the SAM software distribution available at
http://wwv. cse. ucsc. edu/ r esear ch/ conpbi o/ sam ht m | This model

is built from the alignment o$eql andseq2 shown in Fig[2, with the symbol emission
probabilities in each position being a little less thah for symbols not present in that
position in the alignment and the rest of the probability distributed evenly among the
symbols present in that position in the alignment. Each match-state has a probability
of at least0.85—and for positions without gaps in the alignment more theiv—

for choosing the transition to the next match-state. The grammar used is the stochas-
tic context-free grammar for general RNA secondary structure presentéd in [ 7]. This
grammar was also used for predicting the secondary structissgbiindseg2 shown

in Fig.[d.

As is evident from Fig.12, the maximal parse does a poor job at finding the common
structural elements of the two sequences. This might in part be explained by the fact
that only about half the base pairs of the structures of each of the sequences is shared
with the structure of the other sequence. But not even any of the shared base pairs are
present in the structure found by the maximal parse. Instead, one can observe that the
structure of the maximal parse is much more dense than the structsegg ahdseg?2,
with only a few bases not being part of one of the two uninterrupted helices constituting
the structure. This is probably an indication of the main problem of using the maximal


http://www.cse.ucsc.edu/~rlyngsoe/cstorm.tar.gz
http://www.cse.ucsc.edu/research/compbio/sam.html
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parse to predict the secondary structure. In each position we can choose a symbol so as
to construct a sequence with a structure of very high probability, i.e., the maximal parse
seems to be a question of highly probable structures finding matching sequences instead
of what we are really looking for, highly probable sequences finding a matching struc-
ture. This is further supported by the two positions where the maximal parse disagrees
with seql andseg?, especially aseql andseg2 agree in these positions—the sequence
obtained by changing the symbols in these two positions to the symbols shasegl by
andseg2 would be roughly 80 times as probable in the hidden Markov model.

Another problem is that the maximum is not very good for discriminating states
that exhibit complementarity from states that do not exhibit complementarity. E.g. a
state that has probabilitigs5 for emitting either aC or a G gets a lower probability
if paired with a state identical to itself, than if paired with a state that has probability
0.51 for emitting aC and0.49 for emitting aA. However, having the framework of
algorithm(1 it is easy to modify the details to accommodate a scoring of combinations
of pairs of states and derivations introducing base pairs that captures complementarity
better. Furthermore, the co-emission probability will indeed capture that th€/@&o
emitting states exhibit better complementarity than@h@ C/A pair. Thus, a better idea
of a common structure might be obtained by looking at the probability that two states
emit symbols that are base paired for all pairs of non-silent states, similarito 19, 11].
Indeed, as the dependencies of the energy rules commonly used for RNA secondary
structure prediction can be captured by a context-free grammar, one can also combine
the computation of the co-emission probability as discussed in this paper with the com-
putation of the equilibrium partition function presented inl[ 11] to obtain probabilities
for base pairing of positions including both the randomness of base pairing captured by
the partition functions as well as the variability of a family of sequences captured by a
(profile) hidden Markov model.

7 Discussion

In this paper we have considered the problem of comparing a hidden Markov model
with a stochastic context-free grammar. The methods presented can be viewed as natu-
ral generalizations of methods for analyzing strings by means of stochastic context-free
grammars, or of the idea of comparing two hidden Markov model$ in [ 10]. A natural
question is thus whether we can further extend the results to comparing two stochastic
context-free grammars. If we could determine the co-emission probability of—or just
the maximal joint probability of a pair of parses in—two stochastic context-free gram-
mars, we could also determine whether the languages of two context-free grammars
are disjoint, simply by assigning a uniform probability distribution to the derivations of
each of the variables and asking whether the computed probability is zero. However,
a well-known result in formal language theory states that it is undecidable whether
the languages of two context-free grammars are disjoint [17, Theorem 11.8.1]. Hence,
we cannot generalize the methods presented in this paper to methods comparing two
stochastic context-free grammars with a precision that allows us to determine whether
the true probability is zero or not.



Comparing a Hidden Markov Model and a Stochastic Context-Free Grammar 83

In [10] we use the co-emission probability to compute fhedistance between the
probability distributions of two hidden Markov models. Having demonstrated how to
compute the co-emission probability between a hidden Markov model and a stochas-
tic context-free grammar, the only thing further required to computd.thelistance is
the co-emission probability of the grammar with itself. As stated above, the problem
of computing the co-emission probability between two stochastic context-free gram-
mars is undecidable, but one could hope that computing the co-emission probability
of a stochastic context-free grammar with itself would be easier. However, given two
stochastic context-free gramma¥s andG- we can construct an aggregate gramgiar
where the start symbols af; and G, are chosen with equal probability one half.

It is easy to see that the co-emission probabilityfwith itself is the sum of the
co-emission probabilities aff; and G5 with themselves plus twice the co-emission
probability betweenG; and G». Hence, computing the co-emission probability of a
stochastic context-free grammar with itself, or the- or Hellinger-distances between

the probability distributions of a context-free grammar and a hidden Markov model, is
as hard as computing the co-emission probability between two stochastic context-free
grammars.

In this paper we have presented the co-emission probability as a measure for com-
paring two stochastic models. However, the co-emission probability has at least two
other interesting uses. First, it allows us to use one model as a prior for training the
other model, e.g., using the distribution over sequences of a hidden Markov model
as our prior belief about the distribution over sequences for a stochastic context-free
grammar we want to construct. Secondly, it allows us to compute the probability that
two stochastic models have independently generated a sequgivea the two models
generate the same sequence. l.e. we can combine two models under the assumption of
independence.
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Abstract. Assessing statistical significance of over-representation of exceptional
words is becoming an important task in computational biology. We show on two
problems how large deviation methodology applies. First, when some oligomer
H occurs more often than expected, e.g. may be overrepresented, large devia-
tions allow for a very efficient computation of the so-caljegtalue. The second
problem we address is the possible changes in the oligomers distribution induced
by the over-representation of some pattern. Discarding this noise allows for the
detection of weaker signals. Related algorithmic and complexity issues are dis-
cussed and compared to previous results. The approach is illustrated with three
typical examples of applications on biological data.

1 Introduction

Putative DNA recognition sites can be defined in terms of an idealized sequence that
represents the bases most often present at each position. Conservation of only very
short consensus sequences is a typical feature of regulatory sites (such as promoters)
in both prokaryotic and eukaryotic genomes. Structural genes are often organized into
clusters that include genes coding for proteins whose functions are related. Data from
the Arabidopsisgenome project suggest that more than 5% of the genes of this plant
encode transcription factors. The necessity for the use of genomic analytical approaches
becomes clear when it is considered that less than 10% of these factors have been ge-
netically characterized. Transcription-factor genes comprise a substantial fraction of
all eukaryotic genomes, and the majority can be grouped into a handful of different,
often large, gene families according to the type of DNA-binding domain that they en-
code. Functional redundancy is not unusual within these families; therefore the proper
characterization of particular transcription-factor genes often requires their study in the
context of a whole family. The scope of genomic studies in this area is to find cis-
acting regulatory elements from a set of co-regulated DNA sequences (e.g. promoters).
The basic assumption is that a cluster of co-regulated genes is regulated by the same
transcription factors and the genes of a given cluster share common regulatory motifs.

0. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp[85-97, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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On the other hand, the importance of whole-genome studies is highlighted by the
fact that approximately 50% of th&rabidopsisgenes have no proposed function, and
that theArabidopsisgenome, like those dbaccharomyces cerevisi@aenorhabditis
elegansandDrosophilg contains extensive duplications. These include many tandem
gene duplications as well as large-scale duplications on different chromosomes. The
prevalence of gene duplication in Arabidopsis implies that redundancy is a problem
that will have to be dealt with in the functional analysis of genes. In order to find long
approximate repeats, some approaches consist in searching for short exact motifs that
appear in the sequences.

In both problems, there is a need for identification of over-represented motifs in the
considered sequences. Research is very active in thisldred [4,23,15,21,24,25%,22,14,7,1],
[9]. In these works, one searches for exceptional patterns in nucleotidic sequences, us-
ing various tools to assess the significance of such rare events.

Large deviation is a mathematical area that deals with rare events; to our knowl-
edge, it has not been used in computational biology, although the extremal statistics on
alignments|[5] can be viewed as large deviation results. Nevertheless, our recent results
in [3], that extend preliminary results inJ17] show it may be a very powerful method to
assess statistical significance of very rare events.

The first problem we address is the following. One considecaralidate e.g. a
word that occurs more often than expected. One needs to quantify this difference be-
tween the observation and the expectation. Among the classical statistical tools, the
so-calledy-values are much more precise thanthscores (or thg-scores). The draw-
back is that their computation is considered as much harder. Large deviations provide a
very efficient way to compute them in some cases.

As a second problem, we consider some consequences of the over-representation of
a word on a sequence distribution. In particular, it has been observed that, whenever a
word is overrepresented, its subwords or the words that contain it, look overrepresented.
Such words are called beloartifacts [1]. It is a desirable goal to choose the best el-
ement in the set composed of a word and its artifacts. It is also important to discard
automatically the “noise” created by the artifacts, in order to detect other words that
are potentially overrepresented. An important example is the noise introduced by the
Alu sequences. Another one is thesequenc&NTGGTGG in H. influenzad 11]. We
provide some mathematical results and the algorithmic consequences.

The efficiency of this approach comes from the existence of explicit formulae for
the (conditioned) distribution. Large deviations allow for a very fast computation. More-
over, due to the “simplicity” of the result -if not of the proof-, their implementation is
easy and provides numerically stable and guaranteed computations. The reason is that
the problem reduces to the numerical computation of the root of a polynomial. Other ap-
proaches need the numerical computation(gxef log functions. The implementation
is delicate and machine dependent. Hence, the large deviation approach occasionally
corrects commonly used approximations. Interestingly, they apply with the same cost
to self-overlapping patterns. This is a great improvement on the approaches based on
binomial or related formulae [26,23], where autocorrelation effects are neglected. Still,
our computation that takes into account the correlations is much faster and precise than
computing the approximation. Approach is valid for various counting models. For a
sake of clarity, we present it for the most commonly used, the overlapping maodel [ 27].
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In Sectior 2, we present and discuss the statistical criteria commonly used for eval-
uating over-representation of patterns in sequences. Sédtion 3 is devoted to our mathe-
matical results. In Sectiohs$ 4], 6 ddd 5, we validate our approach by a comparison with
published results derived by other methods that are computationally more expensive.
Finally, in Sectiori 7, we discuss possible improvements and present further work.

2 Statistical Toolsin Computational Biology

In the present section, we present basic useful definitions for statistical criteria and we
briefly discuss their limits, e.g the validity domains and the computational efficiency.
Below, we denote by)(H) the number of observations of a given pattErin a given
sequence. Depending of the application, it may be either the number of occurrences
[147] or the number of sequences where it appeadrs [1,23].

Z-Scores. Many definitions of this parameter can be found in the literature. Other
names can be used: see for instance the so-caflattastused in [14]. A common
feature is the comparison of the observation with the expectation, using the variance as
a normalization factor. A rather general definition is

z(m) = 25 )

whereH is a given pattern or word)(H) is the observednumber of occurrences,
E(H) the expectation and/ (H) the variance. Many recent works allow for a fast
computation ofE and V', henceZ. Relevant approximations are discussed|in![16],
notably the Poisson approximatibh= E. Nevertheless, i¥ -scores are a very efficient

filter to detect potential candidates, they are not precise enough. Notably, this parameter
is not stable enough for very exceptional words, e.g. when the expectation is much
smaller thanl. This will be detailed in Sectionl 4. Moreover, it is relevant only for large
sequences, and does not adapt easily to the search in several small sequences.

p-Values. For each word that occurstimes in a sequence or in a set 8f (related)
sequences, one computes the probability that this event occurs just “by chance”:
pval(H) = P(O(H) > r) . )

When the expectation of a given word is much smaller thaasingle occurrence is a
rare event. In this case, thevalue is defined ag?(O(H) > r knowing thatO(H) > 1),

e.g.:
P(OH) =)

P(O(H) )

The computation is performed in two steps. First, the probability thaiccurs in a
given sequence, e.@(O(H) > 1), is known. An exact formula is provided in [117]
and used in[7]. An approximated formula is often used, for instance in software RSA-
tools (htt p: // www. ucnb. ul b. ac. be/ bi ol nfornmati cs/rsa-tool s/) or

in [1]. Then two different cases occur.

>
pual(H) = S

1)’


http://www.ucmb.ulb.ac.be/bioinformatics/rsa-tools/
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Set of small sequencéhep-value in [2) is the probability that sequences out of
N containH; when they are independent, it is given by a binomial formula:

N

V)P = )y (- PO®E = 1)NT (@)

pual(H) = (

Large sequence®ne needs to compufe(O(H) > r, through the exact formulae
in [17] or an approximation.

This p-value is evaluated in [23] throughsignificance coefficienGiven a motifH, the
significance coefficient is defined as

Sig = —logio[P(O(H) = 1) + D]

which takes into account the number of different oligonucleotiteIhe number of
distinct oligonucleotides depends whether one counts on a single strand or on both
strands.

3 Main Results

3.1 Basic Notations

The model of random text that we handle with is B&rnoulli model one assumes
the text to be randomly generated by a memoryless source. Eaclsletténe alphabet
has a given probability; to be generated at any step. Generallythare not equal.

Definition 1. Given a patterrH of lengthm on the alphabef and a Bernoulli distri-
bution on the letters aof, the probability ofH is defined as

m

P(H) = thq‘,

whereh; denotes thé-th character ofH. By convention, empty stringhas probabil-
ity 1.

Finding a pattern in a random text is, in some sense, correlated to the previous occur-
rences of the same or other patteins [13]. Hence for example, the probability of finding
H; = ATT knowing that one has just fourdds = TAT is - intuitively - rather good
since aT right afterH, is enough to givél;. Correlation polynomial@&ndcorrelation
functionsgive a way to formalize this intuition.

Definition 2. Thecorrelation sebf two patterndd; andHj; is the set of wordsy which
satisfy: there exists a non-empty suffiaf H; such thatyw = Hj;. It is denotedA, ;. If
H; = Hj, then the correlation set is called tla@itocorrelation sedf H;.

Thus for example, the correlation setldf = ATT andH, = TAT is A; » = {AT'}; the
autocorrelation set dfl; is {¢}, while the autocorrelation set &f; is {e, AT}. Empty
string always belong to the autocorrelation set of any pattern.
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Definition 3. Thecorrelation polynomiabf two patternd]; and H; of lengthm; and
m; is defined as:

A i(z) = Z P(w)zl"! |
wEAi,j
where|w| denotes the length of woud. If H; = H;, then this polynomial is called the
autocorrelation polynomialf H;. Thecorrelation functions:
Dij(z) = (1 = 2)Ai;(2) + P(Hj)z™ .
. WhenH; = Hj, the correlation function can be writteR;.

The most common counting model is tbeerlapping modeloverlapping occurrences

of patterns are taken into account. It is as follows. For example, consider two oligonu-
cleotidesd; = ATT, H, = TAT and a Sequen@TATTATATATT. This sequence contains

2 occurrences off; and4 occurrences off 5, as shown below:

H; Ho H;
~ = N
TTATTATATATTTT
e Ve
Ho Ho Ho

It turns out [3] that our main results rely on the computation of the (real) roots of a
polynomial equation:

Definition 4. Leta be areal number suchthat> P(H,). Let (E,) be thefundamental
equation

D1(2)? — (1+ (a—1)2)D1(2) —az(1 — 2)Di(z) =0 . (5)

Let z, be the largest real positive solution of Equatidily) that satisfied) < z, < 1.
The numbet,, is called thefundamental roodf (£ ).

3.2 p-Valuefor a Single Pattern

The main result of this section is the theorem below, proven in [3], that provides the
probability for the observed number of occurrences to be much greater than the expec-
tation.

Theorem 1. LetH; be a given pattern, anél be its observed number of occurrences
in a random sequence of lengthDenotea = % and assume that > P(H;). Then:

poal(Hy) = Prob(O(H,) > k) ~ ﬁe*fﬂ(ama )
where
I(a) =aln (%) +Inz, , @)
_ oy 2D1(2a) _ (1 — 24) DY (2a)
oot —atn (G - pE s ) L ©
5, = log] P(H)z" I, ©

D1(24) + (1 — Za)Dll(za)
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andz, is the fundamental root of,. I(a) is called therate function Additionally:

1
Prob(O(Hy) = k) x ————¢ @+ (10)
oaV 2T

Q

Remark 1.Whena = P(H;), the number ofl;-occurrences is equal to its expected
value. Conditional variance,, in () becomess = P(H;)(2A4:(1) — 1 4+ (1 — 2m)
P(H,)) (wherem denotes the length & ),, e.g. the unconditional variance computed
by various authors [27,19].

Remark 2.The two probabilities?rob(O(H;) > k) and Prob(O(H;) = k) appear to
be very similar in magnitude.

These results turn out to be very precise. It is shown_in [3] thatelaive erroris

O(1/n); that is to say, theeglected ternis upper bounded by~—"/(*) —L— which is
exponentially small. A numerical comparison with the exact computatlon implemented,
for the Bernoulli model, in[[7] is given in Sectidd 4. It appears that, when the random
sequence is large, the formulae above provide an attractive alternative to the exact com-
putation. Moreover, they also hold for the Markov modé!l [ 3].

Another approach [5,18] is the approximation of the word counting distribution by

a compound Poisson distribution with the same mean;«?gH) in the overlapping
counting model. For the compound Poisson distribution defined in [ 18], the variance is
not asymptotically equal to the variance of the process. As a consequence, the validity
domain is restricted to the domain where the difference is small. More important, the
normalization factor is improper. This implies an error on tat functionl(a), and
the neglected term in the validity domain, is not exponentially small [ 18]. Numerical
evaluation of the compound Poisson distribution can be found.in [ 12].

3.3 Conditioning by an Overrepresented Word

In this subsection, we assume that a pattédinhas been detected as an overrepre-
sented word and we provide mathematical results to investigate the changes induced on
the sequence distribution. Intuitively, the artifacts of an overrepresented word should
look overrepresented. For exampleHif = AAT AAA, any wordH2 = AT AAAN

is an artifact. A rough approximation of its expected valueDidl ) x % As

P(N)

O(H;) >> E(H,), this is much greater than unconditioned expectalioh ; ) x 75 -

The theorem below, proven inl[3], establishes the precise formulae:

Theorem 2. Given two patterndl; and Ho, assume the number &f; -occurrences,
O(H,), is known and equal th, witha = % > P(H;). Then, the conditional expecta-
tion of O(Hy) is:

E(O(H2)/O(Hy) = k) ~ na (11)
whereq is a function of the autocorrelation functions, the probabilities and

D o) X D a
o 1,2(%a) X D2,1(2a) (12)
Dl(za)(Dl(Za) + Za — 1)
and z, is the fundamental root of Equatiofl(5). Moreover, the variance is a linear
function ofn.
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Remark 3.In the central region, e.¢. = nP(H,), substitutions: = P(H;) andz,
1in (I0) yielda = P(Hs), if H; andH, do not overlap.

Once a dominating signal has been detected, one looks for a weaker signal by a
comparison of the number of observed occurrences of patterns with their conditional
expectations. This procedure automatically eliminates artifacts. An example is provided
in Section 6. It also allows for a choice of the best candidate between a word and its
artifacts.

Computational ComplexityAnother approach is used Regexpcountll]. Although

our formal proof of Theorerl 2 relies on similar mathematical tools gaplicit formu-

lae allow for skipping the expensive intermediate computations (bivariate generating
functions, recurrences,...), hence provide a much faster algorithm.

4 Tandem Repeatsin B. Subtilisand A. Thaliana

In [[7], authors search for localized repeats with a statistical filter. Soft&aoceptre-

lies on a simple basic idea: long approximate repeats are likely to contain multiple exact
occurrences of shorter words. DNA sequences are divided into overlapping fragments
of sizen. This sizen is a parameter of the algorithm chosen for each run. Typically,

n ranges fron250 to 5000. In each window, the-value is computed for any pattern
that occurs more than once. As the total number of occurrencesmains relatively
small (typically3 to 5), exact computation through generating functions is (theoreti-
cally) possible. Nevertheless, this approach, chosen by the authors, is computationally
expensive. Typically; repeated multiplications of polynomials of degre€This gives

a time complexityO(nlog nlog r), if a Fast Fourier Transform is used, and numerical
stability is rather delicate. Large deviation computation for rare events reduces to the
numerical computation of real roots of a polynomial equation, namely Equdtion (5).
Hence, it is easier to program, faster and much more stable numerically. This was effi-
ciently implemented ilMapleand compared with the results published[in [ 7]; TdBle 1
gives the results. The results in [7] are given for @68 nucleotides long fragment

Table 1. Measures on the Oligonucleotides Considered inl[7].

Oligomer Obs p-val. p-val. Z-sC.
(large dev.) [7]
AATTGGCGG|| 2[8.059x107%[8.343x107% [ 48.71
TTTGTACCA|| 3[4.350x107° [ 4.611x107° | 22.96
ACGGTTCAC| 3[2.265x107%1.458x10~° | 55.49
AAGACGGTT|| 3[2.186x107°[2.780x107° | 48.95
ACGACGCTT|| 4]1.604x107°]0.982x107° | 74.01
ACGCTTGG 4]5.374x10719]4.391 x 10~ 1°| 84.93
GAGAAGACG| 5[0.687x 10~ 1{1.180x 10~ 1*|151.10

in A. thalianawhereb approximate tandem repeats oftl@:-uple were found. For all
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patterns, the occurrence probability’(H) ranges betweeh) ¢ and10~7. For each
oligonucleotide, the first value is the number of occurrences in the window and the sec-
ond one is the-value computed by our large deviation formulae, where the correcting
termd, has been neglected. The third one isgh&alue computed in[|7] with a generat-
ing function method and the last one is thescore. We notice that, for any pattern, the
p-values computed with two different methods are of the same magnitude order (this is
illustrated in Figuré 1L, where the logs of p-values are plotted.) However, they can differ
up to a factorl.72. This is due to the approximation done in our calculations. When
increases, the differeneg — 1 also increases as well as the contributiom of=. Nev-
ertheless, it is worth noticing that thevalue order is almost the same. One inversion
occurs between patterdaCGGT TCAC andAAGACGGT T, that have similap-values.

On the other hand, the last column of the table confirmsAhstore is not adequate
for very rare events. PatterAS\GACGGT T andAATTGGCGGhave the samg&-scoreds,
while p-values have a ratia00. For patternsACGACGCTT and ACGCTTGG, the two
parameters define a different order. The same inversion appears b&WEEBGCGG
andTTTGTACCA.

35
30-
25
20 d
15

10+ (e
@]

| |
1 2 3 4 5 6 7

Fig. 1. Graphical comparison of logs of p-values of Tablél1. Abscissae refer to the
ordering of motifs in the table. Circles denote large deviations formula and squares the
results of[7].

5 Oligonucleotide Frequencies from Yeast Upstream Regulatory
Regions

In [23], van Helderet al. study the frequencies of oligonucleotides extracted from reg-
ulatory sites from the upstream regions of yeast genes. Statistical significance of the
oligonucleotides occurring in the 800 bp upstream sequences of regulatory regions
is assessed by evaluating the probability of observirag more occurrences of the
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oligonucleotide in the regulatory sequence, using the binomial formuld._Ih [ 23], the
probabilities are not computed in the Bernoulli model. For a given oligonucleotide,
the authors count the numbgof its occurrences in the non-coding sequences of yeast.
Then, an approximate formula fét(O(H) > 1) is given ancp-value follows through a
computation of binomial formuld{4). It is observed[in[23] that these binomial statistics
prove to be appropriate, except for self-overlapping patterns susAESBAA, ATATAT,
ATGATG. As a matter of fact, auto-correlation does not affect the expected occurrence
number, but increases the variance [8].In other words, the probability to observe either
very high or very low occurrence values is increased for auto-correlated patterns.

Table[2 compares the results of several methods to compute the significance coef-
ficient defined above. Figufd 2 presents a graphical view of this comparison. The se-

Table 2. Computations of significance coefficient (Sig) of some hexanucleotides ac-
cording to several methods, in the 800 bp upstream region of ORF YGRO0ZZacef
charomyces cerevisighromosome VIIO(H): number of observed occurrencés: 1.
Binomial formula with expected occurrences computed as in [2BR: Binomial for-
mula, Bernoulli probabilitied.D: Large deviations, without considering overlalpBo:

Large deviations considering overlag@: Generating function approachl[ 7]. Column
GF was computed using EXCEP softwalré [7], based on formulds ¢f[20,17].

[Motif _[JO(H)[ BF] BF2[ LD[LDo] GF]
TGATGA| 22[ 20]30.13[31.3123.723.92
GATGAT|| 20] 20/26.31[27.2520.8421.0
ATGATG|| 19[10.0324.43[25.2619.4619.59
GATGAG| 12[10.21/15.18[15.4115.0115.14
GGATGA| 11| 20/13.26]13.4313.4313.5¢
ATGAGG| 11| 20/13.26]13.4313.4313.5¢
TGAGGA||  10[10.2411.37[11.5011.5(11.62
AGGATG| 9| 9.18 9.53] 9.61 9.61 9.73

GAGGAT 9| 9.0 9.53| 9.61 9.61 9.73
TGAAGA 8| 4.54 5.64| 5.68 5.6 5.79
AAGATG 6| 2.55 2.75| 2.72 2.7 2.83
GAAGAT 6| 2.39 2.75| 2.72 2.7 2.83
GATGAA 6| 2.35 2.75| 2.72 2.7 2.83

guence considered is the 800 bp upstream region of ORF YGR023&cscharomyces
cerevisiszhromosome VII. By comparinBF2, LDo andGF (this last one representing

the “more exact” result), we see that the large deviations values are very close to the GF
ones (while their computation is much faster). The table also confirms that the overlaps
must be taken into account when counting the significance coefficients : the three first
patterns, for which the difference betwdgh2 andGF is huge, are the periodic ones.
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Fig. 2. Graphical comparison of significance coefficients (Sig) of Table 2. Abscissae
refer to the ordering of motifs in the table. Circles denote the binomial formulas for

Bernoulli probabilities (BF2), diamonds the large deviations considering overlaps, and
boxes the generating function approach (GF).

6 Polyadenylation Signalsin Human Genes

In [1], Beaudoinget al. study polyadenylation signals in mRNAs of human genes. One

of their aims is to find several variants of the well knoAfRUAAA signal. For this pur-

pose, they select 5646 putative mMRNA 3’ ends of length 50 nucleotides and seek for
overrepresented hexamers. Patt@AUAAA is clearly the most represented: it occurs

in 3286 sequences, for a total number of 3456 occurrences. Seeking for other (weaker)
signals involves searching for other overrepresented hexanucleotides. Nevertheless, it is
necessary to avoidrtifacts, e.g. patterns that appear overrepresented because they are
similar to the first pattern. The algorithm designed by Beaudetral. consists in can-

celing all sequences where the overrepresented hexamer has been found. Hence, they
search for the most represented hexamer in the 2780 sequences which do not contain
the strong signahAUAAA.

Here we show how Theorefd 2 gives a procedure for dropping the artifacts of a
given pattern without canceling the sequences where it appears.[Tlable 3 presents the 15
most represented hexamers in the sequences consideredin [1]. Columns 2 and 3 respec-
tively give the observed number of occurrences and the rank according to this criteria.
Columns 4, 5 and 6 present the (non-conditioned) expected number of occurrences, the
corresponding’-score and the rank of the hexamer according toAhgcore. Here, the
variance has been approximated by the expectation; this is possible as stated in [16].
Remark that rankings of columns 3 and 6 are quite similar: only patt$®xA8&AA and
UAAAUA do not belong to both rankings. A number of motifs look like the canonical
one: they may be artifacts. This is confirmed by the three last columns which present,
respectively, the expected number of occurrences conditioned by the observed number
of occurrences oAAUAAA, the corresponding conditioned-score and the rank ac-
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Table 3. Table of the most frequent hexanucleotid®hs number of observed oc-
currencesRk Rank.Exp.: (non-conditional) expectatiod.Exp: Expectation condi-
tioned by number of occurrencesAAUAAA.

[Hexamel{ Obs|RK]| Exp] Z-sc]RK]Cd.Exp|Cd.Z-sc] RK]|]

AAUAAA| (345G 1||363.16167.03 1 1
AAAUAA| (1721 2||363.16 71.25 2/|1678.53 1.041300
AUAAAA|(1530 3||363.16 61.23 3||1311.03 6.05 404
UUUUUU|(1105 4{|416.36 33.7 8| 373.30 37.87 2
AUAAAUI||1043 5(|373.23 34.67 6/[{1529.15 -12.434078
AAAAUA||1019 6(|363.16 34.41 7|| 848.7¢ 5.84 42Q
UAAAAU|[1017 7|[373.23 33.32 9|| 780.1¢ 8.4§ 211
AUUAAA|(1013 8||373.23 33.14 10| 385.8% 3193 3
AUAAAG|| 972 9(|184.27 58.03 4|| 593.90 1551 34

UAAUAA|| 922 10(373.23 28.41 13|1233.24 -8.8§4034
UAAAAA| 922 11|(363.16 29.33 12| 922.67 9.79 155
UUAAAA|| 863 12|(373.23 25.3§ 15| 374.81 25.21 4
CAAUAA|| 847 13)|185.59 48.55 5|| 613.24 9.44 167
AAAAAA|| 841 14(|353.31 25.94 14| 496.38 15.47 34
UAAAUA|| 805 15/|373.23 22.35 21{|1143.78 -10.024064

cording to this criteria. It is clear that artifacts are dropped out, generally very far away

in the ranking. It is worth noticing that some patterns which seemed overrepresented
are actually avoided: this is the case fdUAAAU which goes down from 5th to last

place (among the 4096 possible hexamers, only 4078 are present in the sequences). As
AUAAAUIs an artifact of the strong signal, this means thét rather avoided right after

this signal.

The case ofJUUUUU in rank 2 is particular: this pattern is effectively overrepre-
sented, but was not considered by Beaudeingl. as a putative polyadenylation signal
because its position does not match with observed requirements (around -15/-16 nu-
cleotides upstream of the putative polyadenylation site.) It should also be stated that the
approximation of the variance by the expectation that we do here for all patterns is not
as good for periodic patterns likdUUUUU as for others[[16]. By this way, variance of
UUUUUU is under-evaluated; so its actudtscore is significantly lower than the one
given in the table.

Now over-representation AUUAAA (rank 3) is obvious; this is the known first
variant of the canonical pattern. We remark that the following hexaduAAA, is an
artifact of AUUAAA. It suggests to define a conditional expectation, or, even better, a
p-value that takes into account the over-representation of two or more signals instead
of one: in this exampleAAUAAA and AUUAAA. This extension of Theorein 2 is the
subject of a future work.

As it is mentioned above, thB-score is not precise enough, and this remark also
holds for conditioned’-scores. In a second step, the authors 0f [ 1] compujedaue
defined by formula[{l4). This formula is approximated by the incomptetenction.
Nevertheless, any computation is rather delicate, and machine dependent due to numer-
ous call toexp andlog functions. The numerical stability necessitates a very careful
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use of real precision. It is worth noticing that large deviation principle applies for a
Bernoulli process, with explicit values for the rate function and?3].

7 Conclusion and Per spectives

In this paper, we illustrated a possible use of large deviation methods in computational
biology. These results allow, in some cases, a very fast computatipivaiies that

is numerically stable. These preliminary results are quite appealing and should be ex-
tended in several directions. First, it may be necessary to eliminate several strong in-
dependent signals[[1]. A second task is the simplification of our formulae for artifacts:
this would allow to achieve automatically the choice between a word and its subwords.
A third task is the extension to the computation of thealue for the conditioned case.
Finally, regulatory sites may also be associated with structured mitifs [10] or spurious
motifs [2] and extension to this case should be realized.
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Abstract. We describe algorithms for pattern-matching and pattern-learning in
TOPS diagrams (formal descriptions of protein topologies). These problems can
be reduced to checking for subgraph isomorphism and finding maximal common
subgraphs in a restricted class of ordered graphs. We have developed a subgraph
isomorphism algorithm for ordered graphs, which performs well on the given
set of data. The maximal common subgraph problem then is solved by repeated
subgraph extension and checking for isomorphisms. Despite its apparent ineffi-
ciency, this approach yields an algorithm with time complexity proportional to
the number of graphs in the input set and is still practical on the given set of data.
As a result we obtain fast methods that can be used for building a database of
protein topological motifs and for the comparison of a given protein of known
secondary structure against a motif database.

1 Biological Motivation

Once the structure of a protein has been determined, the next task for the biologist is to
find hypotheses about its function. One possible approach is a pairwise comparison of
its structure with the structures of proteins whose functions are already known. There
are several tools that allow such comparisons, for example DALI [7] or CATH [11].
However there are two weaknesses with these approaches. Firstly, as the number of
proteins with a given structure is growing, the time needed to do such comparisons is
also growing. Currently there are about 15,000 protein structure descriptions deposited
in the Protein Data Bank [1], but in the future this number may grow significantly.
Secondly, even if a similarity with one or more proteins has been found, it may not be
apparent whether this may also imply functional similarity, especially if the similarity

is not very strong.

Another possibility is to try a similar approach at a structural level similar to that
used for sequences in the PROSITE database [6]. That is, precompute a database of
motifs for proteins with known structures—i.e., structural patterns which are associated
with some particular protein function. This effectively requires computing the maximal

0. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp[88}-111, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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common substructure for a set of structures. One such approach is that of CORA [10],
based on multiple structural alignments of protein sequences for given CATH families.

Both approaches have been successfully used for protein comparison at the se-
guence level. The main difficulty in adapting them to the structural level is the complex-
ity of the necessary algorithms—while exact sequence comparison algorithms work in
linear time, exact structure comparison algorithms may require exponential time and
the situation only gets worse with algorithms for finding maximal common substruc-
tures. Another aspect of the problem is that it is far from clear which is the best way to
define structure similarity. There are many possible approaches, which require different
algorithmic methods and are likely to produce different results.

Our work is aimed at the development of efficient comparison and maximal com-
mon substructure algorithms using TOPS diagrams for structural topology descriptions,
at the definition of structure similarity in a natural way that arises from such formali-
sation, and at the evaluation of usefulness of such an approach. The drawback of our
approach is that TOPS diagrams are not very rich in information; however it has the ad-
vantage that it is still possible to design practical algorithms for this level of abstraction.

2 TOPS Diagrams

At a comparatively simple level, protein structures can be described using TOPS car-
toons (see [4,13,14]). A sample cartoon for 2bopAQ is shown in Figure 1(a); for compar-
ison a Rasmol-style picture is given in Figlide 1(b). The cartoon shows the secondary

2bop A0 —
« {\W‘U
N1 y
(a) TOPScartoon (b) Rasmol picture

Fig. 1. TOPS Cartoon and Rasmol Picture of 2bopA0.

structure elements (SSEs)-strands (depicted by triangles) anehelices (depicted

by circles)—, how they are connected in a sequence from amino to carboxyl terminus,
and their relative spatial positions and orientations. Such representations have been used
by biologists for some time. However the graphical images do not explicitly represent
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all topological information implied by such descriptions and there are no strict rules
governing the appearance of a TOPS cartoon for a given protein.

TOPSdiagrams, developed by Gilber¢t al. [5], are a more formal description of
protein structural topology and are based on TOPS cartoons. Instead of representing
spatial positions by element positions in a plane, a TOPS diagram contains information
about the grouping of-strands ing-sheets (two adjacent elements irdaheet are
connected by an H-bond, which can be either parallel or anti-parallel) and some infor-
mation about relative orientation of elements (any two SSEs can be connected by either
left or right chirality). Note that, in the topological sense, we reduce the set of atomic
hydrogen bonds between a pair of strands to a single H-bond relationship between the
strands. In principle chiralities can be defined between any two SSEs; however only
a subset of the most important chiralities is included in TOPS diagrams—this subset
roughly corresponds to the implicit position information in TOPS cartoons. A TOPS di-
agram can be regarded as a graph with four different types of vertices (corresponding to
up- or down-oriented strands and up- or down-oriented helices) and four different types
of edges (corresponding to parallel or antiparallel H-bonds and left or right oriented
chiralities). Moreover, the corresponding graph is ordered—each vertex is assigned a
unigue number fron to n, wheren is the total number of vertices. In Figuké 2 the
ordering is also indicated by placing the vertices in the order of increasing numbers
(looking from left to right).

Fig. 2. TOPS Diagram of 2bopAO0.

3 Pattern Matching and Pattern Discovery in TOPS

If we describe protein secondary structure by TOPS diagrams, a natural way to char-
acterise the similarity of two proteins is by using patterns. In general, we can define
patterns using the same type of graphs as for TOPS diagrams. We say that a given pat-
tern matches a given TOPS diagram if and only if the corresponding pattern graph is
a subgraph of the corresponding TOPS diagram graph. Here we assume that subgraph
relation also preserves the order of vertices—i.e., there is a mappifigattern graph
vertices to target graph vertices such that, for any pair of vertigsdw in a pattern

graph:

— if the number ofv is larger than the number af, then also the number df(v) is
larger than the number df (w),; and
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— ifthere is an edge betweerandw, then there is an edge (of the same type) between
F(v) andF(w).

Figure[3 shows one of the possible patterns that matches the diagram for 2bopA0 by
mapping vertices with numbers 1, 2, 3, 4, 5, and 6, corresponding to vertices with
numbers 1, 2, 4, 6, 7, and 8. In practice, however, it might be useful to make the pattern

Fig. 3. TOPS Pattern.

definition more complicated. There might be reasons to require that close vertices in
pattern (i.e., vertices with close nhumbers) are to be mapped to close vertices in the
target diagram (for some natural notion of close). Alternatively it might be useful to
require that the target graph does not contain extra edges between vertices to which
pattern graph vertices are mapped (in this case the pattern graph must be an induced
subgraph of the target graph).

If we want to compare a target TOPS diagram to a set of diagrams, we can do
this by pairwise comparisons between the target and each of the comparison sets; each
such comparison can be made by finding a largest common pattern for two diagrams
and assigning a similarity measure based on the size of the pattern and the sizes of the
two diagrams. Alternatively, if we want to use a motif-based approach, we can find the
largest common patterns for a given set of proteins, consider these patterns as motifs,
and check whether a pattern for some motif matches the diagram of a target protein.
In practice the definition of a motif may be more complicated—for example, it may
include several patterns or some additional information.

Several algorithms for protein comparison based on the notion of patterns have al-
ready been developed and implemented by David Gilbert. The system is available at
http://ww3. ebi . ac. uk/ t ops/; it permits searching for proteins that match a
given pattern or to perform pattern-based comparisons of TOPS descriptions of pro-
teins. Our current task is to implement the more efficient algorithms that we describe
here. These algorithms will permit the fast generation of motif databases, which we
plan to make available on the web.

4 Experimental Results

4.1 Methodology and Databases

In experiments that we have performed to date we have tried to estimate the useful-
ness of the pattern-based protein motifs, i.e., what is the probability that the fact that
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a protein matches a given motif implies that protein has also some real similarity with
other proteins characterised by the same motif. To do this, we have tried to compare
our approach against the existing CATH protein classification database. CATH [11]is a
hierarchical classification of protein domain structures, which clusters proteins at four
major levels—Class (C), Architecture (A), Topology (T) and Homologous superfam-

ily (H). There are four different C classes—mainly alpha (class 1), mainly beta (class
2), alpha-beta (class 3) and low secondary structure content (class 4). In most cases C
classes are assigned automatically. The architecture level describes the overall shape of
the domain structure according to orientations of the secondary structures; classes in
this level are assigned manually. Classes in the topology level depend on both the over-
all shape and connectivity of the secondary structures and are assigned automatically
by the SSAP algorithm. Classes in the homologous superfamily level group together
protein domains which are thought to share a common ancestor and can therefore be
described as homologous. They are assigned automatically from the results of sequence
comparisons and structure comparisons (using SSAP).

Our comparisons are based on the assumption that identical CATH numbers will
also imply some similarity of the TOPS diagrams for the corresponding proteins. The
TOPS Atlas database [13], containing 2853 domains and based on clustering structures
from the protein data bank [1] using the standard single linkage clustering algorithm at
95% sequence similarity, was selected as the data set for this investigation. Structures
with identical CATH numbers (to a given level) have been placed in one group and
a maximal common pattern for this group has been computed. Then the pattern was
matched against all structures in the selected subset and the quafithe pattern,
corresponding to positive predictive value, computed as follows:

g = number of proteinsin a given group / number of successful matches
Thus,q = 1 corresponds to a good pattern (no false positives) and the valyésof
lower for less good patterns.

4.2 Results

The experiments were performed using the CATH number identity at levels A, T, and
H. The CATH number identity at the A level was clearly insufficient to guarantee any
similarity at the TOPS diagram level; somewhat more surprising was the fact that iden-
tity at the T (topological) level still produced noticeably weaker results than identity at
the H level. Results for the latter are shown in Figule 4. Here the valuggafall
domains from the data set (in lexicographical order by CATH numbers) are shown. The
first 527 structures correspond to CATH class 1 (maimlythe next 1048 to class 2
(mainly ), the following 1151 to class 3(— () and the last 124 to class 4 (weak sec-
ondary structure contents). As can be expegteslues are small for class 4, since there

is very little secondary structure information and also for class 1, since in mainly alpha
domains there are few H-bonds and the corresponding TOPS diagrams contain little
information about topology. Better values can be observed for classes 2 and 3. Fig-
ure[® showsy values (in light-grey) for class 3. Here the proteins have been reordered
according to increasingvalues. As can be seen, in about 36% of cases ttaue is 1,

i.e., the CATH number is uniquely defined by a TOPS pattern. Also, there are not many
proteins withg values close to, but less than 1. Therefore, if a pattern has been shown
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1.2

CATH classes

1 | 2

1237 473 T09 945 1181 1417 1853 1888 2125 2361 2587 2833

Fig. 4. Quality of TOPS Patterns at CATH H Level.

1101 201 301 401 501 BO1 701 801 401 1001 1101

Fig. 5. Quality of TOPS Patterns for CATH Class 3.

to be good for known proteins, it is likely that it will remain good for new, as yet un-
classified, proteins. For comparison the figure also contains values (in dark-grey) where

q values have been computed using only secondary-structure sequence patterns instead
of complete TOPS diagrams. This demonstrates that good sequence patterns only exist
for approximately 8% of structures. The superiority of sequence patterns for one group

is caused by different definitions of the largest pattern.

Figurel® contains the same data as Figure 5, but initially ordered by pattern size as

computed by the number of SSEs in the pattern, and thervhlues. It can be seen that
we start to get good values when the number of SSEs reaches 7 or 8 (proteins with
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1.2

Size of patterns
1-4 | [ | & | 7| 8] 9| 10 |11] 12-38

|

0.8

0.6

0.4

0.2

1101 201 301 401 501 601 701 801 901 1001 1101

Fig. 6. Quality of TOPS Patterns for CATH Class 3 Ordered by the Size of Patterns.

numbers from 459 or 531 on horizontal axis), and thealues are good in most cases
when the number of SSEs reaches 11 (proteins with numbers from 800 on horizontal
axis). Therefore, if a protein contains 7 or more SSEs, there is a good chance that it will
have a good pattern and, if it contains 11 or more SSEs, then in most cases it will have
a good pattern.

Thus, the results obtained so far suggest that a database of pattern motifs could
be quite useful for comparison of those proteins that have sufficiently rich secondary-
structure content and especially for proteins with a large number of strands. This is not
the largest subgroup of all proteins; however for this subgroup there are good chances
that comparison with TOPS motifs will give biologically useful information. Of course,
TOPS diagrams contain limited information about secondary structure; thus we can
expect that motifs based on richer secondary structure models may give better results.
At the same time the TOPS formalism has the advantage that all computations can be
performed comparatively quickly. The exact computation times are very dependent on
the given data, but in general we have observed that the comparison of a given protein
against a database of about 1000 motifs requires less than 0.1 second on an ordinary
600 MHz PC workstation. The discovery of motifs and associated evaluation via pattern
matching over the TOPS Atlas has been done in about 2 hours on the same equipment.

5 TOPS Patterns and Related Graph Problems

The basic problems that arise in the TOPS formalism, namely, pattern matching and
pattern discovery, can be easily reduced to that of subgraph isomorphism and maximal
common subgraph problems in ordered graphs. We consider the following types of
vertex-ordered labelled graphs.
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5.1 Definitions

A given graphG = (V, E) is vertex-ordered if there is a one-to-one mapping between
the set of number§l, 2, ..., |V} and the set of verticel8. Let us call the number that
corresponds to € V thevertex position and denote it by(v). We consider undirected
graphs, thus we can assume that edges are defined by ordere@ pairsvith p(v) <
p(w). Given a vertex-ordered graph, we define ¢ige order in the following way:

p((v1,w1)) < p((v2, w2)) <= p(v1) < p(v2) or p(v1) = p(va) A p(wy) < p(wa)

and assign to edges numbéis?2, . .., | E|} according to this order. We call these num-
bersedge positions and denote them by(e).

A graphG = (V, E) is vertex- (edge-) labelled with set of labelsS, if there is given
a functionl,,: V' — S (and, for edge label$,: £ — S). We denote the label of a vertex
v € V by l(v) and the label of an edgee E by I(e). For given vertex-ordered and
vertex- and edge-labelled grapfis = (V1, E1) andGs = (Va, E»), we say thaty; is
isomorphic to a subgraph @f if there is an injective mapping from V; to V, such
that:

— Vv, w € V1, p(v) < p(w) = p(I(v)) < p(I(v))
- Yo,w e Vi, (v,w) € By = (I(v),I(w)) € Ey
- Yo e Vy,l(v) =1(I(v))

— Y(o,w) € B, U((v,w)) = U(I(0), I(w)

Since each edge is uniquely determined by two vertices we can extend the isomorphism
I to edges by defining((v, w)) = (I(v), I(w)). ThenI preserves edge order just like
it preserves vertex order, i.&¢,ex € E1,p(e1) < plez) = p(I(e1)) < p(I(e2)).

5.2 Graph Representation of TOPS Diagrams

We can consider a TOPS diagram as a vertex ordered and vertex and edge labelled graph
with the set of vertex labelSy = {e+,e-,h+,h-} (up- or down-oriented strand or up- or
down-oriented helix) and the set of edge lab®}s = {P, A, L, R, PL, PR, AL, AR}
(parallel or antiparallel H-bonds or left- or right-oriented chiralities or a combination

of H-bonds and chiralities). In practic, edges are only permitted betweenande+

or e- ande- vertices, and4 edges are allowed only betweef ande- or e- ande+
vertices, but here for us this is not essential.

For practical purposes it is also worth noting the complexity of graphs that have to
be dealt with in TOPS formalism—the maximal number of vertices is around 50 and
the number of edges is comparatively small and similar to the number of vertices.

Let P be a TOPS patterrl); and D, be TOPS diagrams, an@(P), G(D;) and
G(D-) be the graphs corresponding to these patterns or diagrams. Then the problem
of checking whether TOPS pattefhwill match diagramD is equivalent to checking
whetherG(P) is isomorphic to a subgraph 6f( D ). Similarly, the problem of finding
a largest common patteid of D, and D is equivalent with finding a largest common
subgraphG(P) of G(D) andG(Ds).
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5.3 Complexity and Relation to Other Work

First, it is easy to see that the subgraph isomorphism problem for vertex-ordered graphs
remainsNP-complete, since the maximal clique problenNB complete, and this is

not altered by vertex ordering. Also, the relatively small number of edges cannot be
exploited to obtain polynomial algorithms, since in [3] and [15] similar graph structures
are considered that are even simpler (the vertex degree is 0 or 1) and for such graphs
the subgraph isomorphism problem is proved tdNBe-complete. In [3] an algorithm

is given that is polynomial with respect to the number of overlapping edges—however
in TOPS this number tends to be quite large.

There are several good non-polynomial algorithms for subgraph isomorphism, the
two most popular being by Ullmann [12] and McGregor [9]. Although these are not eas-
ily adaptable to vertex-ordered graphs, the vertex ordering seems to be the property that
could considerably improve the algorithm efficiency. Our algorithm can be regarded as
a variant of a method based on constraint satisfaction [9]; however there is an additional
mechanism for periodically recomputing constraints. A very similar class of graphs has
also been considered by I. Koch, T. Lengauer and E. Wanke in [8] where the authors de-
scribe a maximal common subgraph algorithm based on searching for maximal cliques
in a vertex product graph. This method seems to be applicable also for TOPS; however
it is only practical for finding maximal common subgraphs for two graphs and is not
directly useful for finding motifs for larger sets of proteins.

6 Subgraph Isomorphism Algorithm for Ordered Graphs

We have developed a subgraph isomorphism algorithm that exploits the fact that the
graphs are vertex oriented. Initially, let us assume that we are dealing with graphs that
are connected and do not contain isolated vertices (this set is also the most important
in practice). Then an isomorphism mappihd@s uniquely determined by defining the
mapping of edges.

The algorithm tries to match edges in the increasing order of edge positions and
backtracks if for some edge match can not be found. Since the graphs are ordered, the
positions in the target graph to which a given edge may be mapped and which have
to be checked can only increase. Two additional ideas are used to make this process
more efficient. Firstly, we assign a number of additional labels to vertices and edges.
Secondly, if an edgecan not be mapped according to the existing mapping for previous
edges, then the next place where this edge can be mapped according to the labels is
found, and the minimal match positions of previous edges are advanced in order to be
compatible with the minimal position ef

6.1 Labelling

By definition vertices and edges are already assigned lapelsdl. correspondingly

that must be preserved by isomorphism mapping. Additionally we use an another kind
of label for both vertices and edges, which we tatlex. For a vertex, Indexv) is a
16-tuple of integers (containing twice as many elements as there are edge labels). The
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ith element of Indefw) is the number of edges, v) with I.((z,v)) equal to theith
possible value of. (according to some initially fixed order of labels). Similarly, the

(k + i)th element of Indefw) is the number of edge, z) with [.((v,z)) equal to
theith possible value of,. Thus, the value Indé€x) encodes the numbers of incoming
and outgoing edges of all possible types for a given vertdsor an edge = (v, w),
Index(e) is a 4-tuple of integer$S:, Ss, E1, F»), whereS; is the number of edges
(v, z) with p(z) < p(w), Sz is the number of edge®, «) with p(z) > p(w), E; is

the number of edgeg, w) with p(y) < p(w), andE; is the number of edges), w)

with p(y) > p(w). The edge index describes how many shorter or longer other edges
are connected to the endpoints of a given edge. For both vertices and edges we define
Index(z) < Index(y) if the inequality holds between the all corresponding pairs of
16-tuples (or 4-tuples). It is easy to see that for any vertex or edge must have
Index(z) < Index(I(z)).

6.2 Algorithm

We assume that graphs are given as arRYE, TV andTE, wherePV is an array
of vertices in the pattern graph witPV[i] being the vertex with p(v) = 4, PE is an
array of edges in the pattern graph wiRE[i] being the edge with p(e) = ¢, and
TV andTE are similar arrays for the target graph. For an edgé the pattern graph,
list Matchesge) contains all possible positions (in increasing order) in target graph to
which e can be matched according to vertex and edge labels and Index values. By
Matchege)[i] we denote the'th element from this list. The number Néx} is the first
position in Matcheg&) list to which it still may be worth to try to match the edge.
Initially for all edges we have Nett) = 1. For vertexv the number Pds) is the
position in target graph to which vertexs matched, otherwise we have Pas= 0.
Algorithm[1 shows the main loop. Starting from the first edge the algorithm tries
to find matches for all edges in increasing order and returns an array Pos of vertex
mappings, if it succeeds. If for some edge a match consistent with matches for previous
edges can not be found a procedédvanceEdgeMatchPositions is invoked, which
tries to increase the values N&xtfor some of already matched edges and the matching
process is continued starting from the first edge for which the value(dxas been
changed.
ProcedureddvanceEdgeMatchPositions uses a variant of depth-first search to find
edges for which Next) can be increased. Alternative strategies are of course possible,

6.3 Correctness

The informal motivation why the algorithm correctly finds an isomorphic subgraph (or
gives the answer that no isomorphic subgraph exists) is the following. First, as already
noted above, for connected oriented graphs the isomorphism mapping is completely
defined by defining the mapping for edges. For an isomorphism mapping it is sufficient
to satisfy the labelling constraints on edge endpoints, preserve edge order and connec-
tivity. If the AdvanceEdgeMatchPositions procedure is not used, the algorithm simply
performs an exhaustive search of all mappings satisfying these constraints and either
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procedure Subgraphl somor phisminOrderedGraphs(PV, PE, TV, TE);
begin
foreach vertex e in PE do
Compute the list Matchés);
Next(e) «— 1;
dif Matches(e) = @ then return Not Isomorphic;
en
foreach vertex v in PV do
Pogv) « 0;
end
k1,
while k < |PE| do
edge =(v,w) «— PEI[k];
if Next(edge) > |Matches(edge)| then return Not Isomorphic;
else
Find the smallesti > Next(edge) such that, for the target graph edge
(vt,wt) = Matches(edge)] and for both verticess and w, either Pos{) =
0 or Pos¢) = wot and either Pos) = 0 or Posfy) = wt (and
p((vt,wt)) > MatchesPE[k — 1])—if k > 1, use NextPE[k — 1]));
if such an ¢ isfound then
Next(edge)— i;
Pos@) < vt; Post) «— wt;

k—k+1;
end

else
Find the smallesty > Next(edge) such that (ik > 1) for the tar-
get graph edg€vt, wt) = Matches(edge)] we have p((vt, wt)) >
MatchesP E[k — 1])[Next(PE[k — 1])]
(takej « Next(edge), ifk = 1);
Next(edge)— 7;
for all edgese in PE withp(e) < k do
Moved() « false;
end
(vt, wt) «— Matches(edge)];
AdvanceEdgeMatchPositions(v,vt);
Setk to be the smallest value for which there is an edge (v2, w2) with
dp(e) = k and either Pos@) = 0 or Pos{v2) = 0;
en

end
end

return Pos (array of vertex mappings);
end

Algorithm 1: Main Loop.
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procedure AdvanceEdgeMatchPositions(v,vt);
begin
PatternVertexStack- (); push (PatternVertexStack);
TargetVertexStack— @); push (TargetVertexStacky);
while PatternVertexStack # () do
pvert«— pop (PatternVertexStack); tvert- pop (TargetVertexStack);
foreach edge e with p(e) < k, Moved(e) = false, and with endpoint pvert do
Moved() « true ;
Find the smallest > Next(e) such that, forvt2, wt2) = Matches¢)[:], we
havewt2 > tvert (orvt2 > tvert, if pvert is the rightmost endpoint ej;
if such an i isfound then
Next(e) < i;
Let newpvert be the other endpointgf
newtvert— vt2 (or newtvert— wt2, if pvert is the rightmost endpoint of
e);
if Pos(newpvert) £ 0 then
Pos(newpvert}— 0;
push (PatternVertexStack,newpvert);

push (TargetVertexStack,newtvert);

end
end

else
return Not Isomorphic

end
end
end
end

Algorithm 2: The Depth-First Search for Edges.

finds one, or returns an answer that no such mapping exists. Aitki@ceEdgeMatch-
Positions procedure is included, then when invoked it receives a vartgx pattern

graph and the first vertext in target to whichv may be mapped according to search
performed so far. The constraints on edge mappings are then narrowed down to be con-
sistent with the mapping requirement for veriex

6.4 General Case of Disconnected Graphs

To deal with graphs that may be disconnected (but do not have isolated vertices) we
additionally have to check that the vertex positions are preserved by isomorphism map-
ping, i.e., for verticey and w in pattern graph wittp(v) < p(w) we must have
p(I(v)) < p(I(w)). If we have isolated vertices, we additionally have to check that
the sequence of vertices betweemndw is a substring of the sequence of vertices
betweenl (v) andI(w). This additional checking can be easily incorporated into the
algorithm.
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7 Maximal Common Subgraph Problem

The subgraph isomorphism algorithm is very fast for graphs corresponding to TOPS
diagrams. This permits finding maximal common subgraphs by repeated extension and
checking for subgraph isomorphism.

In order to find the maximal common subgraph for a given set of graphs we ba-
sically use an exhaustive search. Starting a the simple (one vertex) pattern graph, we
check for subgraph isomorphism against all graphs in a given set and in the case of
success attempt to extend the already matched pattern graph in all possible ways. Some
restrictions on the number of different types of edges and vertices can be deduced from
the given set of target graphs and are used by the algorithm. Apart from that, the pre-
vious successful match may be used to deduce information about extensions which are
more likely to be successful in the next match. In general this does not prune the search
space but may help to discover large common subgraphs earlier. There is also a greater
probability that the largest common subgraph is found within a given time limit, even
when the search has not been completed.

The advantage of this approach is that we obtain an algorithm with time complexity
that is linear with respect to the number of graphs in a given set. Since there are likely to
be more restrictions on the pattern for larger sets, often the most difficult cases arise for
sets containing only one graph—however in this case we can simply return the given
graph as the maximal common subgraph. Other methods that are known (for example
as described in [8]) may be more efficient for sets containing a small number (basically
just two) of graphs, but in general cannot be used to find the exact answer to the problem
for larger sets.

Experiments suggest that this approach is still practical for TOPS diagrams. As
mentioned above in the results section, all motifs in the Atlas for the CATH level H have
been found by using repeated pattern matching and extension in 2 hours on an ordinary
PC workstation. However it seems that the size of TOPS diagrams is quite close to
the limit up to which such a maximal common subgraph algorithm can be successfully
used, thus our solution may be quite problem specific. At the same time we expect
that the subgraph isomorphism algorithm may be adapted also for considerably larger
structures and may be useful for the other problems in bioinformatics.

Acknowledgments

Juris Viksna was supported by a Wellcome Trust International Research Award.

References

1. Berman, H.M., Westbrook, J., Feng., Z., Gillland, G., Bhat, T.N., Weissig, H.,
Shindyalov, I.N., Bourne, P.E.: The Protein Data Bank. Nucleic Acids Research 28 (2000)
235-242.

2. Bron, C., Kerbosch, J.: Algorithm 457: Finding all cliques of an undirected graph. Communi-
cations of ACM 16 (1973) 575-577.

3. Evans, P.A.: Finding common subsequences with arcs and pseudoknots. Proceedings of Com-
binatorial Pattern Matching 1999, LNCS 1645 (1999) 270-280.



8.

9.

10.

11.

12.

13.

14.

15.

Pattern Matching and Pattern Discovery Algorithms for Protein Topologies 111

Flores, T.P.J., Moss, D.M., Thornton, J.M.: An algorithm for automatically generating protein
topology cartoons. Protein Engineering 7 (1994) 31-37.

Gilbert, D., Westhead, D.R., Nagano, N., Thornton, J.M.: Motif-based searching in tops pro-
tein topology databases. Bioinformatics 15 (1999) 317-326.

Hofmann, K., Bucher, P., Falquet, L., Bairoch, A.: The PROSITE database, its status in 1999.
Nucleic Acids Research 27 (1999) 215-219.

Holm, L., Park, J.: DaliLite workbench for protein structure comparison. Bioinformatics 16
(2000) 566-567.

Koch, I., Lengauer, T., Wanke, E.: An algorithm for finding maximal common subtopologies
in a set of protein structures. Journal of Computational Biology 3 (1996) 289-306.

McGregor, J.J.: Relational consistency algorithms and their application in finding subgraph
and graph isomorphisms. Information Science 19 (1979) 229-250.
Orengo, C.A.: CORA—topological fingerprints for protein structural families. Protein Sci-
ence 8 (1999) 699-715.
Orengo, C.A., Michie, A.D., Jones, S., Swindelis, M.B.: CATH—a hierarchic classification
of protein domain structures. Structure 5 (1997) 1093-1108.
Ullimann, J.R.: An algorithm for subgraph isomorphism. Journal of the ACM 23 (1976) 31-
42,
Westhead, D.R., Hatton, D.C., Thornton, J.M.: An atlas of protein topology cartoons avail-
able on the World Wide Web. Trends in Biochemical Sciences 23 (1998) 35-36.
Westhead, D.R., Slidel, T.W.F., Flores, T.P.J., Thornton, J.M.: Protein structural topology:
automated analysis and diagrammatic representation. Protein Science 8 (1999) 897-904.
Zhang, K., Wang, L., Ma, B.: Computing similarity between RNA structures. Proceedings of
Combinatorial Pattern Matching 1999, LNCS 1645 (1999) 281-293.



Computing Linking Numbers of a Filtration

Herbert Edel sbrunner® and AfraZomorodian?

! Department of Computer Science
Duke University, Durham, NC 27708, USA
and Raindrop Geomagic, Research Triangle Park, NC 27709, USA
edel s@s. duke. edu
2 Department of Computer Science
University of Illinois, Urbana, IL 60801, USA
zonor odi @i uc. edu

Abstract. We develop fast algorithms for computing the linking number of a
simplicial complex within afiltration. We give experimental results in applying
our work toward the detection of non-trivial tangling in biomolecules, modeled
as alpha complexes.

1 Introduction

In this paper, we develop fast algorithms for computing the linking numbers of simpli-
cial complexes. Our work is within a framework of applying computational topology
methods to the fields of biology and chemistry. Our goal is to develop useful tools by
researchersin computational structural biology.

Motivation and Approach. In the 1980's, it was shown that the DNA, the molecular
structure of the genetic code of all living organisms, can become knotted during repli-
cation [1]. Thisfinding initiated interest in knot theory among biologists and chemists
for the detection, synthesis, and analysis of knotted molecules [18]. The impetus for
this research is that molecules with non-trivial topological attributes often display ex-
otic chemistry. Taylor recently discovered a figure-of-eight knot in the structure of a
plant protein by examining 3,440 proteins using a computer program [ |19]. Moreover,
chemical self-assembly units have been used to create catenanes, chains of interlocking
molecular rings, and rotaxanes, cyclic molecules threaded by linear molecules. Re-
searchers are building nanoscale chemical switches and logic gates with these struc-
tures [[2/3]. Eventually, chemical computer memory systems could be built from these
building blocks.

Catenanes and rotaxanes are examples of non-trivial structural tanglings. Our work
is on detecting such interlocking structures in molecules through a combinatorial
method, based on algebraic topology. We model biomolecules as a sequence of apha
complexes [[7]. The basic assumption of this representation is that an alpha-complex
sequence captures the topological features of a molecule. This sequence is aso a fil-
tration of the Delaunay triangulation, a well-studied combinatorial object, enabling the
development of fast algorithms.

0. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 112-[127] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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The focus of this paper is the linking number. Intuitively, this invariant detects if
components of acomplex are linked and cannot be separated. We hopeto eventually in-
corporateour algorithminto publicly available software as atool for detecting existence
of interlocked molecular rings.

Given afiltration, the main contributions of this paper are:

(i) the extension of the definition of the linking number to graphs, using a canonical
basis,

(if) an agorithm for enumerating and generating all cycles and their spanning surfaces
within afiltration,

(iii) data structures for efficient enumeration of co-existing pairs of cyclesin different
components,

(iv) an algorithm for computing the linking number of a pair of cycles,

(v) and the implementation of the algorithms and experimentation on real data sets.

Algorithm (iv) is based on spanning surfaces of cycles, giving us an approximation to
thelinking number in the case of non-orientableor self-intersecting surfaces. Such cases
do not arise often in practice, as shown in Section [6l However, we notein Section[2 that
the linking number of a pair may be also computed by aternate algorithms. Regardless
of the approach taken, pairs of potentially linked cycles must be first detected and enu-
merated. We provide the algorithms and data structures of such enumerationin (i-iii).

Prior Work. Important knot problems were shown to be decidable by Haken in his
seminal work on normal surfaces [[10]. This approach, as reformulated by Jaco and
others [13], forms the basis of many current knot detection algorithms. Haas et al.
recently showed that these algorithms take exponential time in the number of crossings
in a knot diagram [12]. They aso placed both the UNKNOTTING PROBLEM and the
SPLITTING PROBLEM in NP, the latter being the focus of our paper. Generally, other
approaches to knot problems have unknown complexity bounds, and are assumed to
take at least exponential time. As such, the state of the art in knot detection only allows
for very small data sets. We refer to Adams [[1] background in knot theory.

Three-dimensional a pha shapes and complexes may be found in Edel sbrunner and
Micke [[7]. We modify the persistent homology agorithm to compute cycles and sur-
faces[6]. We refer to Munkres [[15] for background in homology theory that is accessi-
ble to non-specialists.

Outline. The remainder of this paper is organized as follows. We review linking num-
bersfor collections of closed curves, and extend this notion to graphsin R 2 in Section[2
We describe our model for moleculesin Section [3l Extending the persistence algorithm,
we design basic algorithmsin Section[4 and use them to devel op an algorithm for com-
puting linking numbers in Section [5. We show results of some initial experiments in
Section[g, concluding the paper in Section [7

2 Linking Number

In this section, we define links and discuss two equivaent definitions of the linking
number. While the first definition provides intuition, the second definition is the basis
of our computational approach.
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Links. A knot is an embedding of a circle in three-dimensional Euclidean space, & :
S — R3. Two knots are equivalent if there is an ambient isotopy that maps the first to
the second. That is, we may deform the first to the second by a continuous motion that
does not cause self-intersections. A link [ is a collection of knots with disjoint images.
A link is separable (splittable) if it can be continuously deformed so that one or more
components can be separated from other components by a plane that itself does not
intersect any of the components. We often visualize alink [ by alink diagram, whichis
the projection of alink onto a plane such that the over- and under-crossings of knots are
presented clearly, We give an example in Figure[1(a). For aformal definition, see [12].

-1 +1
-1 +1 /l\/ /\l
(a) A Link Diagram for the Whitehead (b) Crossing Label Convention.

Link.

Fig. 1. The Whitehead link (&) is labeled according to the convention (b) that the cross-
ing label is+1 if the rotation of the overpass by 90 degrees counter-clockwise alignsits
direction with the underpass, and —1 otherwise.

Linking Number. A knot (link) invariant is a function that assigns equivalent objects
to equivalent knots (links.) Seifert first defined an integer link invariant, the linking
number, in 1935 to detect link separability [[18]. Given alink diagram for alink [, we
choose orientations for each knot in /. We then assign integer labels to each crossing
between any pair of knots k, k', following the convention in Figure[d(b). Let \(k, k')
of the pair of knots to be one half the sum of these labels. A standard argument using
Reidermeister moves shows that A is an invariant for equivalent pairs of knots up to
sign [1]. Thelinking number A(1) of alink [ is

AL = > Ak K.

k#k' €l

We note that A(l) is independent of knot orientations. Also, the linking number does
not completely recognize linking. The Whitehead link in Figure [I(a), for example, has
linking number zero, but is not separable.

Surfaces. The linking number may be equivalently defined by other methods, including
onebased on surfaces[[17]. A spanning surfacefor aknot k isan embedded surface with
boundary k. An orientabl e spanning surfaceis a Seifert surface. Becauseit isorientable,
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Fig.2. The Hopf link and Seifert surfaces of its two unknots are shown on the |eft.
Clearly, A = 1. Thislink is the 200th complex for data set H in Section [@ The span-
ning surface produced for the cycle on the right is a Mobius strip and therefore non-
orientable.

we may label its two sides as positive and negative. We show examples of spanning
surfaces for the Hopf link and Mobius strip in Figure 2. Given a pair of oriented knots
k, k', and a Seifert surface s for k, we label s by using the orientation of £. We then
adjust &’ viaahomotopy % until it meets s in afinite number of points. Following along
k' according to its orientation, we add +1 whenever k’ passes from the negative to the
positive side, and —1 whenever k’ passes from the positive to the negative side. The
following lemma asserts that this sum is independent of our the choice of h and s, and
itis, infact, the linking number.

SEIFERT SURFACE LEMMA. A(k, k') is the sum of the signed intersections between
k' and any Seifert surface for k.

The proof is by a standard Seifert surface construction [[17]. If the spanning surface is
non-orientable, we can still count how many times we pass through the surface, giving
us the following wesker result.

SPANNING SURFACE LEMMA. A(k, k") (mod 2) isthe parity of the number of times
k' passes through any spanning surface for k.

Graphs. We need to extend the linking number to graphs, in order to use the above
lemmafor computing linking numbers for simplicial complexes. Let G = (V, E), E C
(%) beasimple undirected graphin R® with c components G, . .., G. Let z1, ... ., 2,
beafixed basisfor thecyclesin G, wherem = |E| — |V |+ c. We then define the linking
number between two components of G to be A\(G%,G7) = |A(z,, z,)| for al cycles
Zpy 24 IN G, G, respectively. The linking number of G is then defined by combining
the total interaction between pairs of components:

AG) =Y NG, GY).
i#]

The linking number is computed only between pairs of componentsfollowing Seifert’s
original definition. Linked cycles within the same component may be easily unlinked
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by a homotopy. Figure[3 shows that the linking number for graphsis dependent on the
chosen basis. While it may seem that we want A(G) = 1 in thefigure, thereisno clear

oL

GZ

o7 |
G [

A=1 A=2

L

GZ

Fig. 3. We get different A(G) for graph G (top) depending on our choice of basis for
G?: two small cycles (left) or one large and one small cycle (right.)

answer in general. We will define a canonical basis in Section [4 using the persistent
homology algorithm to compute A\(G) for simplicial complexes.

3 Alpha Complexes

Our approach to analyzing atopol ogical spaceis to assume afiltration for such a space.
A filtration may be viewed as a history of agrowing space that is undergoing geometric
and topological changes. While filtrations may be obtained by various methods, only
meaningful filtrations give meaningful linking numbers. As such, we use alpha com-
plex filtrations to model molecules. The alpha complex captures the connectivity of a
molecule that is represented by a union of spheres. This model may be viewed as the
dual of the space filling model for molecules [[14].

Dual Complex. A spherical ball 4 = (u,U?) € R3 x R is defined by its center « and
square radius U2. If U? < 0, the radius is imaginary and so is the ball. The weighted
distance of apoint « fromaball @ is7q (x) = ||z — u||* — U2 Notethat apoint z € R?
belongsto the ball iff 74 (x) < 0, and it belongs to the bounding sphereiff 7 (z) = 0.
Let S beafinite set of balls. The Voronoi region of & € S isthe set of points for which
4 minimizes the weighted distance,

Vi = {LU cR3 ‘ 71'12(55) < W@(x),V’lA] € S}

The Voronoi regions decompose the union of ballsinto convex cells of theform4 N V3,
as illustrated in Figure 4 Any two regions are either digoint or they overlap along
a shared portion of their boundary. We assume general position, where at most four
Voronoi regions can have a non-empty common intersection. Let 7' C S have the prop-
erty that its Voronoi regions have a non-empty common intersection, and consider the
convex hull of the corresponding centers, o = conv {u | & € T'}. Genera position
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'.53

Fig.4. Union of nine disks, convex decomposition using Voronoi regions, and dual
complex.

impliesthat o is ad-dimensional simplex, whered = card T — 1. The dual complex
of S isthe collection of simplices constructed in this manner,

K={op|TCS, ((@nVa)#0}.

aueT

Any two simplicesin K areeither digoint or they intersect inacommonfacewhichisa
simplex of smaller dimension. Furthermore, if o € K, then all faces of o are smplices
in K. A set of simplices with these two properties is a simplicial complex [[15]. A
subcomplexisasubset L C K that isitself asimplicial complex.

Alpha Complex. A filtration ordering is an ordering of a set of simplices such that
each prefix of the ordering is a subcomplex. The sequence of subcomplexes defined by
taking successively larger prefixes is the corresponding filtration. For dual complexes
of a collection of balls, we generate an ordering and afiltration by literally growing the
balls. For every real number o? € R, we increase the square radius of aball @ by o2,
giving us i(a) = (u,U? + a?). We denote the collection of expanded balls @(«) as
S(). 1f U? = 0, then a istheradius of i(a). If a? < 0, then o isimaginary, and so is
the ball @(«). The a-complex K («) of S isthe dual complex of S(«) [[7]. For example,
K(—o00) = 0, K(0) = K, and K(c0) = D isthe dual of the Voronoi diagram, also
known as the Delaunay triangulation of S. For each simplex o € D, thereis a unique
birth time a2 (o) defined such that 0 € K (a) iff a? > o?(o). We order the simplices
such that a2 (o) < o?(7) implies o precedes 7 in the ordering. More than one simplex
may be born at a time and such cases may arise even if S isin genera position. In
the case of atie, it is convenient to order lower-dimensional simplices before higher-
dimensiona ones, breaking remaining ties arbitrarily. We call the resulting sequence
the age ordering of the Delaunay triangul ation.

Modeling Molecules. To model molecules by alpha complexes, we use representations
of molecules as unions of balls. Each bal is an atom, as defined by its position in
space and its van der Waals radius. These atoms become the spherical balls we need
to define our complexes. Our representation gives us a filtration of alpha complexes
for each molecule. We compute a linking number for each complex in a filtration of
m complexes. Let [m] denote the set {1,2, ..., m}. Then, the linking number may be
viewed as asignature function \ : [m] — Z that maps each index i € [m] to an integer
(@) € Z. For other signature functionsfor filtrations of apha complexes, see [57].
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4 Basisand Surfaces

To compute the linking numbers for an alpha complex, we need to recognize cycles,
establish a basis for the set of cycles, and find spanning surfaces for the basis cycles.
We do so by extending an algorithm we developed for computing persistent homol-
ogy [16]. We dispense with defining persistence and concentrate on the algorithm and its
extension.

Homology. We use homology to define cyclesin a complex. Homology partitions cy-
cles into equivalence classes using the boundary class of bounding cycles as the null
element of a quotient group in each dimension. We use Z -, homology, so the group
operation, which we call addition, is symmetric difference. Addition allows us to com-
bine sets of simplicesin away that eliminates shared boundaries, as shown in Figure
Intuitively, non-bounding 1-cycles correspond to the graph notion of acycle. We need to

MR

Fig.5. Symmetric difference in dimensions one and two. We add two 1-cycles to get
anew 1-cycle. We add the surfaces the cycles bound to get a spanning surface for the
new 1-cycle.

define abasis for the first homology group of the complex which contains all 1-cycles,
and choose representatives for each homology class. We use these representatives to
compute linking numbers for the complex.

A simplex of dimension d in afiltration either createsad-cycle or destroysa (d—1)-
cycle by turning it into a boundary. We mark simplices as positive or negative, accord-
ing to this action [[5]. In particular, edges in a filtration which connect components
are marked as negative. The set of all negative edges gives us a spanning tree of the
complex, as shown in Figure[d. We use this spanning tree to define our canonical basis.

Fig. 6. Solid negative edges combine to form a spanning tree. The dashed positive edge
o; creates acanonical cycle.

Every timeapositive edge o; is added to the comple, it creates anew cycle. We choose
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the unique cycle that contains o; and no other positive edge as a new basis cycle. We
call this cycle a canonical cycle, and the collection of canonical cycles, the canonical
basis. We use this basis for computation.

Persistence. The persistence algorithm matches positive and negative ssimplices to find
life-times of homological cyclesin afiltration. The algorithm does so by following a
representative cycle z for each class. Initialy, z is the boundary of a negative simplex
oj, a8 z must lie in the homology class o; destroys. The agorithm then successively
adds class-preserving boundary cycles to z until it finds the matching positive simplex
i, asshownin Figure[Zl We call the haf-openinterval [i, j) the persistence interval of

Fig. 7. Starting from the boundary of the negativetriangle o ;, the persistence algorithm
finds amatching positive edge o; by finding the dashed 1-cycle. We modify this 1-cycle
further to find the solid canonical 1-cycle and a spanning surface.

both the homology class and its canonical representative. During this interval, the ho-
mology class exists as a class of homologous non-boundingscyclesin thefiltration. As
such, the class may only affect the linking numbers of complexes K5, ..., K;_; inthe
filtration. We use this insight in the next section to design an agorithm for computing
linking numbers.

Computing Canonical Cycles. The persistence algorithm halts when it finds the match-
ing positive simplex ¢; for a negative simplex o ;, often generating a cycle = with mul-
tiple positive edges and multiple components. We need to convert z into a canonical
cycle by eliminating al positive edgesin z except for o;. We call this process canon-
ization. To canonize acycle, we add cycles associated with unnecessary positive edges
to z successively, until z is composed of o; and negative edges, as shown in Figure[7
Canonization amounts to replacing one homology basis el ement with alinear combina-
tion of other elements in order to reach the unique canonical basis we defined earlier.
A cycle undergoing canonization changes homology classes, but the rank of the basis
never changes.

Computing Spanning Surfaces. For each canonical cycle, we need a spanning surface
in order to compute linking numbers. We may compute these by maintaining surfaces



120 Herbert Edelsbrunner and Afra Zomorodian

while computing the cycles. Recall that initialy, a cycle representative is the boundary
of a negative smplex ;. We use ¢; as the initial spanning surface for z. Every time
we add acycle y to z in the persistence algorithm, we also add the surface iy boundsto
the z’s surface. We continue this process through canonization to produce both canon-
ical cycles and their spanning surfaces. Here, we are using a crucia property of our
filtrations. the final complex is always the Delaunay complex of the set of weighted
points and does not contain any 1-cycles. Therefore, al 1-cycles are eventually turned
to boundaries and have spanning surfaces.

If the generated spanning surface is Seifert, we may apply the SEIFERT SURFACE
LEMMA to compute the linking numbers. In some cases, however, the spanning surface
isnot Seifert, asin Figure[Z(b). In these cases, we may either compute the linking num-
ber modulo 2 by applying the SPANNING SURFACE LEMMA, or compute the linking
number by alternative methods.

5 Algorithm

In this section, we use the basis and spanning surfaces computed for 1-cycles to find
linking numbers for all complexesin afiltration. Since we focus on 1-cycles only, we
will refer to them simply as cycles.

Overview. We assume afiltration K1, Ko, . .., K, asinput, which we alternately view
as asingle complex undergoing growth. As simplices are added, the complex undergoes
topological changes which affect the linking number: new components are created and

merged together, and new non-bounding cycles are created and eventually destroyed.

We use a basic insight from the last section: a basis cycle z with persistence interval

[i, ) may only affect the linking numbers of complexes K;, K;11,...,K;_1 in the
filtration, Consequently, we only need to consider basis cycles 2 that exist during some
subinterval [u,v) C [i,7) in adifferent component than z's. We call the pair z,z’ a
potentially-linked (p-linked) pair of basis cycles, and the interval [u, v) the p-linking

interval.

Focusing on p-linked pairs, we get an a gorithm with three phases. In thefirst phase,
we compute al p-linked pairs of cycles. In the second phase, as shown in Figure [8 we
compute the linking numbers of such pairs. In the third and final phase, we aggregate
these contributions to find the linking number signature for the filtration.

f or each p-linked pair z,, zq with interval [u, v) do
Compute A = |A(2p, 24)| ;
Output (\, [u, v))

endf or.

Fig. 8. Linking Number Algorithm.

Two cycles z,, z, with persistenceintervals [ip, jp), [i4, j4) CO-eXist during [r, s) =
lip, 3p) N [iq, Jq)- We need to know if these cycles also belong to different components
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during some sub-interval [u,v) C [r, s). Let ¢, , bethe minimum index in thefiltration
when z,, and z, arein the same component. Then, [u, v) = [r, $)N[0, ¢, ). If [u,v) # 0,
Zp, 2q are p-linked during that interval. In the remainder of this section, we will first
develop a data structure for computing ¢, , for any pair of cycles z,, z,. Then, we use
this data structure to efficiently enumerate al pairs of p-linked cycles. Finaly, we give
an algorithm for computing A\(z,, z,) for ap-linked pair of cycles z,, z,.

Component History. To computet,, ,, we need to haveahistory of the changesto the set
of componentsin afiltration. There are two types of simplices that can change this set.
Vertices create components and are therefore all positive. Negative edges connect com-
ponents. We construct abinary tree called component tree recording these changesusing
a union-find data structure [4]. The leaves of the component tree are the vertices of the
filtration. When a negative edge connects two components, we create an internal node
and connect it to the nodes representing these components, as shown in Figure 9l The

@
¥ N
B %/\

® ©» @ @ ©

Fig. 9. The union-find data structure (left) has vertices as nodes and negative edges as
edges. The component tree (right) has vertices as leaves and negative edges as internal
nodes.

component tree has size O(n) for n vertices, and we construct it intime O(nA ~1(n)),
where A~ (n) istheinverse of the Ackermann’s function which exhibitsinsanely slow
growth. Having constructed the component tree, we find the time two vertices w, x are
in the same component by finding their lowest common ancestor (Ica) in this tree. We
utilize Harel and Tarjan’s optimal method to find Ica's with O(n) preprocessing time
and O(1) query time [[11]. Their method uses bit operations. If such operations are not
allowed, we may use van Leeuwen’'s method with the same preprocessing time and
O(loglogn) query time[220].

Enumeration. Having constructed the component tree, we use a modified union-find
data structure to enumerate all pairs of p-linked cycles. We augment the data structure
to allow for quick listing of al existing canonical cycles in each component in K ;.
Our augmentation takes two forms; we put the roots of the digjoint trees, representing
components, into a circular doubly-linked list. We also store al existing cyclesin each
component in a doubly-linked list at the root node of the component, as shown in Fig-
ure[Id When components merge, the root z; of one component becomes the parent
of the root x5 of the other component. We concatenate the lists stored at the x 1, 2o,
store the resulting list at x1, and eliminate = from the circular listin O(1) time. When
cycle z, iscreated at time i, wefirst find z,’s component intime O(A~*(n)). Then, we
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Fig. 10. The augmented union-find data structure places root nodes in the shaded circu-
lar doubly-linked list. Each root node stores all active canonical cyclesin that compo-
nent in a doubly-linked list, as shown for the darker component.

store z,, at the root of the component and keep a pointer to z,, with smplex o, which
destroys z,,. This implies that we may delete z,, from the data structure at time j with
constant cost.

Our algorithm to enumerate p-linked cyclesisincremental . We add and delete cycles
using the above operations from the union-find forest, as the cycles are created and
deleted in the filtration. When a cycle z,, is created at time 4, we output all p-linked
pairsin which z,, participates. We start at the root which now stores z,, and walk around
the circular list of roots. At each root z, we query the component tree we constructed
in the last subsection to find the time ¢ when the component of = merges with that of
zp. Notethat t = t, , for al cycles z, stored at =. Consequently, we can compute the
p-linking interval for each pair z,,, z, to determineif the pair is p-linked. If thefiltration
contains P p-linked pairs, our algorithm takestime O(mA~!(n) + P), asthere are at
most m cyclesin thefiltration.

Orientation. In the previous section, we showed how one may compute spanning sur-
faces sy, s4 for cycles z,, z4, respectively. To compute the linking number using our
lemma, we need to orient either the pair s, z, Or z,, s4. Orienting a cycle is trivial:
we orient one edge and walk around to orient the cycle. If either surface has no self-
intersections, we may easily attempt to orient it by choosing an orientation for an arbi-
trary triangle on the surface, and spreading that orientation throughout. The procedure
either orients the surface or classifies it as non-orientable. We currently do not have an
agorithm for orienting surfaces with self-intersections. The main difficulty is distin-
guishing between two cases for a self-intersection: a surface touching itself and passing
through itself.

Computing A. We now show how to compute A(z,, z4) for a pair of p-linked cycles
Zp, 2q, cOmpleting the description of our algorithm in Figure 8. We assume that we
have oriented s,,, z, for the remainder of this subsection.

Let the star of a vertex « St u be the set of simplices containing « as a vertex. We
subdivide the complex viaa barycentric subdivision by connecting the centroid of each
triangleto its vertices and midpoints of its edges, subdividing the simplices accordingly.
This subdivision guarantees that no edge uv will have both ends on a Seifert surface
unless it is entirely contained in that surface. We note that this approach mimics the
construction of regular neighborhoodsfor complexes[19].
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For avertex u € s, the edge property guaranteed by subdivision enables usto mark
each edgeuv € Stu, v ¢ s, aspositive or negative, depending on the location of v with
respect to s,,. After marking edges, we walk once around z 4, starting at a vertex not on
sp. If such a vertex does not exist, then A(z,, z,) = 0. Otherwise, we create a string
Sp,q Of + and — characters by noting the marking of edges during our walk. .S, , has
even length as we start and end our walk on a vertex not on s ,,, and each intersection of
zq With s, produces a pair of characters, as shownin Figure[IIlon theleft. If S, , isthe

Fig. 11. On the left, starting at v, we walk on z, according to its orientation. Segments
of z, that intersect s,, are shown, along with their contributionto S, , = “+ + + + +
— — —". Weget A\(zp, z4) = —1. On the right, the bold flip curve is the border of s;
and s, the portionsof s, that are oriented differently. S, , = “++— ——+—— ",
so counting all +'s, we get A(zp, z4) mod 2 = 3 mod 2 = 1.

empty string, z, never intersects s,, and A(zp, z,) = 0. Otherwise, z, passesthrough s,
for pairs +— and —+, corresponding to z, piercing the positive or negative side of s,
respectively. Scanning .S, , from left to right in pairs, we add +1 for each occurrence
of —4, —1 for each +—, and 0, for each ++ or ——. Applying the SEIFERT SURFACE
LEMMA in Section[2, we see that thissumis A(z,, z4).

Computing) mod 2. If neither of the spanning surfaces s, s, of the two cycles z1, 2z,
is Seifert, we may still compute A(z1, 22) mod 2 by a modified algorithm, provided
one surface, say s,, has no self-intersections. We choose an orientation on s, locally,
and extend it until all the stars of the original vertices are oriented. are oriented. This
orientation will not be consistent globally, resulting in pair of adjacent verticesin s,
with opposite orientations. We call theimplicit boundary between verticeswith opposite
orientations a flip curve as shown in bold in Figure @1 to the right. When a cycle
segment crosses the flip curve, orientation changes. Therefore, in addition to noting
marked edges, we add a + to the string .S, , every timewe cross aflip line. To compute
A(2zp, 24) mod 2, we only count +'sin S, , and take the parity as our answer.
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If s, is orientable, there are no flip curves on it. The contribution of cycle segments
to the string is the same as before: +— or —4 for segments that pass through s, and
++ and — — for segmentsthat do not. By counting +'s, only segmentsthat passthrough
sp change the parity of the sum for A. Therefore, the algorithm computes A mod 2
correctly for orientable surfaces. For the orientable surface on theright in Figure [1T], for
instance, we get A(zp, z4) mod 2 = 5 mod 2 = 1, which is equivalent to the parity of
the answer computed by the previous algorithm.

Remark. We are currently examining the question of orienting surfaces with self-
intersections. Using our current methods, we may obtain a lower bound signature for
A by computing a mixed sum: we compute A and A mod 2 whenever we can to obtain
the approximation. We may also develop other methods, including those based on the
projection definition of the linking number in Section [2

6 Experiments

In this section, we present some experimental timing results and statistics which we
used to guide our a gorithm devel opment. We al so provide visualizations of basis cycles
in a filtration. All timings were done on a Micron PC with a 266 MHz Pentium 11
processor and 128 MB RAM running Solaris 8.

Implementation.We have implemented all the algorithms in the paper, except for the
agorithm for computing A mod 2. Our implementation differs from our exposition in
three ways. The implemented component tree is a standard union-find data structure
with the union by rank heuristic, but no path compression [14]. Although this structure
hasaO(nlogn) constructiontime and aO(log n) query time, it is simpleto implement
and extremely fast in practice. We al so use a heuristic to reduce the number of p-linked
cycles. We store bounding boxes at the roots of the augmented union-find data structure.
Before enumerating p-linked cycles, we check to see if the bounding box of the new
cycleintersects with that of the stored cycles. If not, the cycles cannot be linked, so we
obviate their enumeration. Finally, we only simulate the barycentric subdivision.

Data. We have experimented with avariety of data sets and show the resultsfor six rep-

resentative setsin this section. Thefirst data set contains points regularly sampled along

two linked circles. The resulting filtration contains a complex which is a Hopf link, as
shown in Figure[2l The other data sets represent molecular structures with weighted
points. In each case, we first compute the weighted Delaunay triangulation and the age
ordering of that triangulation. The data points become vertices or O-simplices. Table [
gives the sizes of the data sets, their Delaunay triangulations, and age orderings. We
show renderings of specific complexesin thefiltration for data set K in Figure [12.

Basis. Table[2 summarizes the basis generation process. We distinguish the two steps
of our algorithm: initial basis generation and canonization. We give the number of basis
cycles for the entire filtration, which is equal to the number of positive edges. We also
show the effect of canonization on the size of the cycles and their spanning surfaces
in Table[2 Note that canonization increases the size of cycles by one or two orders of
magnitude. Thisis partially the reason we try to avoid performing the link detection if
possible.
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Table 1. H defines a Hopf link. G is Gramicidin A, a small protein. M is a protein
monomer. Z is aportion of a periodic zeolite structure. K is a human cyclin-dependent
kinase. D isaDNA tile.

# simplices of dimension d
0] T 2 3
100| 1,752| 3,240 1,587|| 6,679
318| 2,322| 3,978 1,973|| 8,591
1,001 7,537 13,018 6,481|| 28,037
1,296|11,401| 20,098| 9,992|| 42,787
2,370|17,976| 31,135|15,528|| 67,009
7,774(60,675| 105,710| 52,808 | 226,967

total

OXNZIOI

Fig.12. Complex Kg16s Of K hastwo components and seventeen cycles. The spanning
surfaces are rendered transparently.

Links. In Table[3] we show that our component tree and augmented trees are very fast
in practice to generate p-linked pairs. We aso show that our bounding box heuristic
for reducing the number of p-linked pairs increases the computation time negligibly.
The heuristic is quite successful, moreover, in reducing the number of pairs we have to
check for linkage, eliminating 99.8% of the candidates for dataset Z. The differences
in total time of computation reflect the basic structure of the datasets. Dataset D has
a large computation time, for instance, as the average size of the p-linked surfaces is
approximately 264.16 triangles, compared to about 1.88 triangles for dataset K, and
about 1.73 triangles for dataset M.

Discussion. Our initial experiments demonstrate the feasibility of the algorithms for
fast computation of linking. The experimentsfail to detect any links in the protein data,
however. Thisis to be expected, as a protein consists of a single component, the pri-
mary structure of a protein being a single polypeptide chain of amino acids. Links, on
the other hand, exist in different components by definition. We may relax this defini-
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Table 2. On the |eft, we give the time to generate and canonize basis cycles, aswell as
their number. On the right, we give the average length of cycles and size of surfaces,
before and after canonization.

timein seconds
generate]canoni zeJtotal

0.08 0.04 |0.12]] 1,653
0.08 0.03 |0.11| 2,005
0.28 0.20 |0.48| 6,537
0.46 0.46 |0.92|| 10,106
0.72 101 |1.73|| 15,607
2.63 294 |5.57|| 52,902

avg cycle length||avg surface size|
before] after ||before] after

3.06] 51.03| 1.06] 63.04
326 13.02|| 138 52.28
329 34.18| 133 7118
471 25.33|| 3.26] 117.81
348 67.87|| 1.62] 166.70
346 39.94|| 181 158.99

# cycles

OXNZOI
OXNZOI

Table 3. Timeto construct the component tree, and the computation time and number of
p-linked pairs (alg), p-linked pairs with intersecting bounding boxes (heur), and links.

tree time in seconds| # pairs
alg [heurlinks]| alg | heur Jlinks
0.01/(0.00{0.00| 0.01 1 1

0.00)(0.01{0.02| 0.02 112 0
0.03(|0.06{0.06| 0.23|| 16,503(14,968
0.04(|0.07|0.07| 0.13 || 169,594 308
0.06{|0.13(0.16| 0.36|| 12,454{11,365
0.27)|0.56(0.82| 8.22| 98,522| 4,448

OXNZOI
cocoococor

tion easily, however, to alow for links occurring in the same component. We have im-
plementations of algorithms corresponding to this relaxed definition. Our future plans
include looking for linksin proteins from the Protein Data Bank [|16]. Such links could
occur naturally as a result of disulphide bonds between different residuesin a protein.

7 Conclusion

In this paper, we develop agorithms for finding the linking numbers of a filtration.
We give agorithms for computing bases of 1-cycles and their spanning surfaces in
simplicial complexes, and enumerating co-existing cycles in different components. In
addition, we present an algorithm for computing the linking number of apair of cycles
using the surface formulation. Our implementations show that the algorithms are fast
and feasible in practice. By modeling molecules as filtrations of apha complexes, we
can detect potential non-trivial tangling within molecules. Our work is within a frame-
work for applying topological methods for understanding molecular structures.
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Abstract. An important aspect of homology modeling and protein design al-
gorithms is the correct positioning of protein side chains on a fixed backbone.
Homology modeling methods are necessary to complement large scale structural
genomics projects. Recently it has been shown that in automatic protein design
it is of the uttermost importance to find the global solution to the side chain po-
sitioning problem [1]. If a suboptima solution is found the difference in free
energy between different sequences will be smaller than the error of the side
chain positioning. Several different algorithms have been developed to solve this
problem. The most successful methods use a discrete representation of the con-
formational space. Today, the best methods to solve this problem, are based on
the dead end elimination theorem. Here we introduce an alternative method. The
problem is formulated as a linear integer program. This programming problem
can then be solved by efficient polynomial time methods, using linear program-
ming relaxation. If the solution to the relaxed problem isintegral it corresponds to
the global minimum energy conformation (GMEC). In our experimental results,
the solution to the relaxed problem has always been integral.

1 Introduction

Within the near future the approximate fold of most proteins will be known, thanks to
structural genomics projects. The approximate fold of a protein is not enough though,
to obtain a full understanding of a molecular mechanism or to be able to utilize the
structure in drug design. For this a complete model of the protein is often needed. The
main procedure today to obtain a complete model is by “homology modeling”. The
process of homology modeling often includes the positioning of amino acid side chains
on a fixed backbone of a protein. Another area that has recently become important is
the area of automatic “protein design”. Here the goal is to obtain a sequence that folds
to a given structure. Mayo and coworkers have shown that it is possible to perform
automatic designs [I1]. One crucial step in their procedure is to find the optimal side
chain conformation.

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 128-{141] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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There are two common features to most algorithms that try to solve this problem.
The first one is to discretize the allowed conformational space into “rotamers’ rep-
resenting the statistically dominant side chain orientations in naturally occurring pro-
teins [2/3]. The rotamer approximation reduces the conformation space and makes it
possible to use a discrete formulation of the problem. The second feature is the use of
an energy function that can be divided into terms depending only on pairwise interac-
tions between different parts of the protein. The total energy of a protein in a specific
conformation, E ¢, can therefore be described as

EC = Ebackbone + Z E(ZT) + Z Z E(Zr]s) (1)
i i >

Eyackbone 1S the self-energy of the backbone, i.e. the interaction between all atomsin
the backbone. E(i,.) is the self-energy of side chain ¢ in its rotamer conformation i ,.,
including its interaction with the backbone. E(i,.j,) is the interaction energy between
side chain 4 in the rotamer conformation ¢, and the side chain 5 in the rotamer confor-
mation j,. Inthis study we will keep the backbone of the protein fixed and only change
the side chain rotamers. The term Ep.crp0ne Will therefore not contribute to any differ-
ence in energy between two protein conformations and can be ignored. The problem
we want to solve can thus be defined as; given the coordinates of the backbone and a
specific rotamer library and energy function, find the set of rotamers that minimizes the
energy function. The solution space of this problem obviously increases exponentially
with the number of residues included.

Fig. 1. Schematic Drawing of Different Rotamersin a Fantasy Protein.

1.1 Methods Used Today

There are several types of solution methods to the side chain positioning problem. Here
we briefly review three of them.
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Stochastic Algorithms. Several groups have devel oped stochastic algorithms, such as
Monte Carlo simulations [[4] and Genetic Algorithms [[5] to solve the side chain posi-
tioning problem. The rotamer approximation together with the energy function makesit
possibleto view the problem as a discrete energy landscape where each point represents
a specific rotamer combination and an assigned energy. To find a global minimum of
the energy landscape these algorithms sample solutions semi-randomly and then move
from one possible solution to another in a manner that depends both on the nature of
the energy landscape and on specific rules for movement. With this approach you only
need to compute the energy for the sampled conformations. Another advantage of these
algorithmsis that you can alow the structure of the protein to vary continuously if you
want. One limitation, on the other hand, is that you are never guaranteed to have found
the global minimum.

Pruning Algorithms. The most frequently used algorithms in this category are based
on the dead end elimination theorem (DEE) [[6,7/8/9]. DEE-based methods iteratively
use rejection criteria. If a criterion is fulfilled it guarantees that a certain rotamer or
combination of rotamers cannot be a part of the GMEC. This reduces the conformation
space significantly and hopefully at the end a single solution remains. |If DEE-based
methods convergeto a single solution they are guaranteed to have found the global min-
imum energy. During the last few years methods based on this theorem have devel oped
considerably and can now solve most side-chain positioning problems [[10]. However
in protein design there is a limit beyond which this method fails to converge and other
inexact methods have to be used [[10]. The reason for thisis that protein design requires
alargerotamer library [9].

Mean-Field Algorithms. A third approach is to use mean field agorithms [[11]. Here
all rotamers of al side chains can be thought of as existing at the same time, but with

different probabilities. Each residueis considered in turn and the probabilitiesfor al ro-

tamers of that side chain are updated, based on the mean field generated by the multiple
side chains at neigbouring residues. The procedure is repeated until it converges. The
predicted conformation of aside chainis chosen to be the rotamer with the highest prob-

ability. An advantage of self consistent mean field algorithmsis that the computational

time scales linearly with the number of residues. Unfortunately, there is no guarantee
that the minimum of the mean-field landscape correspondsto the true GMEC.

2 The Side Chain Positioning Problem Formulated as an I nteger
Program

The side-chain positioning problem can be formulated as a classical mathematical pro-
gramming problem. To this end it is necessary to introduce some notations and back-
ground. Mathematical programming concerns maximizing (or minimizing) a function
of decision variables, which we denote by =, in the presence of constraints, which re-
strict the variables x to belong to a set F' of admissible values, the feasible set. The
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function to optimize, the objective function, is denoted f(x). A maximization prob-
lem can easily be turned into a minimization problem by changing the sign of f(z). A
general mathematical programming problem can then be stated as

Minimize f(x)
subjectto g¢;(z) <0, i=1,...,m

In that case the decision variables only can take integer values we have an integer pro-
gramming problem. The easiest programming problems have continues variables and
linear constraints and objective functions. These are called linear programming (LP)
problems. Please refer to [12/13] for a thorough introduction to linear programming
and integer programming.

It is possible [8], to rewrite the energy function () so that it only contains terms
depending on pairs of side chains, i.e., the energy of a conformation can be written as

Ec =% E'(ir,js). @)
i >
This benefits our problem formulation. Let the decision variables be

1 if sidechaini isin rotamer » and side chain j isin rotamer s
Tirds =) 0 else ©)]

wherei = 1...n4, 5 = 2...ng, 1 < j and ng. is the number of side chains. The
total energy of the system (not just one conformation as before) can then be calcu-
lated as a sum, consisting of all possible variables, one for each rotamer combination,
ir, js, timestheir respective energy contribution to the total energy e, ;. = E’(ir, js),
see equation ([@). The energy e;, ;. is calculated assuming both of these rotamers are
included in the conformation. The total energy, F ;.. isthen:

Eior = Z Z Z Z €4y jis Tir s 4
T j>i s

where

S wi,y, =1foraliandj, i <j ©)

T

z :xhqvir = 2 :xgp,i,r = 2 :ximjs = E Ly ky (6)
q P s t

foral g, h,i,j,kandr, h,g <i<jk

i, 5. €{0,1} ()

Thefirst condition (B) together with (@) are to assure, that a certain pair of side chains, i
and 7, only can exist in onerotamer-state, 7, and j,. If you consider acertain pair of side
chains, say ¢ and j, and think of all possible combinations of rotamer states that these
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two side chains could possibly take, then only one of these combinations can exist. This
could for example be ¢,- and j,. The second condition () states that one side chain can
only exist in one rotamer state, independent of the rotamer states of other side chains.
This assures that it can not exist in one state in relation to one side chain and another
state in relation to another side chain.

This alows us to formulate a minimization problem as:

Minimize: FEior (8
subject to: (B) @) (@)

Thisis alinear integer programming problem. We can rewrite it in matrix form:
zrp = min{cz|Az = b,z € {0,1}"} 9

where A isanm x n matrix and b and ¢ vectors of appropriate dimensions. In our case
all components of A are 0,1 or —1, the components of b 0 or 1 and ¢ consists of real
values. The condition (G) can of course be implemented in different ways to obtain this
form. We refer to the Appendix for a description of our approach. A small examplein
Table[d] shows what the integer program can look like for asmall side chain positioning
problem and our implementation.

In genera, integer problems are hard to solve. By relaxing the integral constraints,
that is, dlowing 0 < z;, ;, < 1instead of x;. ;, € {0,1}, we can turn this problem
into a LP-problem to which there exist several efficient algorithms. If the solution to
the LP relaxed problem isintegral, z;, ;. € {0,1} then it is an optimal solution to
the original problem [[13]. This means that if we solve the relaxation of the side chain
positioning problem (8) and the solution turns out to be integral, it corresponds to the
GMEC. Thelinear programming relaxation is as follows

zrp = min{cz|Az = b,0 < z < 1} (10)

The feasible solution set of the problem, F/(LP), definedby Ax = band0 < z < 1,
forms a convex polyhedron, asit is an intersection of a finite number of hyper-planes.
The LP-problem is well defined in that either it is infeasible, unbounded, or has an
optimal solution. An optimal solution to an LP problem can always be found in an ex-
treme point of the polyhedron (if there exists an optimal solution). For amore thorough
introduction to the ideas of the linear programming methods we refer to [[12].

It can be shown that thereis a polynomial time method to solve L P, the proof is nor-
mally based on the ellipsoid method [[14]. This method is, however, not appreciated in
practice dueto its slowness. Today, two popular methods are used. Theidea of the sim+
plex method is to move from one extreme point to another in such away that the value
of the objective function will always decrease or at least not increase. Thisis done until
aminimum is reached or until the problem is found to be unbounded. Although thereis
an exampl e showing that the simplex algorithmis of exponentia time, itisvery efficient
if implemented well andin redlity it is often of polynomial time[[15]. Theinterior point
methods is a family of algorithms that stay in the strict interior of the feasible region,
such as using a barrier function. The term grew from Karmarkar's algorithm to solve
a LP-problem [[16]. Except for certain extreme worst cases, the interior point method
runsin polynomial time.
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Table 1. The A4, b and ¢ matrix, see (I0) of atrivial example protein with four residues
a, b, c and d, where a hasthreerotamers a1, as, as, b two, ¢ three and d two rotamers.
These matrices are used as the input to the simplex algorithm. The order of the de-
cision variables x are also shown. In these matrices the row: (ab=1) corresponds to
oY Ta, b, = 1, (alb=alc) correspondsto Y xa, b, = Y, Tay,c, and (alc=ald)
correspondsto Y, 4, ., = Y, Tas,d, - SO therows (alb=alc) and (alc=ald) together
say that rotamer a; either exists or not and can not do both on the same time. The rest
of the rows correspond to similar constraints.

T = ($a1b1xﬂ1b2 Tajey Layep Tajez Lajdy Laydy Lagby - - - Lagdy Tazby - - - Lazdy Lbicy Lbico
Tbicg Lbydy Thidy Lbycy - -+ Thady LTeydy Leydy Tepdy Legdy Legdy Z'C3ri2)
c= (1.43... —0.54)

A b
11000001100000110000000000000000000001 (ab=1)
11-12-1-100000000000000000000000000000000 0 (alb=alc)
00111-2-2000000000000000000000000000000 0 (alc=al1d)
000000011-2-2-20000000000000000000000000 0 (a2b=a2c)
000000000111-2-100000000000000000000000 0 (a2c=a2d)
100000010000001000000-1-1-2100000000000000 (b1la=bic)
000000000000000000000112-2-200000000000 0 (b1c=b1d)
01000000100000010000000000-2-1-100000000 0 (b2a=b2c)
001000000100000010000-210000-10000000000 0 (cla=clb)
0000000000000000000001000010000-1-10000 0 (clb=cic)
0001000000100000010000-10000-21000000000 0 (c2a=c2b)
000000000000000000000010000100000-1-100 0 (c2b=c2c)
00001000000100000010000-10000-2100000000 0 (c3a=c3b)
00000000000000000000000100001000000-1-1 0 (c3b=c3d)
000001000000100000010000-20000-10000000 0 (d1a=d1b)
0000000000000000000000001000010-10-10-100 (d1b=dic)
0000001000000100000010000-10000-1000000 0 (d2a=d2b)
00000000000000000000000001000010-10-10-1 0 (d2b=d2c)

To use LP-methods a one when solving an integer problem we have to prove that
the solution we find is always integral. We have not been able to do so but our results
indicate that this could be the case. If the the solution is fractional, branch and bound
methods can be used in combination with LP to get an integer solution.

Time Complexity. Let ng. bethe number of side chainsand n ..+ be the average num-
ber of rotamer states for each side chain. Then the integer programming formulation of
the problem (8) will give approximately n2.n,.. number of constraints. For the sim-
plex agorithmit isusually counted on that the number of iterations grows linearly with
the number of constraints of the problem and the work for each iteration grows as the
square of the number of constraints [[15]. That is the computational time of solving the
relaxed problem by the simplex method should be in the order of O(n6,). If we look
at the average number of rotamersfor each residue the time complexity for the ssmplex
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agorithm ought to be O(n2,,). This is under the assumption that the solution to the
relaxed problemisintegral and therefore the final solution.

3 TheDead End Elimination Theorem

Dead end elimination methods seeksto systematically eliminate bad rotamersand com-
bination of rotamers until a single solution remains. Thisis done by the iterative use of
different criteria of elimination, which make it possible to exclude rotamers from being
apart of the GMEC.

It is necessary for the DEE methods that the energy description is pairwise as de-
scribed in equation (). Let us consider oneresidue, say residues and let {C’} be the set
of all possible conformationsof the rest of the protein, that is, all possible combinations
of rotamers of al side chains except side chain . Now consider two rotamers of residue
i, namely i,. and 4;. If every protein conformation with .. is higher in energy than the
corresponding conformation with ¢, for all possible configurations of non-i residues
then,

E(ir) + Y E(irjs) > Eit) + Y E(irjs) all C’ (11)
J: 374 J: 374
and the rotamer 4,. cannot be a member of the GMEC. The inequality (1)) is not easy
to check computationally since {C’} can be huge. Instead one can get amore practical,
but weaker, condition by just comparing that case where the left side of ([IT) is highest
in energy with the case where theright side islowest in energy. This can be done by the
following inequality known as the DEE-theorem introduced by Desmat et al. [[6]

E(i,) + Y minE(iyjs) > E(iy) + Y max E(iyjs) i # j. (12)
PR i

The theorem states that the rotamer .. is a dead ending, thus precluding i, to be a
member of the GMEC, if the inequality (I2) holds true for any rotamer i, # i, of
the side chain i . For a proof of this theorem we refer to [[6]. In words inequality (12)
says that rotamer ¢, must be a dead ending if the energy of the system taken at i ,.:s
most favorable interactions with al the other residues are bigger than the energy of
another rotamer ( i;) at its worst interactions. The best and worst interactions are given
by “choosing” that rotamer which gives the lowest, respectively the highest, value for
each interaction term. Desmat also described how the criteria could be extended to the
elimination of pairs of rotamersinconsistent with the GMEC.

A more powerful version of these criteria was introduced by Goldstein [[7]. It sub-
tractsthe right-hand side from thel ft in equation ([12) before applying the min operator.

E(iy) = E(iy) + ) min(E(irjs) — Eirjs)) > 0 (13)

JJ#0
This criterion saysthat i,. is adead ending if we can always lower the energy by taking
rotamer 4, instead of i,. while keeping the other rotamers fixed. Goldstein’s criterion

can also be extended to pairs of rotamers inconsistent with the GMEC. These criteria
are used iteratively and one after each other until no more rotamers can be eliminated.
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If the method converges to a single solution, this is guaranteed to be the GMEC. In
computational time calculation using the rotamer-pairs is significantly more expensive
than with single rotamers.

Other improvements of the DEE-method have been done [[9/17]. They have made
it possible to eliminate more rotamers and to accelerate the process of elimination.
Today DEE based methods can handle most side chain positioning problems[[10]. One
still reach a limit though, in design problems where this method fails to convergein a
reasonable amount of time [10]. This means that the conformational space can not be
reduced to asingle solution. In this study we have only utilized Goldstein’s criterion for
single residues ([I3) .

4 Methods

The energy function used in this study consists of van der Waals forces between atoms
that are more than three bonds away from each other. Van der Waals parameters were
taken from CHARMMZ22 [18] parameter set (par.all22_prot). In this study we have
focused on the agorithmic part of the side chain positioning problem, i. e. finding
the global minimum energy conformation of the model. The next step would be to

use a more appropriate energy function. We used a backbone-independent rotamer li-

brary of R. Dunbrack [[3] (bbind99.Aug.lib), that contains a maximum of 81 rotamers
per residue. Further, all hydrogen atoms were ignored. All calculations have been per-

formed using the backbone coordinates of the lambda repressor (PDB-code: 1r69). The
energy contributions of each rotamer pair to the total energy were calculated in advance
and stored in a vector ¢, see (10). The two matrices A and b were constructed. An ex-
ample of these matrices for a small problem can be seen in Table [Il These matrices
were then used as the input to the linear programming algorithms. First a simplex al-

gorithm, Ip_solve_ 3.1 [[19], was used. Secondly the problem was solved using a mixed
integer programming (mip) algorithm from the CPLEX package [[20]. This algorithm
is designed to solve problems with both integral and real variables. It makes use of the
fact that we have an integer problem, and finds structuresin the input that could be used

to reducethe problem. After arelaxation of theinteger constraintsit solvesthe obtained

L P-program by the simplex method. If the solution is not integral a branch and bound

procedure takes place. We have also tried other algorithms from the CPLEX package
such as primal and dual; smplex, hybrid network and hybrid barrier solvers. The mip

solver gave the best results.

For comparison we have aso performed exhaustive search for up to 10 side chains
and implemented a single-residue based DEE-algorithm, using Goldstein’s criterion
(13). We also implemented a combination of the DEE-theorem and the linear program-
ming (CPLEX-mip). Here we used condition ([I3) iteratively until no more rotamers
could be eliminated and then applied linear programming on the rest of the solution
spaceto find the GMEC.

All agorithms were tested on identical systems, and we assured that the correct
solution was found. In Table [2 the size of the conformational space of some of the
problems can be seen. As several different programswere used for the calculations, it is
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Table 2. Some of the problems used in the study; n ;. isthe number of free side chains,
0t 1Sthe average number of rotamers per side chain. Thefraction of rotamers|eft after
the DEE-search and the total number of conformationsin the problems are aso shown.
The protein used is the lambda repressor (PDB-code: 1r69).

nse|Tirot [NUMber of conformations| % Remaining rot. after DEE|
4115 10°% 0
51|27 1062 0
6|24 1071 0
8 |15.7 1081 42
10|16.2 10105 33
12| 21 10134 5.0
13(19.6 1088 5.0
15|27.8 10176 3.0
20 (28.8 10229 9.9
271|259 10395 14.3
33275 10382 17.0
351|285 10440 16.0
43265 10481 15.4

not trivial to compare the absolute computational time needed. It is, however, possible
to compare their complexity.

5 Resultsand Discussion

Today there are mainly three types of methods used for the side chain positioning
problem, stochastic methods, mean-field algorithms and DEE-theorem based methods.
Stochastic methods and mean-field algorithms always find a solution, however this is
not guaranteed to be optimal. If a DEE method converges to one solution, it is guar-
anteed to be the global optimal solution. However, for larger problems DEE methods
do not always converge. Therefore, the remaining solutions have to be tested by e.g.
exhaustive search. Here we introduce a novel method using linear programming. If the
solution from the LP-method is integra it corresponds to the GMEC.

Integral Solutions. In our experiments, see below, the solutions were controlled for
integrality and so far we have never found a fractional solution. The mip method from
the CPLEX packageis madefor integer programs. It uses asimplex solver, followed by
branch-and-bound with simplex if the solution is not integral, see Section [4l. In our ex-
periments the branch-and-bound part of the agorithm was never used. We have also
used primal and dual; simplex, hybrid network and hybrid barrier solvers from the
CPLEX package. We received integral results from al these solvers. To examine if the
energy function has any effect on the integrality of the solutions we have tried different
nonsense energy functions on a test case with the simplex agorithm. All the solutions
found were integral .
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Expected time 0 linear g

10° L 4 0 =lIp solve 3.1 4
4 Q X = cplex-mip
+ = exhaustive search

I
10! 10
number of sidechains

Fig.2. Experimenta studies of the complexity of the two linear programming algo-
rithms versus the number of side chains. The circles represent the simplex method and
the crosses the mip method. The complexity is approximately O(n3.) and O(n3.) re-
spectively. For comparison a curve representing the exhaustive search is also included.

Experimental Time Complexity. First the number of free side chains was increased,
nse, t0 examine the time behavior of the linear programming methods. The computa-
tional time for the mip method and the simplex method (from Ip solve 3.1) are shown
in Figure[2 It can be seen that the time scales approximately as O(n?,) for the mip
method and as O(n?2,) for the simplex method. This agrees quite well with the estima-
tion of the complexity (see Section [2), where the computational time was calculated
to scale as O(n¢,) for the simplex method. Furthermore, it shows the superiority of
the mip-method. The reason that the mip-method has a better complexity is due to the
preprocessor, which finds structures in the input that can reduce the problem size and
increase the speed. This also means that there probably exists better ways to implement
the conditions of (8).

In protein design the average number of rotamersfor each side chain, n .o¢, iS often
very large. Therefore, it is interesting to study the complexity of the LP-algorithms
versus n,..¢. Our estimation of the time complexity for the simplex method on the side
chain positioning problem is O(n3,,), see Section[2. This agrees quite well with our
experimental study, see Figure[3, where the complexity is approximately O(n22) both
for the simplex and mip algorithms.

Comparison with the DEE-Method. The DEE-method is a pruning method that con-
secutively eliminate parts of the conformation space. First, simple criteria with a low
complexity are used and then slower methods are applied until convergence. For large
design problems DEE-methods do not converge in a reasonably amount of time [[10].
This means that the time complexity for large system could be exponential and not
polynomial. All this makes it difficult to calculate an overall time complexity of DEE-
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10"

time (s)

0 =Ip solve 3.1

X = cplex-mip

* = DEE and exhaustive search

107
10

10
number of rotamers

Fig. 3. Experimental studies of the complexity of the two linear programming algo-
rithms used in this study versus the number of rotamers. The number of side chainsis
8. The circles represent the simplex method, the crosses the mip method and the stars
a DEE-algorithm with a final exhaustive search, see methods. For a problem of this
size the DEE-algorithm almost converges. Therefore, the computational time of the ex-
haustive search is negligible. The complexity is approximately O(n 2:2) (mip), O(n23)
(smplex) and O(n2%) (DEE).

rot

methods. In a study by Pierce et a [[17], the time complexity of DEE was estimated
in terms of the cost of the nested loops required to implement each approach. For the
different criteriatheir estimation was between O(n?,n2 ;) and O(n3.n3,,).

sc'rot sc'vrot
To perform a comparison between DEE and LP a part of the DEE method, Gold-
stein’s criterion for single residues was implemented. However, we did not implement
other criteria. The comparison of the two methods can therefore only be seen as an
indication of their relative performance.

In our implementation, where the DEE did not converge to one solution, the re-
maining conformational space was searched exhaustively. When the problem contained
more than approximately 8 residues the DEE a gorithm did not converge. In Figure [
it can be seen that for larger systems our DEE implementation does not show a poly-
nomia complexity. With a more complete DEE-method it ought to be possible to limit
the remaining conformational space so that asingle solution is obtained for much larger
systems. However, the complexity for the DEE algorithm would then be larger.

What might be more interesting is to compare the DEE implementation with the
mip-linear programming method. If one only consider the complexity of the DEE-
algorithm before the exhaustive searchis started, the complexity is approximately equal
to the L P-method, see Figure[4. However, while the L P-method has found the GMEC,
the DEE-algorithm has not converge to a single solution for most problems, Table [2
In Figure[, the time complexity of a combination of this DEE-algorithm and the LP-
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Expected time complexity — Integer programming in combination with DEE
' *
0 = only mip-cplex *
x = DEE and mip-cplex
* = DEE and exhaustive search
+=only DEE

time (s) (logaritmic scale)

number of sidechains (logaritmic scale)

Fig. 4. Experimental studies of the complexity of the mip linear programming algo-
rithm and the Dead End Elimination a gorithm, versus the number of side chains. The
circles represent the linear programming mip method alone, the crosses a combina-
tion of DEE and LP, the stars the DEE with afinal exhaustive search and the ' +'-signs
the DEE-algorithm alone. The complexity for mip and the combined methods is ap-
proximately O(n3,.) and O(n2.%) respectively. The complexity of the DEE part of the
computationis O(n?:2), the dashed line.

agorithm mip is aso shown. Here, the time for the combined method is less than for
mip aone, but the complexity is alittle bit better for mip.

We have also made a study of the DEE-algorithm (Goldstein’s singles criterion)
with an increasing number of rotamers, see Figure B Here the problem was small
enough (8 residues) for the DEE-method to eliminate ailmost all rotamers. The com-
plexity of the DEE-algorithm was O(n?2,,), i.e. dmost identical with the L P-methods.
However, the DEE-algorithm was faster.

6 Conclusions

We have introduced a novel solution method to the problem of optimal side chain posi-
tioning on a fixed backbone. It has earlier been shown that finding the optimal solution
to this problemis essential for the success of automatic protein designs[[1]]. The state of
the art methods include several rounds using different versions of the Dead End Elim-
ination theorem, with an increasing time complexity. This method do not necessarily
convergeto a single solution but the conformational space is reduced significantly and
the remaining solutions can be searched.

By using linear programming (LP) we are guaranteed to find an optimal solution
in polynomial time. If this solution is integral it corresponds to the global minimum
energy conformation. Thisfar in our studies the solutions have always been integral.
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Linear programming is a well studied area of research and many algorithms for
fast solutions are available. We obtained the best results using the mip-method from
the CPLEX package. The time complexity for the mip-method to find the GMEC
was O(n3.n22), while our DEE implementation (Goldstein's singles criterion), had
a similar complexity of O(n?,n2,,). However, for the mip-method the GMEC was
found while for the DEE-method a fraction of the conformation space remained to
be searched. More advanced DEE implementations converge to a single solution for
larger problems, but they use more time consuming criteria, the worst with an esti-
mated complexity of O(n2,n2,,) [L7]. As the complexity for the mip-method has a
smaller dependency on the number of rotamers, the use of LP-algorithms might be best
for problemswith many rotamers, asin protein design. One reason for the effectiveness
of the mip-algorithm is most likely due to the preprocessing of the problem. There-
fore, a reformulation of the input matrices ([I0) to the simplex algorithm, perhaps as a

network [[21], might improve the complexity even further.
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Abstract. There are very few instances in which positive Darwinian selection
has been convincingly demonstrated at the molecular level. In this study, we
present anovel test for detecting positive selection at the amino-acid level. In this
test, amino-acid replacements are characterized in terms of chemical distances,
i.e., degrees of dissimilarity between the exchanged residuesin aprotein. The test
identifies statistically significant deviations of the mean observed chemical dis-
tance from its expectation, either along a phylogenetic lineage or across a subtree.
The mean observed distance is calculated as the average chemical distance over
all possible ancestral sequence reconstructions, weighted by their likelihood. Our
method substantially improves over previous approaches by taking into account
the stochastic process, tree phylogeny, among site rate variation, and alternative
ancestral reconstructions. We provide a linear time algorithm for applying this
test to all branches and all subtrees of a given phylogenetic tree. We validate
this approach by applying it to two well-studied datasets, the MHC class | gly-
coproteins serving as a positive control, and the house-keeping gene carbonic
anhydrase | serving as a negative control.

1 Introduction

The neutral theory of molecular evolution maintains that the great magjority of evolu-
tionary changes at the molecular level are caused not by Darwinian selection acting on
advantageous mutants, but by random fixation of selectively neutral or nearly neutral
mutants [[12]. There are very few cases in which positive Darwinian selection was con-
vincingly demonstrated at the molecular level [|10,22|34,30/23]. These cases are vital
to understanding the link between sequence variability and adaptive evolution. Indeed,
it has been estimated that positive selection has occurred in only 0.5% of al protein-
coding genes[2].

The most widely used method for detecting positive Darwinian selection is based
on comparing synonymous and nonsynonymous substitution rates between nucleotide

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 142-[155] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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sequences[[17]. Synonymous substitutions are assumed to be selectively neutral. If only
purifying selection operates, then the rate of synonymous substitution should be higher
than the rate of nonsynonymous substitution. In the few cases where the opposite pat-
tern was observed, positive selection was invoked as the likely explanation (see, e.g.,
[33/14]). One critical shortcoming of this method is that it requires estimating num-
bers of synonymous substitutions. Because of saturation, such estimation is virtually
impossible when the sequences under study are evolutionarily distant. The estimation
is problematic even if close species are concerned. For example, saturation of substi-
tutions in the third position is evident even when comparing cytochrome b sequences
among species within the same mammalian order [5].

Another method for detecting positive selection is searching for parallel and con-
vergent replacements. It is postulated that such molecular changes in different parts of
a phylogenetic tree can only be explained by the same selective pressure being exerted
on different taxa that became exposed to the same conditions [|23/32]. This method is
limited to the few cases in which the same type of positive Darwinian selection occurs
in two or more unrelated lineages.

A third method of detecting positive selection is based on comparing conservative
and radical nonsynonymous differences [9/7]: Nonsynonymous sites are divided into
conservative sites and radical sites based on physiochemical properties of the amino-
acid side chain, such as volume, hydrophobicity, charge or polarity. Radical and conser-
vative sites and radical and conservative replacements are separately counted, and the
number of radical replacements per radical site is compared to the number of conser-
vative replacements per conservative site. If the former ratio is significantly higher than
the latter, then positive Darwinian selection is invoked. By using this method, positive
selection was inferred for the antigen binding cleft of class | major-histocompatibility-
complex (MHC) glycoproteins[9] and rat olfactory proteins[l8]. This method for detect-
ing positive selection has the advantage that distant protein sequences can be compared
even when synonymous substitutions are saturated. Another virtue of this method isits
flexibility with respect to the sequence characteristic tested. For example, if we suspect
that polar replacements might be advantageous, a test can be applied with radical re-
placements defined as those occurring between amino-acids with polar and non-polar
residues only. However, this method also has many shortcomings. First, no correction
for multiple substitutions is applicable [[7]. Second, each codon in a pair of aligned
amino-acid is used twice: Once for estimating the number of radical and conservative
sites, and once for estimating the number of radical and conservative replacements.
Third, the method treats replacements between different amino-acids as equally prob-
able. Fourth, the method ignores branch lengths, implicitly assuming independence of
the replacement probabilities between the amino acids and the evolutionary distance
between the sequences under study. Finally, the phylogenetic signal isignored, i.e., the
test is applied to pairwise sequence comparisons rather than testing hypotheses on a
phylogenetic tree.

Thetest for positive selection proposed in this study overcomes the shortcomings of
the radical-conservative test. Our test incorporates a probabilistic framework for deal-
ing with radical vs. conservative replacements. It applies a novel method for averaging
over ancestral sequence assignments, weighted by their likelihood, thus eliminating bias
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which might result from assuming a specific ancestral sequence reconstruction. Thera-
tionale underlying our proposed test is that the evolutionary acquisition of a new func-
tion requires a significant change of the biochemical properties of the amino-acid se-
guence7]. To quantify this biochemical difference between two amino-acid sequences,
we define a chemical distance measure based on, e.g., Grantham’s matrix [|4]. Our test
identifies large deviations of the mean observed chemical distance from the expected
distance along a branch or across asubtreein aphylogenetic tree. If the observed chem-
ical distance between two sequences significantly exceeds the chance expectation, then
it is unlikely that this is the result of random genetic drift, and positive Darwinian se-
lection should be invoked.

Based on the assumed stochastic process, the tree topology and its branch lengths,
we calculate both the mean observed chemical distance and its underlying distribution
for the branch or subtreein question. The mean observed chemical distanceis calculated
as the average chemical distance over al ancestral sequence reconstructions, weighted
by their likelihood, thus, eliminating possible biasin a cal culation based on a particul ar
ancestral sequence reconstruction. The underlying distribution of this random variable
iscalculated using the JTT stochastic model [[11], the tree topology and branch lengths,
taking into account among site rate variation. We provide a linear time algorithm to
perform this test for al branches and subtrees of a phylogenetic tree with n leaves.

In order to validate our approach, we applied it to two control datasets: Class |
maj or-histocompatibility-complex (MHC) glycoproteins, and carbonic anhydrase |I.
These datasets were chosen since they were aready used as standard positive control
(MHC) and negative control (carbonic anhydrase) for positive selection [24]. For the
MHC class | dataset, as reported in [9], we observe positive selection which favors
charge replacements only when applying the test to the subsequences of the binding
cleft (P < 0.01). In addition we observe positive selection which favors polarity re-
placements when using Grantham'’s polarity indices [4] (P < 0.01). When applying
the test to the carbonic anhydrase dataset, no positive selection is observed.

The paper is organized as follows: Section[2 contains the notations and terminology
used in the paper. Section [3 presents the new test for positive Darwinian selection. Sec-
tiond describes the application of thistest to the two control datasets. Finally, Section B
contains a summary and a discussion of our approach.

2 Préiminaries

Let A bethe set of 20 amino-acids. We assume that sequence evolution followsthe JTT
probabilistic reversible model [[11]. For amino-acid sequences this model is described
by a20 x 20 matrix M, indicating the relative replacement rates of amino-acids, and a
vector (Pa, . .., Py) of amino-acid frequencies. For each branch of length ¢ and amino-
acidss and j, the ¢ — j replacement probability, denoted by P;;(t), can be calculated
from the eigenval ue decomposition of M [[13]. (In practice, an approximationto P;;(¢)
is used to speedup the computation[[19].) We denoteby f;;(t) = P;-P;;(t) = P;-Pji(t)
the probability of observing ¢ and 5 in the same position in two aligned sequences of
evolutionary distance¢.
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Let s be an amino-acid sequence. The amino-acid at position 7 in s is denoted by
s;. For two amino-acids a, b € A, we denote their chemical distance by d(i, j). We
assume we have a table of chemical distances between every pair of amino-acids. One
such distance is Grantham’s chemical distance [4]. (Other similar distance measures
appear in [27/16].) Thischemical distance measures the difference between two amino-
acids in terms of their volume, polarity and composition of the side chain. The choice
of which distance measure to use, reflects the type of test we wish to perform. For
example, Grantham’s distance is appropriate when testing whether the replacements
between the sequences under question are more radical with respect to arange of phys-
iochemical properties (volume, charge and composition of the side chain). For testing
whether polarity differences between sequences are higher than the random expecta-
tion, two distance measures are applicable: The first measure is based on dividing the
set of amino-acidsinto 2 categories: Polar (C,D,E,H,K,N,Q,R,S,T,W,Y) and non-polar
(the rest). The polarity distance between two amino-acidsis then defined as 1 if oneis
polar and the other isnot, and 0 otherwise[|9]. The second polarity distanceis defined as
the absol ute difference between the polarity indices of the two amino-acids, and yields
real values [4]. For testing charge differences 3 categories of amino-acids are defined:
Positive (H,K,R), negative (D,E) and neutral (all other). The charge distance between
two amino-acidsis defined as 1 if they belong to two different categories, and O if they
belong to the same category [19].

We define the average chemical distance between two sequences s ' and s2 of length
N asthe average of the chemical distances between pairs of amino-acids occupying the
same position in a gapless alignment of s! and s2:

N
1
D(Sla 32) = N Z d(szlv 812)
i=1

Let 7 be an unrooted phylogenetic tree. For a node v, we denote by N (v) the set
of nodes adjacent to v. For an edge (u,v) € 7 we denote by ¢(u, v) the length of the
branch connecting v and v.

3 A Test for Positive Darwinian Selection

In this section we describe a new test for detecting positive Darwinian selection. The
input to the test is a set of gap-free aligned sequences and a phylogenetic tree for them.
We first present a version of our test for a pair of known segquences. We then extend
this method to test positive selection on specific branches of a phylogenetic tree under
study. Finally we generalizethe test to subtrees (clades) and incorporate among site rate
variation.

3.1 Testing Two Known Sequences

Let s' and s2 be two amino-acid sequences of length N and evolutionary distance ¢.
The underlying distribution of D(s?, s?) isinferred as follows. The expectation of the
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chemical distance at positioni is:

E(d(s},s7)) = ) d(a,b)fa(t)

a,be A

Assuming that the distribution of the chemical distancein each positionisidentical, we
obtain

E(D(s',s%) = N Z E(d(si, 7)) = E(d(s1, 1))
The variance of the chemical distance at position i is:

V(d(s},s?) = E(d(s}, s7)*) = E(d(s}, s7)* = ) d(a,b)* fap(t) = E(d(s], 57))?
a,be A

and assuming further that sequence positions are independent, we obtain

V(d(sy, 51))

V(D s?) =

For practical valuesof NV, D(s!, s?) is approximately normally distributed with ex-
pectation E(D(s!, s?) and standard deviation \/V (D(s, s2)). This allows us to com-
pute for each observed chemical distance d, the probability that it occurs by chance,
i.e, its p-value. If the observed chemica distance is found above the 0.99 percentile
of the normal distribution, we conclude that replacements in these two sequences sig-
nificantly deviate from the expectation, and suggest positive selection to explain this
phenomenon.

3.2 TestingaTreelLineage

Here we first describe a general method to apply pairwise tests to a phylogenetic tree.
Suppose that we wish to test a statistical hypothesis on a specific branch of the phy-
logenetic tree. Also suppose that we have a procedure to test our hypothesis on a pair
of known sequences, like the procedure described above. In order to test our hypoth-
esis on a specific branch, we could first infer the corresponding ancestral sequences
(using, e.g., maximum likelihood estimation [[20]) and then check our hypothesis. In-
ferring ancestral sequences and then using these sequences as observationswas donein
e.g., [31]. This approach, which treats estimated reconstructions as observations may
lead to erroneous conclusions due to biasin the reconstruction. A more robust approach
is to average over al possible reconstructions, weighted by their likelihood. By aver-
aging over all possible ancestral assignments, we extend our test to hypothesis testing
on a phylogenetic tree, without possible bias that results from reconstructing particul ar
sequences at internal tree nodes.

We describe in the following how to apply our test to a specific branch connecting
nodesx andy inatree 7. Sincewe assume that different positions evolveindependently
we restrict the subsequent description to asingle site.
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Each branch (u,v) € 7T partitions the tree into two subtrees. Let L(u, v, a) denote
the likelihood of the subtree which includes v, given that v is assigned the amino-acid
a. L(u, v, a) can be computed by the following recursion equation:

Lu,v,a)= [ 1D Pult(v,w)) L(v,w,b)}

we(N(v)\{u}) beA

For aleaf v at the base of the recursion we have L(u, v,a) = 1, assuming amino-acid
ainv,and L(u, v, a) = 0 otherwise.
Thelikelihood of 7 isthus:

Pr= " fu(t(u,v))- L(u,v,b) - L(v,u,a)

a,be A

where (u, v) isany branch of 7.
Suppose that the data at the leaves of 7 isw = (ws, ..., w,). The mean observed
chemical distance for agiven branch (z,y) € 7 can be calculated as follows:

D([E,y) = Z Pr(x =a,Yy= b|w) d(avb)
a,be A

N PLT a%{d(“’ b) - far(tl@,y)) - L.y, b) - L{y, z, )}

It remains to compute the null distribution of this statistic. The expectation of
D(z,y) (with respect to al possible leaf-assignments) is as follows:

E(D(e.y) = Y. Pr(z) 3. Pr(z =a,y=1bl2)-d(a,b)

zEA" a,be A

= > dla,b) 3 Pr(z)- Pr(z=a,y=bl2)

a,be A ze A"

= > d(a,b)- fan(t(z,y))

a,be A

We concludethat E(D(z,y)) is the same as in the known-sequences case. For the
variance of D(x, y) wehaveno explicit formula. Instead, weevaluate V (D(x, y)) using
parametric bootstrap [[25]. Specifically, we draw at random many assignments of amino-
acids to the leaves of 7 and compute D(x, y) for each of them, thereby evaluating its
variance. An assignment to the leaves of 7 is obtained as follows: We first root 7
at an arbitrary node r. We then draw at random an amino-acid for r according to the
amino-acid frequencies. We next draw amino-acids for each child of r according to the
appropriate replacement probabilities of our model, and continuein this manner till we
reach the leaves.

Finally, since D(z,y) is approximately normally distributed, we can compute a p-

value for the test, which is simply Pr(Z > 2@ -E@@)y where 7 ~
Py Pr(z = = Amen )

Normal(0,1). Note, that if the test is applied to severa (or all) branches of the tree,
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then the significance level of the test should be corrected in accordance with the number
of tests performed, e.g., using Bonferroni’s correction which multiplies the p-value by
the number of branches tested.

The agorithm for testing the branches of a phylogenetic tree 7 is summarized in
Figure[ For each branch (x,y) € T the algorithm outputs the p-value of the test for
that branch. In the actual implementation we used M = 100.

PositiveSelectionTest(7):

Root 7 at an arbitrary node r.

Draw M assignments to the leaves of 7~ using parametric bootstrap.

Traverse 7 bottom-up, computing along the way for every (u,v) € T,a € A
the value of L(u,v,a), where u isthe parent of v.

Traverse 7 top-down, computing along the way for every (u,v) € 7,a € A
the value of L(v, u, a), where u is the parent of v.

For every (z,y) € 7 do:
Calculate D(z,y) and E(D(zx,y)).
Evauate V(D(z,y)).
Output the p-value for the branch (z, y).

Fig. 1. An Algorithm for Testing the Branches of a Phylogenetic Tree 7.

Theorem 1. For a given phylogenetic tree 7 with n leaves, the algorithm tests all
branchesof 7 in O(n) time.

Proof. Given L(u,v,a) for every (u,v) € 7 and every a € A, it is straightforward to
compute D (u,v) for @l (u,v) € 7 inlinear time. The computation of E(D(u,v)) and
V(D(u,v)) isclearly linear. The complexity follows.

3.3 Testing a Subtree

In this section we present an extension of our method to test subtrees of a given phylo-
genetic tree 7. This is motivated by the consideration that if a clade of contemporary
seguences has undergone positive Darwinian selection, we cannot necessarily assume
that this selection occurred solely aong the branch leading to that clade. A reasonable
scenario is that the selection was continuous and occurred along severa or al branches
of the subtree corresponding to this clade. In such a case, the test we have just described
may not detect any significant positive selection along any specific branch. Hence, we
areinterested at testing for positive selection across subtrees as well.

For a subtree 7’ of 7, we define the mean observed chemical distance D(7’) as
the average observed distance along its branches (i.e., the sum of the observed distance
for each branch divided by the number of branchesin 7). Clearly, the expectation of
D(7T") isequd to the average expectation of the branchesof 7. Thevarianceof D(7”)
can be evaluated using parametric bootstrap. We then use the normal approximation to
compute a p-value for this test. We conclude:

Theorem 2. For a given phylogenetic tree 7 with n leaves, the complexity of testing
all its subtreesisO(n).
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3.4 Introducing among Site Rate Variation

The rate of evolution is not constant among amino-acid sites [28]. Consider two se-
quences of length V. Suppose that there are on average ! replacements per site between
these sequences. This means that we expect [N replacements altogether. How many
replacements should we expect at each particular site? Naive models assume that the
variation of mutation rate among sites is zero, i.e., that all sites have the same replace-
ment probability. Model s that take this Among Site Rate Variation (ASRV) into account
assume that at the j-th position the average number of replacement isir[;], where each
r = r[j] is arate parameter drawn from some probability distribution. Since the mean
rate over al sitesis!, the mean of r isequal to 1. Yang suggested the gamma distribu-
tion with parameters o and (3 as the distribution for r, and since the mean of the gamma
distribution /3, must beequal to 1, o = 3 [28], that is:

efar,,,ozfl

I'(a)

flrio, B) =

Maximum likelihood modelsincorporating ASRV are statistically superior to those
assuming among site rate homogeneity [[28]. They also help avoiding the severe under-
estimation of long branch lengths that can occur with the homogeneous models [[15].

In this study we use the discrete gamma model with k categories whose means
arery,...,r; to approximate the continuous gamma distribution [[29]. The categories
are selected so that the probabilities of r falling into each category are equal. We thus
assumethat Pr(r =r;) = 1/k.

The incorporation of the discrete gamma model in our test is straightforward. For
each rate category ¢ we calculate both the expected and observed chemica distance,
given that the rate is r;. Thisis equivalent to making the computation in the homoge-
neous case, where al branch lengths are multiplied by the factor ;. The observed and
expected chemical distance for each branch are then averaged over al rate categories.

4 Biological Results

In order to validate our approach, we applied it to two control datasets: Class | major-
histocompatibility-complex (MHC) glycoproteins, and carbonic anhydrase |. We have
chosen to analyze these datasets since they were already used as standard positive con-
trol (MHC) and negative control (carbonic anhydrase) for positive selection tests [[24].

The datasets contain aligned sequences (all sequences are of the same length, and
the best alignment is gapless). Phylogenetic trees were constructed using the MOLPHY
software [1], with the neighbor-joining method [|21] for MHC class I, and with the
maximum likelihood method for carbonic anhydrase I. The reason for the use of two
tree construction methodsisthat in the MHC case we are dealing with 42 sequencesand,
therefore, an exhaustive maximum likelihood approach is impractical. Branch lengths
for each topology were estimated using the maximum likelihood method [13] with the
JTT stochastic model [[11], assuming that the rate is discrete gamma distributed among
sites with 4 rate categories.
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Fig.2. A Phylogenetic Tree for MHC Class | Sequences. Species labels are asin [[9].
The tree topology was estimated by using whole sequences. Branch lengths were esti-
mated for the cleft subsequences only. Each branch was subjected to the positive selec-
tion test on the cleft subsequences. Branchesin bold-face indicate p-value< 0.01.
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41 MHCClassl

The primary immunological function of MHC class | glycoproteins is to bind and
“present” antigenic peptides on the surface of cells, for recognition by antigen-specific
T cell receptors. MHC class | glycoproteins are expressed on the surface of most cells
and are recognized by CD8-positive cytotoxic T cells, an essentia step for initiating
the elimination of viraly infected cells by T-cell mediated lysis. These molecules are
very polymorphic, and it was claimed that this polymorphism is the result of positive
Darwinian selection that operates on the antigen-binding cleft [[9]. Using pairwise com-
parisons of sequences, it was shown that the proportion of nonsynonymous differences
in the antigen-binding cleft that cause charge changes was significantly higher than the
proportion that conserve charge. This suggeststhat peptide binding is at the basis of the
positive selection acting on these loci [[7].

Following [9] we analyzed 42 human MHC class | sequences from three alelic
groups. HLA-A, -B, and -C loci. Most of these sequences are not available in Genbank,
and were copied from Parham et al. [[18]. The length of each MHC class | sequenceis
274 amino acids. The binding site is a subsequence of 29 residues [[18]. The phyloge-
netic treefor MHC class| sequencesisgivenin Figure[2. The o parameter found for this
tree was 0.24. When our clade-based test was applied to the whole tree, no indication
for positive selection was found. The respective z-scores are shown in Table [11

Table 1. A list of z-scores for each of the tests performed on the MHC class | dataset.
Thefirst row contains scores with respect to whol e sequences. The second row contains
results with respect to the binding cleft subsequences, with branch lengths as for the
whol e sequences. The third row contains results with respect to the binding cleft subse-
guences, with branch lengths reestimated on this part of the sequence only. Significant
z-scores (p-value< 0.01) appear in bold-face.

Dataset/Distance Grantham|Charge| Polarity
Grantham|Hughes et al. [9]
Whole -1.30 | 001 | -1.25 1.10
Cleft 9.38 932 | 13.28 5.79
Cleft & cleft-based lengths|  1.08 314 2.78 0.01

When we applied our test to the binding site only, positive selection was found with
very high confidence (P < 0.001). The respective z-scores are shown in Table [l How-
ever, it might be argued, that when only the binding site part of the sequenceis analyzed,
the branch lengths estimated for the whole sequences are irrelevant. Since it is known
that the rate of evolution in the binding site is faster relative to the rest of the sequence,
the branch lengths estimated from the whol e sequences are underestimated. This under-
estimation can result in afal se positive conclusion of positive selection, since we expect
inthis case an excess of radical replacements. To overcomethis problem, branch lengths
were reestimated on the binding site part of the sequence only. Significant excess of po-
lar and charge replacements were found al so with these new estimates (P < 0.01). The
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corresponding z-scores are shown in Table[I. We note, that using the 0-1 polarity dis-
tance of [9], we found no evidence for positive selection. On the other hand, when we
used Grantham'’s polarity indices [4], significant deviations from the random expecta-
tions were observed (see Table[D). The latter distance measureis clearly more accurate
sinceit is not restricted to 0-1 values. We conclude that there is a significant excessin
both charge and polar replacements, and not only in charge replacements, as reported
in[9].

Finaly, we tested specific branches in the tree to find those branches which con-
tribute the most to the excess of charge replacements. Branches whose corresponding
p-value was found to be smaller than 0.01 appear in bold-face in Figure 2l We note,
that since we have no prior knowledge of which branches are expected to show excess
of charge replacements, these p-values should be scaled according to the number of
branches tested. Nevertheless, these high scoring branches lie all in the subtrees cor-
responding to the A and B alleles, matching the findings of Hughes et a. who report
positive selection for these alleles only [19].

4.2 Carbonic Anhydrasel

This dataset comprises of 6 sequences of the carbonic anhydrase | house-keeping gene,
for which there is no evidence of positive selection [[24]. The carbonic anhydrase | se-
quences were the same asin [[24], except that amino-acid sequences were used instead
of nucleotide sequences. Sequence accession numbers are; JINO835 (Pan troglodytes),
JNO0836 (Gorilla gorilla), PO0915 (Homo sapiens), P35217 (Macaca nemestrina),
P48282 (Ovis aries) and P13634 (Mus musculus). The maximum likelihood estimate
of the o parameter for this dataset was 0.52.

When analyzing carbonic anhydrase | sequences, no evidence for positive selection
was found. Thiswas true, irrespective of the distance measures we used: Grantham (z-
score= 0.01), Grantham’s polarity (z-score=—1.04), Hughes et al. polarity (z-score=
—0.49), and charge (z-score= —1.73).

5 Discussion

Natural selection may act to favor amino acid replacements that change certain prop-
erties of amino acids [[7]. Here we propose a method to test for such selection. Our
method takes into account the stochastic model of amino-acid replacements, among
site rate variation and the phylogenetic relationship among the sequences under study.
The method is based on identifying large deviations of the mean observed chemical
distance between two proteins from the expected distance. Our test can be applied to
a specific branch of a phylogenetic tree, to a clade in the tree or, aternatively, over
all branches of the phylogenetic tree. The calculation of the mean observed chemical
distance is based on anovel procedurefor averaging the chemical distance over all pos-
sible ancestral sequence reconstructionsweighted by their likelihood. Thisresultsin an
unbiased estimate of the chemical distance along a branch of a phylogenetic tree. The
underlying distribution of this random variableis calculated using the JTT model, tak-
ing into account among site rate variation. We give a linear time algorithm to perform
thistest for al branches and subtrees of a given phylogenetic tree.
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Two variants of the test are presented: Thefirst isa statistical test of asingle branch
in a phylogenetic tree. Positive selection along atree lineage can be the result of a spe-
cific adaptation of one taxon to some specia environment. In this case, the branch in
guestion is known a priori, and the branch-specific test should be used. Alternatively, if
the selection constraints are continuous, as for example, the selection that promotes di-
versity among alleles of the MHC class 1, the test should be applied to all the sequences
under the assumed selection pressure - a clade-based test.

We validated our method on two datasets. Carbonic anhydrase | sequences served
as anegative control, and the cleft of MHC class | sequences as apositive control. MHC
class | sequences were previously shown to be under positive selection pressure, acting
to favor amino-acid replacements that are radical with respect to charge.

There are, however, some limitations to our method. The method relies heavily on
an assumed stochastic model of evolution. If this model underestimates branch lengths,
one might get false positive results. It is for this reason that it is important to estimate
branch lengths under realistic models, taking into account among site rate variation.
Furthermore, if thetest is applied to specific parts of the protein, such as an apha helix,
areplacement matrix that is specific for this part might be preferable over the more gen-
eral JTT model used in thisstudy (see[l26]). One might claim that if excess of, say, polar
replacementsisfound, it should not beinterpreted asindicative of positive selection, but
rather, as an indication that a more sequence-specific amino-acid replacement model is
required. In MHC class | glycoproteins, however, other lines of evidence[9/24] suggest
positive Darwinian selection.

In the future, we plan to make the test more robust by accommodating uncertainties
in branch lengths and topology. This can be achieved by Markov-Chain Monte-Carlo
methods [I6]. The sensitivity of our test to different assumptions regarding the stochastic
process and the phylogenetic tree will be better understood when more datasets are
analyzed.
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Abstract. In this paper, we consider the problem of computing a maximum com-
patible tree foik rooted trees when the maximum degree of all trees is bounded.
We show that the problem can be solved(ri2**?n*) time, wheren is the
number of taxa in each tree, and every node in every tree has atdhubsi
dren. Hence, a maximum compatible tree farnrooted trees can be found in in
022 p 1) time.

1 Introduction

A “phylogeny” (or evolutionary tree) represents the evolutionary history of a set of
speciesS by a rooted (typically binary) tree in which the leaves are labelled with ele-
ments fromS, and unlabelled internal nodes.

For a variety of reasons, a typical outcome of a phylogenetic analysis of a dataset
can consist of many different unrooted trees, and each tree represents an equally believ-
able estimate of the true tree. Making sense of the set of these trees is then a challenging
prospect.

There are two basic approaches that have been used for this problem. The first ap-
proach (and the most popular) represents the set of trees by a single tree on the full
dataset (i.e. the “consensus tree”). Consensus tree techniques such as “strict consen-
sus” and “majority consensus” are the most popular, and have the advantage that they
are polynomial time. However, consensus tree methods have the disadvantage that they
tend to create consensus trees that lack resolution (and this lack of resolution can be sig-
nificant), meaning that the trees can contain high degree nodes. An alternate approach
seeks a subset of the taxa on which all the trees agree (the “maximum agreement sub-
set” (MAST) approach), which means that when restricted to this subset of the taxa, the
trees are identical. By contrast with the consensus tree approach, the agreement subset
approach is computationally intensive (unless at least one of the trees has low degree);
furthermore, the size of the maximum agreement subset can be verysmall [ 7].

In this paper we consider a different approach to this problem, in which we seek
the largest subset of taxa on which all the trees are “compatible” (meaning that when
restricted to this subset of taxa, the trees share a common refinement). The problem is
suited for the case where the set of trees contains unresolved trees (such as can happen

0. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. [56}163, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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when returning a set of consensus trees, one for each phylogenetic island obtained dur-
ing a search for the maximum parsimony or maximum likelihood tree). In such cases,

it may return a larger subset of taxa than the maximum agreement subset approach, as
illustrated in Figurd_]1. This “maximum compatible set” (MCS) problem is NP-hard for

2 3

MAST(T1, T2) MCT(T1, T2)

Fig. 1. The MCT of T1 and T2 has more leaves than the MAST.

6 or more treeg [5]. We will denote by MCT the tree constructed on the MCS, and call
it the maximum compatible tree. Occasionally, when the context is clear, we will use
MAST to also denote the maximum agreement subtree.

Our result for the MCS problem is an algorithm for the two-tree MCS problem
which runs in timeO(244n?) time, wheren = |S| andd is the maximum degree of
the two unrooted trees. (The algorithm we present is a dynamic programming algo-
rithm and is an extension of the earlier dynamic programming algorithm for the two-
tree MAST problem in[[6].) Thus, we show that the two-tree MCS problem is fixed-
parameter tractable. We extend this algorithm toitiieee MCS problem in which all
trees have bounded degree, obtainiri@(a2*4n*+1) algorithm.

The organization of the paper is as follows. In Secfidbn 2 we give some basic defi-
nitions (we will introduce and explain other terminology as needed). We then present
the dynamic programming algorithm for two-tree MAST, and discuss the challenges in
extending the algorithm to the two-tree MCS problem. In Sedtion 3 we present the dy-
namic programming algorithm for the two-tree MCS problem, the proof of correctness,
and running time analysis. We then show how we extend this algorithm tbk thee
case. In Section]4 we discuss further work in the area.

2 Computing a Maximum Agreement Subtree of Two Trees

In this section, we first present some definitions and then we describe the dynamic pro-
gramming algorithm for computing the maximum agreement subtree of two trees, as
given in [6]. The algorithm actually computes the cardinality of the maximum agree-
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ment subset but can be easily extended to give the maximum agreement subset (or
equivalently the maximum agreement subtree).

Definition 1. Givenaleaf-labelledtreeT onaset S, therestrictionof T'toaset X C S
is obtained by removing all leavesin (S — X') and then suppressing all internal nodes
of degree two. Thisrestriction will be denoted by T'| X .

Definition 2. Givenaset X = {Ty, Tb,..., Ty} of leaf-labelled trees on the set S,
a maximum agreement subset for the set of trees X' isa set X of maximum cardinality
such that thetrees T;| . are all isomorphic. (Theisomorphism must map leaves with the
same label to each other).

Definition 3. Givenaset ¥ = {T1, T, ..., T} } of leaf-labelled treeson the set S, a
maximum compatible subset for the set of trees X isa set X of maximum cardinality
such that the trees T;| X all share a common refinement.

We will first assume that the two tre@sand7” are both rooted (we will later discuss
how to extend the algorithm for unrooted trees). The trees can have any degree, but both
are leaf-labelled by the same sebf taxa.

Let v be a node irll’, and denote by, the subtree ofl’ rooted atv. Similarly
denote by’ the subtree of” rooted at a node in 7". Denote by MASTT,, T,,)
the number of leaves in a maximum agreement subs@t,ofnd T, . The dynamic
programming algorithm operates by computing MAST, T.,) for all pairs of nodes
(v,w) InV(T) x V(T"), “bottom-up”.

We now describe the basic idea of the dynamic programming algorithm. First, the
value MAST(T,, T),) is easy to compute when eitheor w are leaves. Now consider
the computation of MASTT,, T/,) where bothvy andw are not leaves, and Ie€ be a
maximum agreement subsetBf andT,. The least common ancestor&fin T\, may
be v, or it may be a node below. Similarly, the least common ancestor &fin T/,
may bew or it may be a node below. We have four cases to consider:

1. If the least common ancestor &f is belowv in T and similarly beloww in T/,
then| X | = MAST (v;, w;) for some paifv;, w;) of nodes where; is a child ofv
andw; is a child ofw.

2. If the least common ancestor &f is belowv in T but equal tow in T/, then
| X| = MAST (v;, w) for some childv; of v.

3. If the least common ancestor &f is beloww in T’ but equal tov in T, then
| X| = MAST (v, w;) for some childw; of w.

4. If the least common ancestor &f is v in T andw in T, then X is the disjoint
union of X1, Xo, ..., X, where eaclX; is a maximum agreement subset for some
pair of subtreed’,, andT,, (in whichv, is a child ofv andwy is a child ofw).
Furthermore, for eachandj, the pairs of subtrees associatedX¢ and X; are
disjoint. HenceX is the maximum value of a matching in the weighted complete
bipartite graphG (A, B, E) in which A = {v1, v, ..., v;} (for the children ofv),

B = {w1,wy,...,w,} (for the children ofw), and the weight of edgé;, w;) is
MAST(UZ‘, ’LUj).
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This discussion suggests a straightforward dynamic programming algorithm which in-
volves computing)(n?) subproblems, each of which involves computing the maximum
of a number oD (d) values (wheré is the maximum degree of any node in ba@ttand

T'). Each of these values in turn is easy to compute, though the maximum weighted
bipartite matching of ai®(d) vertex graph take®(d? log d) time [4]. The running

time analysis of the MAST algorithm given inl[6] shows it@§n*® log n) if d is not
bounded, buO(n?) if d is bounded.

3 Algorithmsfor the MCS Problem

3.1 Relation between MCSand MAST
We begin by observing the following:

Lemmal. Let T; and 75 be two unrooted leaf-labelled trees. Let X be an MCSof T'
and 7". Then there exists a binary tree T refining 7 and a binary tree T’ refining 75
such that X isa MAST of T{ and T%.

Proof. SinceX is a compatible subset of taxa for the pair of trégsandT5, there is a
common refinemerif* of 77| X andT»| X . Hence we can refin€;, obtaining7y, and
refineT, obtainingT}, so thatl] restricted taX yieldsT™*, and similarlyT’; restricted
to X also yieldsT™*. ThenX is an agreement subsetBf andT}.

This observation is illustrated in Figurek 2 &nd 3. This observation suggests an obvious

T1 T2

MCT(T1. T2)

Fig.2. The MCT of Trees T1 and T2.

algorithm for computing an MCS of two trees: for each way of refining the two trees into
a binary tree, compute a MAST. However, this algorithm is computationally expensive,
since the number of binary refinements ofrateaf tree with maximum degreécan
beO(4"%). Hence this brute force algorithm will not be acceptably fast.
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1 6

T3 T4

MAST(T3. T4)

Fig.3. The MAST of Trees T3 and T4.

3.2 Computingan MCS of Two Rooted Trees

We now describe the dynamic programming algorithm for the maximum compatible set
(MCS) of two rooted trees, both with degree bounded Wlyy this we mean that every
node has at most children). As for the MAST problem, here too the algorithm com-
putes the cardinality of an MCS, but can be easily extended to compute an MCS itself.
This algorithm can easily be extended to produce a dynamic programming algorithm
for computing an MCS of two unrooted trees, by computing an MCS of each of the
pairs of rooted trees (obtained by rooting the unrooted trees at each oflawes).
Furthermore, we also show how to extend the algorithm to handdeted or unrooted
trees.

The basic set of problems we need to compute must include the computation of an
MCS of subtreed’, andT’,, for every pair of nodes andw. (T, denotes the subtree of
T rooted aw, and similarlyT’/, denotes the subtree ®f rooted atw.) We will also need
to include the computation of MCS’s of other pairs of trees, but begin our discussion
with these MCS calculations.

LetT andT' be two rooted trees, and letandw denote nodes ifif andT'’ respec-
tively. Let the children o bewvy,vs, ..., v, and the children ofv bew:, ws, . .., w,.
Let X be the set of leaves involved in an M3 of T,, andT),. Note thatT'| X and
T’|X will only include those children of andw which have some element(s) &f
below them. LetA be the children ob included inT'|X and B be the children ofv
included inT”| X. (Note thatX defines the setd andB.)

Note also that any MCS &F andT’ actually defines an agreement subset of some
binary refinement of’ and some binary refinementdf (Lemma 1). Hencel™* defines
a binary refinement at the noaef |A| > 1, and a binary refinement at the nodef
|B| > 1. In these caseq,* defines a partition of the nodes ifinto two sets, and a
partition of the nodes iB into two sets.

There are four cases to consider:
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1. |A| = |B| =1,i.e A = {v;} andB = {w;} for some: andj. In this case, any
MCS of T\, andTy, is an MCS off’,, andT’, .

2. |A] = 1and|B| > 1, i.e, any MCS off, andT}, is an MCS ofT,, andT’, for
somei.

3. [A] > 1 and|B| = 1, i.e, any MCS ofl’, andTy, is an MCS ofT, andT, for
somej. '

4. |A| >1and|B| > 1.

The analysis of the fourth case is somewhat complicated, and is the reason that we need
additional subproblems. Recall tHat defines a bipartition oft into (4’, A — A") and
Binto (B’, B — B’). Further, recall thai'™* is a binary tree with two subtrees off the
root; we call these subtred§ andT;. It can then be observed that is an MCS of
the subtree of, obtained by restricting to the nodes beleiv— A’ and the subtree
of 7! obtained by restricting to the nodes beld@v— B’. Similarly, T; is an MCS
of the subtree of’, obtained by restricting to the nodes belelt and the subtree of
T, obtained by restricting to the nodes bel@. Hence we need to define additional
subproblems as follows. For eagti C A define the tred’(v, A’) to be subtree of’,
obtained by deleting all the children of(and their descendents) not . Similarly
define the tred” (w, B’) to be the subtree df; obtained by deleting all the children
of w (and their descendents) not BY. The construction of tre# (v, A’) is illustrated

in Figure[4. Now defind/CS(v, A’ w, B') to be the size of an MCS df (v, A’) and

T(V,A")

Fig.4. The Tree T, the Set A’ and the Tree T(v, A).
T'(w, B'f. From the above discussion it follows that:

MCS(v, A, w, B) is the maximum of:

— max{MCS(v,A',w;, Children(w;)) : w; a child ofw},
— max{MCS(v;, Children(v;),w, B) : v; a child ofv},

! The size of a tree is taken to mean the number of leaves in the tree.
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— maz{MCS(v, A", w,B") + MCS(v,A" — A", w,B" — B") : A” andB" are
non-empty proper subsets df andB’, respectively}.

The computation of these subproblems follows the obvious partial ordering, in which
MCS (v, A, w, B) must follow MCS(v', A’,w', B') if both of the following condi-
tions holds:

— v lies abovey’ or [v = v" andA’ C A].
— w lies abovew’ or [w = w’ andB’ C B].

The base cases, in whiehis a leaf orw is a leaf, are easy to compute, and equat
0. For example, ifv is a leaf then necessarily = (), and soM CS(v,d, w, B) = 1 if
v € T"(w, B), and0 otherwise.

Running time analysis There areO(29n) treesT'(v, A), and henceD(22n?) sub-
problems. The computation @f/C'S(v, A, w, B) involves computing the maximum
of 2d + 22? values, and hence takéx22?) time. Hence the running time @(24n?).

3.3 Algorithm for the M CS Problem of k Rooted Treeswith Bounded Degree

We now show how to extend the analysig:tmoted trees. In this case, the subproblems
are2k-tuples of the formM CS(vq, A1, ve, Aa, . .., vk, Ax) Wherev; is a node inZ;
and A; C Children(v;). Hence there ar®(2%¢n*) subproblems. Computing each
subproblem involves taking the maximum®©fkd + 2*?) values. Hence the running
time for the algorithm ig)(22%4n*) time.

3.4 Extension to Unrooted Trees

For each of the algorithms described, extending the algorithm to handle unrooted trees
involves rooting each of the trees at each ofitheaves (for each leaf all the trees are
rooted at that leaf), and then finding the best rooting. This is based on the observation
that given a leaf, the size of an MCS of the trees rooted & the maximum size of a
compatible set for the unrooted trees that includ@sghile rooting the trees at the leaf

[, litself must be excluded from the trees. Hence the size of a maximum compatible set
for the unrooted trees that includewill be actually one more than the size of an MCS

of the trees rooted dj. Since there are leaves, this multiplies the running time by

Theorem 1. We can computean MCSof k£ unrooted treesin which each tree has degree
at most d + 1in O(22kdnk+1) time,

4 Future Work

To conclude we point out that many questions about the MCS problem remain unsolved.
We know that MCS is NP-hard for 6 trees with unbounded degree, but we do not know
the minimum number of trees for which MCS becomes hard. In particular, we do not
know if MCS is NP-hard or polynomial for two trees. It also remains to be seen if there
are any approximation algorithms for the problem, or exact algorithms when only some
of the trees have bounded degree.
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Abstract. This paper discusses a bit-vector implementation of an algorithm that
computes an optimal sequence of reversals that sorts a signed permutation. The
main characteristics of the implementation are its simplicity, both in terms of data
structures and operations, and the fact that it exploits the parallelism of bitwise
logical operations.

1 Introduction

For several good reasons, the problem of sorting signed permutations has received a lot
of attention in recent years. One of the attractive features of this problem is its simple
and precise formulation: Given a permutatiomf integers between 1 angd some of

which may have a minus sign,

m=(m T2...Ty)

find d(r), the minimum number ofeversals that transformr into the identity permu-
tation:
(+1 +2 ... +n).

The reversal operation reverses the order of a block of consecutive elementgiite
changing their signs.

Another good reason to study this problem is comparative genomics. The genome
of a species can be thought of as a set of ordered sequences of genes—the ordering
devices being the chromosomes—, each gene having an orientation given by its loca-
tion on the DNA double strand. Different species often share similar genes that were
inherited from common ancestors. However, these genes have been shuffled by muta-
tions that modified the content of chromosomes, the order of genes within a particular
chromosome, and/or the orientation of a gene. Comparing two sets of similar genes ap-
pearing along a chromosome in two different species yields two (signed) permutations.
It is widely accepted that the reversal distance between these two permutations, that is,
the minimum number of reversals that transform one into the other, faithfully reflects
the evolutionary distance between the two species.

The last, and probably the best feature of the sorting problem from an algorithmic
point of view, is the dramatic increase in efficiency its solution exhibited in a few years.
From a problem of unknown complexity in the early nineties, a time when approximate
solutions were plenty |6], polynomial solutions of constantly decreasing degree were

0. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. [64}-174, 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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successively found?(n?) [B], O(n2a(n)) [3], O(n?) [7], and finallyO(n) [1], for the
distance computation alone. A computer scientist’s delight, knowing that the unsigned
version was proved to be NP-haid [4].

This high level of scientific activity inevitably generated undesirable side-effects.
Complex constructions, useful in the initial investigations, were later proven unnec-
essary. Terminology is not yet standard. For exampleotleelap graphs of [[7] are
different from the ones in |1]. Most importantly, the complexity measures tend to mix
two different problems, as pointed out in [1]: the computation ofrilmaber of neces-
sary reversals, and the reconstruction of one possible sequence of reversals that realizes
this number.

The first problem has an efficient and simple linear solution [1] that can hardly
be improved on. In this paper, we address the second problem with elementary tools,
further developing the ideas dfl[2]. We show that, with any problem of biologically
relevant size, it is possible to implement efficient algorithms using the simplest data
structures and operations: In this case, bit-vectors and standard logical and arithmetic
operations.

The next section presents a brief introduction to the current theory. It is followed by
a discussion of the implementation, and results on simulated biological data.

2 Sorting by Reversals

The basic construction used for computifier), thereversal distance of a signed per-
mutationm, is thecycle graph@ associated withr. Each positive element in the
permutationr is replaced by the sequenze— 1 2x, and each negative element by

the sequencer 2x — 1. Integers 0 an@n + 1 are added as first and last elements. For
example, the permutation

T=(-2-1+4+3+5+8+7+6)

becomes
7r’:(04321785691015161314111217).

The elements of’ are the vertices of the cycle graph. Edges join every other pair of
consecutive elements of, starting with 0, and every other pair of consecutive integers,
starting with(0, 1). The first group of edges, the horizontal ones, is often referred to as
black edges, and the second ascs or gray edges.

Every connected component of the cycle graph is a cycle, which is a consequence
of the fact that each vertex has exactly two incident edges. The graph of Figure 1 has 4
cycles.

The support of an arc is the interval of elements ef between, and including,
its endpoints. Two arcsverlap if their support intersect, without proper containment.

An arc isoriented if its support contains an odd number of elements, otherwise it is
unoriented. Note that an arc is oriented if and only if its endpoints belong to elements
with different signs in the original permutation.

! A cycle graph in which all cycles of length two have been removed is often cabieshkpoint
graph.
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VAN NI ANNN
0 4 3 2 1 7 8 5 6 9
-2 -1 +4 +3 +5

10 15 16 13 14 11 12 17
+8 +7 +6

Fig.1. TheCycleGraphof r=( =2 —1 +4 +3 +5 +8 +7 46 ).

The arc overlap graph is the graph whose vertices are arcs of the cycle graph, and
whose edges join overlapping arcsd. Theoverl ap graph corresponding to the cycle graph
of Figure lisillustrated in Figure 2, in which each vertexislabeled by anarc (2i, 2i+1).
Oriented vertices—those for which the corresponding arc is oriented—are marked by
black dots. Orientation extends to connected component in the sense that a connected
component with at least one oriented vertex is oriented. It is easy to show that a vertex
isoriented if and only if its degreeis odd.

0. 1)

(16, 17) 523
(14, 15) (4,5)
(12, 13) (6,7)
(10. 11) (8.9

Fig. 2. The Arc Overlap Graph of p.

A hurdleis an unoriented component of the arc overlapping graph whose vertices
are consecutive on the circle, except for isolated points [[7], [2]. The graph of Figure 2
has one hurdle spanning the vertices (10, 11) to (16, 17).

Hannenhalli and Pevzner have shown [|5] that the reversal distance of an unsigned
permutation of length n is given by the formula:

dir)=n+1—c+h+f

where ¢ is the number of cycles in the cycle graph, & is the number of hurdles, and f
isacorrection factor equalsto 1 when there are at least 3 hurdles satisfying a particul ar
condition. With the above formula, it is easy to compute the reversal distance of the
permutation of Figure 1 and Figure2as9 — 4 4+ 1 = 6.

2 The cycle overlap graph is obtained in asimilar way, by defining two cycles to overlap if they
have at least two overlapping arcs.
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Computing the distance d(7) can be donein linear time [[1]. However, this number
aone gives no clueto the reconstruction of apossible sequence of reversalsthat realizes
d(m).

Reconstructing a possible sequence of reversals raises two different problems. The
first oneishow to deal with unoriented components. This problemis solved by carefully
choosing a sequence of reversals that merges these components while creating at |east
one oriented vertex in each component [[5], [3], [7]. The selection of these reversals can
be done efficiently while computing d().

The second step, called the oriented sort, requires to choose, among several can-
didates, a safe reversal, that is a reversal that decreases the reversal distance. Such a
reversal always exists, but can be hard to find. For example, choosing the obvious re-
versal of thefirst two elementsin the permutation:

(-2-144+3)

for which d = 3, yields the permutation
(+142+4+3)

that still hasd = 3, since one hurdle was created by the reversal. On the other hand, the
origina permutation can be sorted by the sequence:

(—2-1+4+3)
(—4+142+3)
(—4-3-2-1)

(+1+42+3+4)

In general, to any oriented vertex of the overlap graph, thereis an associated reversal
that creates consecutive elements in the permutation, and the search for safe reversals
can be restricted to reversals associated to oriented vertices. Several criteria have been
proposed to select safe reversals. In [[5], the selection of a safe reversal is the most
expensive iteration of the algorithm; [I3] reduces the complexity of the search by con-
sidering only O(log n) candidates; and [[7] gives a characterization of a safe reversd in
terms of cliques. In [2], we showed that there is a much simpler way to identify a safe
reversal:

Theorem 1. Thereversal that maximizes the number of oriented verticesis safe.

In the following sectionswe discuss a bit-vector implementation of the oriented sort
that uses this property.

3 Implementing the Oriented Sort with Bit-Vectors

The idea underlying the sorting algorithm is that the reversal corresponding to an ori-
ented vertex v modifies the overlap graph as follows: it isolates v, complements the
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subgraph of vertices adjacent to v, and reverses their orientation. Therefore, the net
change in the number of oriented vertices depends only on the orientation of vertices
adjacent to v.

The score of areversal associated to vertex v is defined by the difference between
the number of its unoriented neighbors U ,,, and the number of its oriented neighbors
O,. The score of areversal isa“local” property of the graph, and this locality suggests
the possibility of aparallel agorithm to keep the scores and to compute the effects of a
reversal.

For a signed permutation of length n, we will denote by bold letters the character-
istic bit-vectors of subsets of then + 1 arcs (0,1) to (2n,2n + 1). We will use only
three operations on these vectors: the exclusive-or operator &; the conjunction A; and
the negation —.

3.1 The Data Structure

Given an overlap graph, we construct a bit-matrix in which each line v ; is the set of
adjacent verticesto arc (24, 2i+1). For example, the bit-matrix associated to the overlap
graph of permutation (0 +3 +1 +6 +5 —2 +4 +7 ) :

(0, 1)
(12, 13) 2,3
(10, 11) (4, 5)
(8,9 (6,7)
isthefollowing:
Vo V1 V2 V3 V4 Us Vg
v|0 01 1 000
v|0 0 1 0 1 0 1
v2/1 1 0 1 1 01
v3|1 01 0 1 0 1
V40 1 1 1 0 1 O
v5/0 00 0 1 01
v¢|0 1 1 1 0 1 O
p|{0 1 10000
s|01 32020

The last two lines contain, respectively, the parity, or orientation, of the vertex,
and the score of the associated reversal. We will discuss efficient ways to initialize the
structure and to adjust scoresin Sections 3.2 and 3.3.

Given the vectors p and s, selecting the oriented reversal with maximal score is
elementary. In the above example, vertex 2 would be the selected candidate.
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Theinteresting part is how areversal affectsthe structure. These effects are summa-
rized in the following algorithm, which recal cul ates the bit-matrix v, the parity vector
p, and the score vector s, following the reversal associated to vertex i, whose set of
adjacent vertices is denoted by v;.

S —s+w;

vy — 1
For each vertex j adjacent to ¢
If j isoriented
s «— s+
vjj<—1
v; — v; Dy
s «—s+tuvj
Else
s < Ss—vj
'Ujj<—1
v; — vV DY,
s < Ss—vj
p—pdu;

The logic behind the algorithm is the following. Since vertex ¢ will become unori-
ented and isolated, each vertex adjacent to ¢ will automatically gain a point of score.
Next, if 7 is a vertex adjacent to ¢, vertices adjacent to j after the reversal are either
existing vertices that were not adjacent to 4, or vertices that were adjacent to ¢ but not
to j. The exceptions to this rule are ¢ and j themselves, and this problem is solved by
setting the diagonal bits to 1 before computing the direct sum.

If j is oriented, each of its former adjacent vertices will gain one point of score,
since j will become unoriented, and each of its new adjacent vertices will gain one
point of score. Note that a vertex that stays connected to w will gain a total of two
points. For unoriented vertices, the gains are converted to | osses.

The amount of work done to process a reversal corresponding to vertex ¢, in terms
of vector operations, is thus proportional to the number of adjacent verticesto vertex i.

3.2 Representing the Scores

The additions and subtractions to adjust the score vector are the usual arithmetic oper-
ations performed component-wise. In order to have a truly bit-vector implementation,
we represented the score vector as a [log(n)] x n bit-matrix, each column containing
the binary representation of a score. With this representation, component-wise addition
of abit-vector v to s can be realized with the following:

For k from 1 to [log(n)]
t —wv
vV — VASg
S — tdsg
Subtraction is implemented in a similar way. A side benefit of this structureis that
the selection of the next reversal can be also done in paralel, by “sifting” the score
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matrix through the parity vector. The set ¢ of candidates contains initially all the ori-
ented vertices. Going from the higher bit of scores to the lower, if at least one of the
candidates has bit 7 set to 1, we eliminate al candidates for which bit 7 is 0.

c—p
i [log(n)]
Whilei > 0 do
While(cAs;) =0
1—1—1
Ifi>0
c—cAs;
t—1—1

At the end of the loop, c isthe set of oriented vertices of maximal score.

3.3 Initializing the Data Structure

We saw, in Section 2, that the overlap graph of asigned permutation = (71 w2 ... 7,)
containsn + 1 vertices corresponding to the arcsjoining 2¢ and 27 + 1 in the equivalent
unsigned permutation. In this section, we will construct a representation of the overlap
graph without explicitly referring to the unsigned permutation, thus removing one more
step between the actual agorithm, and the original formulation of the problem.

The construction is based on the following smple lemma. Let I be a set of intervals
with distinct endpointsin an ordered set S. Leti = (b;,e;) and j = (b;, e;) beintervals
in . Definethe sets; and r; asfollows:

lz:{jGI | bj<6i<6j}
ri={j €1l | b <b; <e;}

We have the following:
Lemma 1. The set v; of intervalsthat overlapi in I isgivenby: v; = [; & r;.

Starting with a signed permutation 7 = (w1 72 ... 7,), we first read the elements
from left to right. Let a represent the set of arcs—i,e., vertices—for which exactly one
endpoint has been read. Initialy, a isthe set {0}, correspondingto thearc (0, 1). When
element 7; isread, we have to processtwo arcs: (2m; — 2,2m; — 1) and (27;, 2m; + 1).
Inincreasing order, if 7; is positive, and decreasing order, otherwise. Processing an arc
(24,25 + 1) isdone by the following instructions:

If aj =0
Thena; — 1 (* First endpoint of arc (27,25 + 1) *)
Else (* Second endpoint *)
a; < 0

vj «—a (*aisthesetl;*)

We then repeat the process in the reverse order, reading the permutation from right
to left, initializing a to the set {n}, and changing thelast instructionto v ; < v; & a.
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4  Analysis and Performances

The formal analysis of the algorithm of Section 3 raises interesting questions. For ex-
ample, what is an elementary operation? Except for afew control statements, the only
operations used by the algorithm are very efficient bit-wise logical operators on words
of size w—typically 32 or 64, depending on implementation. The most expensive in-
structions in the main loop are additions and subtractions, such as

s «— s+ vj,

where s isabit matrix of sizen log(n), and v; isabit vector of size n. Such an opera-
tion requires atotal of (2nlog(n))/w elementary operations with the loop described in
Section 3.2. Hopefully, log(n) is much smaller than w, and, in the range of biologically
meaningful values, n is often a small multiple of w. In the actual implementation, the
loop is controlled by the value of log(maximal score) which tends to be much less than
log(n). We thus have a, very generous, O(n) estimate for the instructions in the main
loop.

The overall work done by the algorithm depends on the total number v of vertices
adjacent to vertices of maximal score. We can easily bound it by » 2, noting that the
number d of reversals needed to sort the permutation is bounded by n, and the degree
of avertex is also bounded by n. We thus get an O(n?) estimate for the algorithm, as-
suming that log n < w. However, experimental results suggest that v is better estimated
by O(n), at least for values of n up to 4096, which seems largely sufficient for most
biological applications.

The value of v is hard to control experimentally, but if we write the quantity gov-
erning the running time as dv,,n, in which v,,, isthe mean number of adjacent vertices,
then both d and n can be fixed in an independent way.

4.1 Experimental Setup

Inthe following experiments, we generated sets of simulated genomesof variouslengths
n, by applying k& random reversals to the identity permutation. The parameter & is of-
ten called the evol ution rate. The—almost nonexi stent—permutationsthat contained an
oriented component were rejected from the compilations.

The code is written in C, and is quite “bare”’. For example, loops controlled by
bit-vectors are implemented with right shifts and tests of bit values. The tests were
conducted on an 800M Hz Pentium 3.

4.2 Speed and Range

The first observation is that the implementation is very fast for typical biological prob-
lems. Withn = 128, and & = 32, we can compute 10,000 sequences of reversalsin 11s.
On the other end of the spectrum, we applied the algorithm to values up to n. = 4096.
In this case, the computation of reversal sequences for £ = 512 took a mean time of
3.86s for 100 random permutations.
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4.3 Effects of the Variation ofn

In order to study the effect of the variation of n on the running time, we choose four
different evolution rates k = 32, 128, 256, and 512. For each value of &, we generated
sets of 100 permutations of length ranging from 256 to 4,096. Figure 3 displays the
results for the mean sorting time for k£ = 256 and k = 512—valuesfor smaller kswere
too low for asignificant analysis.

4 _
L]
k=512 , °
T3 .
i
m . ¢
e 2 | .
. k =256 o
j— o o o ©°
° ° o o o
° ° o o
p 80
I e e
0 512 1024 1536 2048 2560 3072 3584 4096
Length of Permutation

Fig. 3. Mean Time to Sort a Permutation of Length » (in sec.).

In this range of values, the behavior of the algorithm is clearly linear. Recall from
the analysis that the estimated running time is governed by the quantity dv.,,,n. With k
constant and n sufficiently large, then d is also constant. It seems that for large n, the
shape of the overlap graph depends only on d, which would be certainly be true in the
limit case of a continuousinterval.

4.4 Effects of the Variation ofd

In this series of experiments, we studied the effect of the variation of d, the number of
reversals, for afixed n = 1,024. We generated sets of 500 permutations with evolution
rates varying from k£ = 64 to k = 1, 024, with equal increments.

For each set, we computed the mean number of reversals. Figure 4 presentsthe pairs
of mean values (d, t). The fact that the points are closer together in the right part of the
graph is called saturation: when & grows close to n, the value of d tendsto stabilize.
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Fig. 4. Mean Time vs. Number of Reversals.

At least for the studied range of values, the performance of the algorithm on the
value of d, for afixed n, seems to be much less than O(d?), which is a bit surprising,
given that what is measured hereis dv,,, . Factoring out d from the datayields the curve
of Figure 5, which appearsto be O(log*(d)).

' I ' I ' I ' I ' I ' I ' I ' |
0 128 256 384 512 640 768 896 1024

Number of Reversals

Fig. 5. (Mean Time)/(Number of Reversals) vs. Number of Reversals.
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5 Conclusions

Our goal iseventually to be able to study combinatorial properties of optimal sequences
of reversals, and our algorithm has the power and performanceto serveasabasic tool in
such studies. But we think that one of the most desirable feature of the algorithm isits
simplicity: the basic ideas can be implemented using only arrays and vector operations.

The experimental running times are till a bit of a puzzle. The theoretical O(n 3)
seems greatly overestimated for mean performances. The role of the parameter v ,,, is
still under study.

In one experiment, we generated two sets of 50 000 permutationsof lengthn = 256,
with evolution rate k& = 64. In the first group, we restricted the length of the random
reversals to less than (1/3)n, and in the second group, to more than (1/3)n, under the
hypothesis that shorter reversals would produce aless dense overlap graph. Indeed, the
“short” group was sorted in 85% of the time of the “long” group.
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Abstract. Evolution operates on whole genomes by operations that change the
order and strandedness of genes within the genomes. This type of data presents
new opportuities for discoverieslaout deep evolutionary rearrangement events,
provided that sufficiently accurate methods can be developed to reconstruct evo-
lutionary trees in these mode[ "< [LI1L3,18]. A necessary component of any such
method is the ability taccurately estimate thieue evolutionary distancée-

tween two genomes, which is the number of rearrangement events that took place
in the evolutionary history between them. We improve the technique (IEBP) in
[=] with a new methodExact-IEBR for estimating the true evolutionary dis-
tance between two signed genomes. Our simulation study shows Exact-IEBP is
a better estimation of true evolutionary distances. Furthermore, Exact-IEBP pro-
duces more accurate trees than IEBP when used with the popular distance-based
method, neighbor joinin¢=iL6].

1 Introduction

Genome Rearrangement Evolutiothe genomes of some organisms have a single
chromosome or contain single chromosome organelles (such as mitochli#&¥ia [4,14] or
chloroplastsizi#i5]) whose evolution is largely independent of the evolution of the nu-
clear genome for these organisms. Many single-chromosome organisms and organelles
have circular chromosomes. Gene maps and whole genome sequencing projects can
provide us with information about the ordering and strandedness of the genes, so the
chromosome is represented by an ordering (linear or circular) of signed genes (where
the sign of the gene indicates which strand it is located on). The evolutionary process
on the chromosome can thus be seen as a transformation of signed orderings of genes.
The process includes inversions, transpositions, and inverted transpositions, which we
will define later.

True Evolutionary DistancesLet T' be the true tree on which a set of genomes has
evolved. Every edge in T is associated with a numbgg, the actual number of rear-
rangements along edgeThetrue evolutionary distancé.e.d) between two leave§;

andG; inT'is ki = 3 cp,, ke, WhereP;; is the simple path ofi” betweenGi; and

G;. Ifwe can estimate alt;; sufficiently accurately, we can reconstruct the tfagsing

very simple methods, and in particular, using the neighbor joining methodit\Ly) [1,16].
Estimates of pairwise distances that are close to the true evolutionary distances will in

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. IE8-188, 2001.
© Springer-Verlag Berlin Heidelberg 2001
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general be more useful for evolutionary tree reconstruction than edit distances, because
edit distancesinderestimatérue evolutionary distances, and this underestimation can
be very significant as the number of rearrangements incre@fies [7,20].

There are two criteria for evaluating a t.e.d. estimator: how close the estimated dis-
tances are to the true evolutionary distance between two genomes, and how accurate
the inferred trees are when a distance-based method (e.g. neighbor joining) is used in
conjunction with these distances. The importance of obtaining g®odl estimates
when analyzing DNA sequences (under stochastic models of DNA sequence evolution)
is understood, and well-studieiii20].

Representations of Genomdswe assign a number to the same gene in each genome,

a linear genome can be represented by a signed permutat{dn.of , n} — a permu-

tation followed by giving each number a plus or minus sign — where the sign shows
which strand the gene is on. A circular genome can be represented the same way as
a linear genome by breaking off the circle between two neighboring genes and choos-
ing the clockwise or counter-clockwise direction as the positive direction. For exam-
ple, the following are representations for the same circular genme; 3), (2, 3, 1),

(—1, -3, —2). Thecanonical representatiofor a circular genome is the representation
where gend is at the first position with positive sign. The first representation in the
previous example is the canonical representation.

The Generalized Nadeau-Taylor Mod#&le are particularly interested in the following
three types of rearrangements: inversions, transpositions, and inverted transpositions.

Starting with a genomé& = (g1, g2, - - ., g») @ninversionbetween indices andb,
1 <a < b<n+1,produces the genome with linear ordering
(917927 «+y9a—1, —9b—15-++y —Y9a; Yb, - - agn)

If b < a, we can still apply an inversion to a circular (but not linear) genome by simply
rotating the circular ordering until, precedegy, in the representation — we consider
all rotations of the complete circular ordering of a circular genome as equivalent. A
transpositionon the (linear or circular) genom@ acts on three indices,, b, ¢, with
1<a<b<nand2 <c<n-+1,c¢[a,b],and operates by picking up the interval
Jas Ja+1s - - -» go—1 @Nd inserting it immediately after._;. Thus the genomé& above
(with the additional assumption of> b) is replaced by
(915> 9a—15Gbs Got15 - - > Go—15 Gar Yat1s - - - Gb—1, Ges - - - > In)

An inverted transpositiofs the combination of a transposition and an inversion on the
transposed subsequence, so thas$ replaced by

(915> 9a—15Gbs Got1s - - > Gom1s —Gb—1, —Gb—2; - - -» —Far Jes - - - » In)
The Generalized Nadeau-Taylor (GNT) mod&2iZl] assumes a phylogeny (i.e. a
rooted binary tree leaf-labeled by species) and models inversions, transpositions, and
inverted transpositions along the edges. Different inversions have equal probability, and
so do different transpositions and inverted transpositions. Each model tree has two pa-
rameters:x is the probability a rearrangement event is a transposition,Gaigdthe
probability a rearrangement event is an inverted transposition. Hence, the probability
for a rearrangement event to be an inversiahisy — 3. The number of events on each
edgee is Poisson distributed with mean . This process produces a set of signed gene
orders at the leaves of the model tree.
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IEBP. The IEBP (Inverting the Expected BreakPoint distance) metiidid [21] estimates
the true evolutionary distance by approximating the expected breakpoint distance (see
Sectiori®) under the GNT model with provable error bound. The method can be applied
to any dataset of genomes with equal gene content, and for any relative probabilities of
rearrangement event classes. Moreover, the method is robust when the assumptions
about the model parameters are wrong.

EDE. In the EDE (Empirically Derived Estimator) methdii10] we estimate the true
evolutionary distance by inverting the expected inversion distance. We estimate the ex-
pected inversion distance by a nonlinear regression on simulation data. The evolution-
ary model in the simulation is inversion only, but NJ using EDE distance has very good
accuracy even when transti@ns and inverted transpositions are present.

Our New t.e.d. Estimatoin this paper we improve the result iif21] by introducing the
Exact-IEBP method. The method rapes the approximation in the IEBP method by
computing the expected breakpoint distance exactly. In Seflition 3 we show the deriva-
tion for our new method. The technique is then checked by computer simulations in
Sectiorilt. The simulation shows that the new method is the best t.e.d. estimator, and
the accuracy of the NJ tree using the new method is comparable to that of the NJ tree
using the EDE distances, and better than that of the NJ tree using other distances.

2 Definitions

We first define théreakpoint distanc§d] between two genomes. Let genoig =

(91, ---,9n), and letG be a genome obtained by rearrangi#g The two geneg; and

g; areadjacentn genomes if g; is immediately followed by; in Gy, or, equivalently,

if —g; isimmediately followed by-g;. A breakpointinG with respect ta7 is defined

as an ordered pair of genég;, g;) such thaty; andg; are adjacent iz, but are not
adjacent inG (neither(g;, g;) nor (—g;, —g;) appear consecutively in that orderd).

The breakpoint distance between two genodemndGy is the number of breakpoints

in G with respect td7, (or vice versa, since the breakpoint distance is symmetric). For
example, leG = (1,2, 3,4)and letG’ = (1, -3, —2, 4); there is a breakpoint between
genesl and3 in G’ (w.r.t. G) but gene2 and3 are adjacent irG’ (w.r.t. G). The
breakpoint distance between two genomes is the number of breakpoints in one genome
with respect to the other.

A rearrangemenp is a permutation of the genes in the genome, followed by either
negating or retaining the sign of each gene. For any ger@niet pG be the genome
obtained by applying on G. LetR;, Rr, Ry be the set of all inversions, transpositions,
and inverted transpositions, respectively. We assume the evolutionary model is the GNT
model with parameters andS. Within each of the three types of rearrangement events,
all events have the same probability.

Let Go = (91,92, - - -, 9n) be the signed genome afgenes at the beginning of the
evolutionary process. For linear genomes we add the two sentinel ganes: + 1 in
the front and the end af, that are never moved. For aky> 1, let py, po, . .. pr. bek
random rearrangements andd®t = prpr—1 . .. p1Go (i.€. Gy, is the result of applying
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thesek rearrangements 1G,). Given any linear genom@ = (0, ¢4, ¢4, . . ., g,,, n+1),
where0 andn+1 are sentinel genes, we define the functi$)(G), 0 < i < n by setting
B;(G) = 0 if genesg; andg,;,, are adjacent, and®;(G) = 1 if not; in other words,
B;(G) = 1if and only if G has a breakpoint betwegnandg; ;. WhenG is circular
there are at most breakpointsB;(G), 1 < ¢ < n. We denote the breakpoint distance
between two genomeS and G’ by BP(G,G’). Let P, = Pr(B;(Gx) = 1); then
E[BP(Gy, Gr)] = Y1 Py for linear genomes anfl[BP(Go, Gi)] = Y71 Pk
for circular genomes.

3 The Exact-IEBP Method

3.1 Derivation of the Exact-IEBP Method

Signed Circular Genomes/Ne now assume that all genomes are given in the canonical
representation. Under the GNT model for circular genonigg, has the same distri-
bution for alli, 1 < i < n. ThereforeE[BP(Gy, Gx)] = nP;|;. Let GS be the set of
all signed circular genomes, and 181¢ = {+2, +3, ..., +n}. We define the function
K : G — WS as follows: for any genomé&' € G, K(G) = z if go is at position
|| with the same sign aof. For example, in the genont®& = (g1, g3, g5, g4, —g2) We
have K (G) = —5. Since the sign and the position of gepeuniquely determing?, |;,,
{K(G%) : k > 0} is a homogeneous Markov chain where the state spad&“isWe
will use these states for indexing elements in the transition matrix and the distribution
vectors. For example, i/ is the transition matrix fo{ K (Gy) : k > 0}, thenl, ; is
the probability of jumping to statefrom statej in one step in the Markov chain for all
i,j € WE.

For every rearrangemepte R; U R U Ry, we construct the matriX, as follows:
for everyi, j € WS, (Y,):; = 1if p changes the state of gepefrom j toi. We then
let M; = ﬁzpem Y,, My = ﬁ > pery Yoo andMy = ﬁng{v Y,. The
transition matrixM for { K(Gy,) : k > 0} is thereforeM = (1 — o — B)M; + aMr +
BMy . Let z, be the distribution vector foK (G}, ), we have

(1’0)2:1
(20)i =0, i€ WS i#2
T = kao

E[BP(Go, Gi)] = nPy = n(1 — (zk)2)
The result infil7] is a special case where= 3 = 0.

Signed Linear Genomed&/hen the genomes are linear, we no longer have the luxury
of placing gengy; at some fixed position with positive sign; different breakpoints may
have different distributions. We need to solve the distribution of eactkpodat indi-
vidually by considering the positions and the signs of both genes involved at the same
time. LetGZ be the set of all signed linear genomes, andigt = {(u,v) : u,v =
+1,...,4n,|u| # |v|}. We define the functiong; : G — WL i=1,...,n—1,

as follows: for any genomé&' € GL, J;(G) = (z,y) if g; is at position|=| having

the same sign of, and g, is at position|y| having the same sign af. Therefore
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{Ji(G) : k > 0},1 < i <n—1aren — 1 homogeneous Markov chains where the
state space i#,F. For example, in the genon@ = (g1, g2, 94, 95, 96, —93, — 97, 93)

we haveL3;(G) = (—6,3) and L7(G) = (—7,8). As before we use the states in
WL as indices to the transition matrix and the distribution vectors.al;gt be the
distribution vector ofL;(G). For every rearrangemept € R;, Ry, andRy, Y, is
defined similarly as before (for circular genomes), except the dimension of the ma-
trix is different. We then letM; = \I%T\Zpefiz Y, Mr = ﬁ > oery Yo and
My = ‘Rl—v‘ ZPGRV Y,. The transition matrix\/ has the same form as that for the
circular genomesM = (1 — a — B)M; + oMy + My . Let e be the vector where
e(u,v) = 1if v =u+ 1, and 0 otherwise (thatis, = 1 if s is the state where the two
genes are adjacent so there is no kpeant between them). Therefore

(Ii,O)(i,i+1) =1
@)y = 0, (u,0) € WE, (u,v) # (i,i +1)
zip =Mz
Pﬂk =1- eT:L’i,k = 1- eTkai,O

Since the two sentinel gen8sandn + 1 never change their positions and signs, their
states are fixed. This means the distribution of the two breakpBinend B,, depend

on the state of one gene eagh @nd g, respectively); we can use the method for
circular genomes. Under the GNT model they have the same distribution. Then the
expected breakpoint distance aftegvents is

n n—1 n—1
E[BP(G(), Gk)} == Zpl‘k == QP()‘k + Z Pl‘k == QP()‘k + Z(l - eTMkl’i,O)

1=0 1=1 1=1

n—1
= QP()‘]C + (TL - 1) - eTMk ZILO
i=1

We now define the Exact-IEBP estimatl?n(rG, G’) for the true evolutionary distance
between two genomes andG’:

1. Forallk = 1,...,r (wherer is some integer large enough to bring a genome to
random) computé’[BP(Go, G)| using the results above.

2. To computey’ = E(G, GO0 <K <r),we
(a) compute the breakpoint distarice- BP(G, G’), then
(b) find the integek’, 0 < k&’ < r such that E[BP(Gg, Gy)] — b| is minimized.

3.2 The Transition Matrices for Signed Circular Genomes

We now derive closed-form formulas of the transition mattixfor the GNT model

on signed circular genomes withgenes. Le(‘;) denote the binomial coefficient; in
addition, we Iet(‘;) = 0if b > a. First consider the number of rearrangement events in
each class:
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1. InversionsBy symmetry of the circular genomes and the model, each inversion has
a corresponding inversion that inverts the complementary subsequence (the solid
vs. the dotted arc in Figul® 1(a)); thus we only need to conside(rg’t}lmversions
that do not invert geng; .

2. Transpositiondn Figurell (b), given the three indices in a transposition, the genome
is divided into three subsequences, and the transposition swaps two subsequences
without changing the signs. Let the three subsequences B2 andC, whereA
contains geng; . A takes the forn{ A, g1, 42), where4; and A, may be empty.

In the canonical representation there are only two possible unsigned permutations:
(g1, A2, B,C, Ay) and (g1, Aa, C, B, A7). This means we only need to consider
transpositions that swap the two subsequences not containing

3. Inverted TranspositionsThere are3(§) inverted transpositions. In Figul® 1(c),
given the three endpoints in an inverted transposition, exactly one of the three
subsequences changes signs. Using the canonical representation, we interchange
the two subsequences that do not contaiand invert one of them (the first two
genomes right of the arrow in Figulle 1(c)), or we invert both subsequences without
swapping (the rightmost genome in Figlife 1(c)).

For allu,v € WS, let t,,(u,v), 7, (u,v) andv,,(u,v) be the numbers of inversions,
transpositions, and inverted transpositions that bring a gene instatgatey (n is the
number of genes in each genome). Then

Mu,v = (1 - — ﬂ)(MI)u,v + Ol(MT)u,v + ﬂ(MV)u,v

*ﬂ i7' U, v ——vp(u, v
G G ey

The following lemma gives formulas foy, (u, v), 7, (u, v), andvy, (u, v).

tn(u,v) +

Lemma 1.
min{|u| — 1, |v] = 1I,n+1—|u|,n+1—|v|}, if uv<O
tn(u,v) =< 0, if u#v,uv>0
(1) + (i, =
0, if ww<0
To(u,v) = { (min{|ul, [v[} = 1)(n + 1 — max{|u|,|v]}), if w#v,uv>0
() 4 (), u=
(n — 2)tn(u,v), if uwv<0
Un(u,v) = < 7 (u, v), if uw#v,uv>0
37 (u, v), if u=v

Proof. The proof of (a) is omitted—this result is first shown[ni[17]. We now prove (b).
Consider the gene with stateLet v be the new state of that gene after the transposition
with indices(a, b, ¢),2 < a < b < ¢ < n + 1. Since transpositions do not change the
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i>

(a) Inversion (b) Transposition

A
gl/ g9
°0)
C

(c) Inverted Transposition

;/

Fig. 1. The three types of rearrangement events in the GNT model on a signed circular
genome. (a) We only need to consider inversions that do not igyertb) A trans-
position corresponds to swapping two subsequences. (c) The three types of inverted
transpositions. Starting from the left genome, the three distinct results are shown here;
the broken arc represents the subsequence being transposed and inverted.

sign, 7, (u, v) = 7o (—u, —v), andr,(u,v) = 0 if uwv < 0. Therefore we only need to
analyze the case whetgv > 0.

We first analyze the case whan= v. Assume that either < u <borb < u < c.
In the first case, from the definition in Sectilln 1 we immediately haveu + (c — b),
thereforev — v = ¢ — b > 0. In the second case, we have= u + (a — b), therefore
v—u = a— b < 0. Both cases contradict the assumption that v, and the only
remaining possibilities that makes= vare wher2 <u=v <aorc<u=v < n.
This leads to the third line in the, (u, v) formula. Next, the total number of solutions
(a, b, c) for the following two problems is,, (u, v) whenu # v andu, v > 0:

u<v:ib=c—(v—u), 2<a<u<b<c<n+lu<v<ec
(i) u>v:b=a+(u—v), 2<a<b<u<c<n+l,a<v<u.

In the first caser,, (u,v) = (v — 1)(n + 1 — v), and in the second caseg (u,v) =
(v—1)(n+ 1 —u). The second line in the, (u, v) formula follows by combining the
two results.

For inverted transpositions there are three distinct subclasses of rearrangement
events. The result in (c) follows by applying the above method to the three cases.

3.3 Running Time Analysis

Let m be the number of genomes and the dimension of the distance matrix. Since for
every pair of genomes we can compute the breakpoint distance between them in linear
time, computing the breakpoint distance matrix také¢s:?>n) time. Consider the value

r, the number of inversions needed to produce a genome that is close to random; we
can use this as an upper boundcofn [[~f] we showed by the simulation and the IEBP
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formula that it is reasonable to set= yn for some constany larger thanl. We used
~ = 2.5 for 120 genes in our experiment.

Constructing the transition matrix/ for circular genomes takeS(n?) time by
Lemmallll. We believe results similar to Lemilla 1 can be obtained for linear genomes,
though it is still an open problem. Instead, we use the construction in SE&on 3.1 for
linear genomes. For each rearrangemenbnstructing thé’, matrix takesO(n?) time.

Since there ar®(n?) inversions and) (n?) transpositions and inverted transpositions,
constructing the transition matrix/ takesO(n") time. The running time for computing

z) in Exact-IEBP fork = 1,...,7 is O(rn?) = O(n?) for circular genomes and
O(rn*) = O(n®) for linear genomes by matrix-vector multiplications. Since the
breakpoint distance is always an integer betweemdn, we can construct the array
l?:(b) that converts the breakpoint distaride the corresponding Exact-IEBP distance in
O(n?) time. Transforming the breakpoint distance matrix into the Exact-IEBP distance
matrix takesO(m?) additional array lookups.

We summarize the discussion as follows:

Theorem 1. Given a set ofn genomes om genes, we can estimate the pairwise true
evolutionary distance in

1. O(m?n + n?) time using Exact-IEBP when the genomes are circular,
2. O(m?n + n") time using Exact-IEBP when the genomes are linear, and
3. O(m?n + min{n, m?} logn) time using IEBP (sedi®1]).

4 Experiments

We now show the experimental study of different distance estimators. We compare
the following five distance estimators on circular genomes: (1) BP, the breakpoint dis-
tance between two genomes, (2) INW [2], the minimum number of inversions needed to
transform one genome into another, (3) IE[E [21], an approximation to the Exact-IEBP
method with fast running time, (4) EDEZIL0], an estimation of the true evolutionary
distance based on the INV distance, and (5) Exact-IEBP, our new method.

Software.We use PAUP* 4.0.1119] to compute the neighbor joining method and the false
negative rates between two trees (which will be defined later). We have implemented
a simulator [11i.21] for the GNT model. The input is a rooted leaf-labeled tree and the
associated parameters (i.e. edge lengths, and the relative probabilities of inversions,
transpositions, and inverted transpositions). On each edge, the simulator applies ran-
dom rearrangement events to the circular genome at the ancestralaoodding to the
model with given parametersand/. We usegen [[] to generate random trees. These
trees have topologies drawn from the uniform distribution, and edge lengths drawn from
the discrete uniform distribution on intervais b, where we specify andb.

4.1 Accuracy of the Estimators

In this section we study the behavior of the Exact-IEBP distance by comparing it to
the actual number of rearrangement events. We simulate the GNT model on a circular
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Fig.2. Accuracy of the Estimators (See SectlBll 4.1). The number of genes is 120.
Each plot is a comparison between some distance measures and the actual number of
rearrangements. We show the result for the inversion-only evolutionary model only.
The z-axis is divided into 30 bins; the length of the vertical bars indicate the standard
deviation. The distance estimators are (a) BP, (b) INV, (c) EDE, (d) IEBP, and (e) Exact-
IEBP. The figures (a), (b), (d) are froiti]21], and the figure (d) is friith [10].

genome with 120 genes, the typical number of genes in the plant chloroplast genomes
[5]. Starting with the unrearranged genoifig, we applyk events to it to obtain the
genome&s, wherek = 1, ..., 300. For each value of we simulate 500 runs. We then
compute the five distances.

The simulation results under the inversion-only model are shown in Aljure 2. Under
the other two model settings, the simulation results show similar behavior (e.g. shape
of curves and standard deviations). Note that both BP and INV distances underesti-
mate the actual number of events, and EDE slightly overestimates the actual number of
events when the number of events is high. The IEBP and Exact-IEBP distances are both
unbiased — the means of the computed distances are equal to the actual number of re-
arrangement events — and have similar standard deviations. We then compare different
distance estimators by the absolute difference in the measured distances and the actual
number of events. Using the same data in the previous experiment, we generate the plots
as follows. Ther-axis is the actual number of events. For each distance estibate
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equally likely

Fig. 3. Accuracy of the estimators by absolute difference (See Sefbn 4.1 for the de-
tails.). We simulate the evolution on 120 genes. The curves of BP, INV, IEBP, and EDE
are published previously ikl 0]; they are included for comparative purposes.

plotthe curvefp, wherefp(z) is the mean of the s§t1 D(Go, Gi,) —k| : 1 < k < z}
over all observationé?kl

The result is in FigurB3. The relative performance is the same for most cases: BP
is the worst, followed by INV, IEBP, and EDE. Exact-IEBP has the best performance
except for inversion-only scenarios, where EDE is slightly better only when the num-
ber of events is small. In most cases, IEBP has similar behavior as Exact-IEBP when
the amount of evolution is small; the IEBP and Exact-IEBP curves are almost indistin-
guishablein (a). Yet, in (b) and (c) the IEBP curve is inferior than the Exact-IEBP curve
by a large margin when the number of events is above about 200.

4.2 Accuracy of Neighbor Joining Using Different Estimators

In this section we explore the accuracy of theghdior joining tree under different ways
of calculating genomic distances. See Tdble 1 for the settings for the experiment.

Given an inferred tree, we compare its “topologi@eturacy” by computing “false
negatives” with respect to the “true tredll9,5]. We begin by defining the true tree.
During the evolutionary process, some edges of the model tree may have no changes
(i.e. evolutionary events) on them. Since reconstructing such edges is at best guesswork,
we are not interested in these edges. Hence, we define the true tree to be the result of
contractingthose edges in the model tree on which there are no changes.

We now define how we score an inferred tree, by comparison to the true tree. For
every tree there is a natural association between every edge and the bipartition on the
leaf set induced by deleting the edge from the tree. T éte the true tree and |6t

! The constant is to reduce the bias effect in different distances. For the IEBP and the Exact-
IEBP distances = 1 since they estimate the actual number of events. For the BP distance we
letc = 2(1 —a—pB)+3(a+5) = 2+ a+ Ssince this is the expected number of breakpoints
created by each event in the model when the number of events is very low. Similarly for the
INV and EDE distances we let = (1 — « — ) + 3a + 28 = 1 + 2a + 8 since each
transposition can be regated by 3 inversions, and each inverted trangjposcan be reced
by 2 inversions.
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Table 1. Settings for the Neighbor Joining Performance Simulation Study.

Parameter Value

1. Number of genes 120

2. Number of leaves 10, 20, 40, 80, and 160

3. Expected number of Discrete Uniform within the following intervals:

rearrangements in each edge  [1,3], [1,5], [1,10], [3,5], [3,10], and [5,10]
4. Probability settingsta,, 3)T (0,0) (Inversion only)
(1,0) (Transposition only)
(%, %) (The three rearrangement classes are equally likely)
5. Datasets for eachtiag 100

1 The probabilities that a rearrangement is an inversion, a transposition, or an inverted transposi-
tion arel — o — 3, a, andg, respectively.

be the inferred tree. An edgein T is “missing” in 7" if T’ does not contain an edge
defining the same bipartition; such an edge is callddlse negativeNote that the
external edges (i.e. edges incident to a leaf) are trivial in the sense that they are present
in every tree with the same set of leaves. Tdlse negative ratés the number of false
negative edges ifi” with respect td" divided by the number of internal edgesiin

For each siting of the parameters (number of leaves, probabilities of rearrange-
ments, and edge lengths), we generate 100 datasets of genomes as follows. First, we
generate a random leaf-labeled tree (from the uniform distribution on topologies). The
leaf-labeled tree and the parameter settings thus define a model tree in the GNT model.
We run the simulator on the model tree, and produce a set of genomes at the leaves.

For each set of genomes, we compute the five distances. We then compute NJ trees
on each of the five distance matrices, and compare the resultant trees to the true tree.
The results of this experiment are in Figlilte 4. Thaxis is the maximum normalized
inversion distance (as computed by the linear time algorithm for minimum inversion
distances given irfl]2]) between any two genomes in the input. Distance matrices with
some normalized edit distances closé &re said to be “saturated”, and the recovery of
accurate trees from such datasets is considered to be very difficult [7}-dkis is the
false negative rate (i.e. the proportion of missing edges). False negative rates of less than
5% are excellent, but false negative rates of up to 10% can be tolerated. We use NJ(D)
to denote the tree returned by NJ using distance D. Note that except for NJ(EDE), the
relative orders of the NJ tree using different distances are very consistent with the orders
of the accuracy of the distances in the absolute difference plot. NJ(BP) has the worst
accuracy in all stings. NJ(INV) outperforms NJ(Exact-IEBP) and NJ(IEBP) by a small
margin only when the amount of evolution is low; in the transposition-only scenario
the accuracy of NJ(INV) degrades considerably. NJ(Exact-IEBP) has slightly better
accuracy than NJ(IEBP) until the aunt of evolution is high; after that theccuracy
of NJ(IEBP) degrades, and NJ(Exact-IEBP) outperforms NJ(IEBP) by a larger margin.
Despite the inferior accuracy of EDE in the experiments in Se@@n 4.1, NJ using EDE
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Fig. 4. Neighbor Joining Performance under Several Distances (See SE&3lion 4.2). See
Tablelll for the settings in the experiment. For comparative purposes, we include curves
of NJ(BP), NJ(INV), NJ(IEBP) fromiLz1], and the curve of NJ(EDE) frami[10].

returns the most accurate tree on avde(gepecially in the inversion-only model), but
the accuracy of the NJ tree using Exact-IEBP is comparable in most cases.

4.3 Robustness to Unknown Model Parameters

In this section we demonstrate the robustness of the Exact-IEBP estimator when the
model parameters are unknown. The settings are the same in Table 1. The experiment is
similar to the previous experiment, except here we use both the correct and the incorrect
values of(«, 3) for the Exact-IEBP distance. The results are in Fiflire 5. These results
suggest that NJ(Exact-IEBP) is robust against errofsirb).

5 Conclusions

We have introduced Exact-IEBP, a new technique for estimating true evolutionary dis-
tances between whole genomes. This technique can be applied to signed circular and
linear genomes with arbitrary relative probabilities between the three types of events
in the GNT model. Our simulation study shows that the Exact-IEBP method improves
upon the previous technique, IEBEZ][21], both in the distance estimation arat¢he

racy of the inferred tree when used in neighbor joining. @beuracy of the NJ trees
using the new method is comparable with the best estimator so far, the EDE estimator

[L]. These different methods are simple yet powerful and can be generalized easily to
different models.

2 \We do not have a good explanation for the superior accuracy of NJ(EDE) due to the fact that
the behavior of NJ is still not welinderstood.
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(a) Inversions only (b) Transpositions only (c) Three types of events
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Fig.5. Robustness of the Exact-IEBP Method to Unknown Parameters (See Section
E3). See Tabl 1 for the settings in the experiment. The two values in the legend are the
« andg values used in the Exact-IEBP method. The probability a rearrangement event
is an inversion, a transposition, or an inverted transposition arex — 3, «, and 3,
respectively.
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Abstract. We derive a branch-and-bound algorithm to find an optimal inversion
median of three signed permutations. The algorithm prunes to manageable size
an extremely large search tree using simple geometric properties of the problem
and anewly available linear-time routine for inversion distance. Our experiments
on simulated data sets indicate that the algorithm finds optimal medians in rea-
sonable time for genomes of medium size when distances are not too large, as
commonly occurs in phylogeny reconstruction. In addition, we have compared
inversion and breakpoint medians, and found that inversion medians generally
score significantly better and tend to be far more unique, which should make
them valuable in median-based tree-building algorithms.

1 Introduction

Dobzhansky and Sturtevant [[7] first proposed using the degree to which gene orders
differ between species as an indicator of evolutionary distance that could be useful for
phylogenetic inference, and Watterson et al. [[23] first proposed the minimum number
of chromosomal inversions necessary to transform one ordering into another as an ap-
propriate distance metric. The 1992 study by Sankoff et al. [[21] included a heuristic
agorithm for finding rearrangement distance (which considered transpositions, inser-
tions, and deletions, as well as inversions); it was the first large-scale application and
experimental validation of rearrangement-based techniques for phylogenetic purposes
and initiated what is now nearly a decade of intense interest in computational problems
relating to genome rearrangement (see summariesin [116/19,22]).

While much of the attention given to rearrangement problemsmay be dueto their in-
triguing combinatorial properties, rearrangement-based approaches to phylogenetic in-
ference are of genuine biological interest in cases in which sequence-based approaches
perform poorly, such aswhen species diverged early or are rapidly evolving [[16]. In ad-
dition, rearrangement-based phyl ogenetic methods can suggest probable gene orderings
of ancestral species [17/18], while other methods cannot. Furthermore, mathematical
models of genome rearrangement have applications beyond phylogeny (see [18/20]).

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 189-203] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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Recent work on rearrangement distance and sorting by inversions (or reversals,
as they are often called in computer science) has produced a duality theorem and
polynomial-time agorithm for inversion distance between two signed permutations
[10], a duality theorem and polynomial-time algorithm for distance in terms of equally
weighted translocations and inversions for signed permutations [[11], polynomial-time
agorithmsfor sorting by reversals[[2/12], and alinear-time algorithm for computing in-
version distances[/1]. Notethat “ signed permutations’ correspond to genomesfor which
the direction of transcription of each geneis known aswell asthe ordering of the genes.

Much recent work on rearrangement-based phylogeny [[5)6/14,15/18] stems from
an agorithm by Sankoff and Blanchette [[17] that iterates over a prospective tree, re-
peatedly finds medians of the three permutations adjacent to each internal vertex, and
uses them to improve the tree until convergence occurs. This method finds locally op-
timal trees and simultaneously alows an estimation of the configurations of ancestral
genomes. These studies have generally used breakpoint distance as the basis for finding
medians, because it is more easily computable than inversion distance, it assumes no
particular mechanism of rearrangement, and the problem of finding a breakpoint me-
dian has a straightforward reduction to the well known Travelling Salesman Problem
(TSP) [17]. The number of breakpoints between two genomes is the number of genes
that are adjacent in one but not the other genome; the breakpoint median of a set of
genomes s the ordering of genes that minimizes the sum of the number of breakpoints
with respect to each genome in the set.

Breakpoint distanceisrelated to inversion distance (an inversion can remove at most
two breakpoints) but the relationship is a loose one. Because it is believed that inver-
sions are the primary mechanism of genome rearrangement for many taxa [ 13]3], we
seek a solution to the median problem based directly on inversion distance. Finding an
inversion median is known to be NP-hard [|4], and to date, no one has reported a rea-
sonably efficient algorithm (approximate or exact) for this problem. (Although in one
study [9], inversion medians were obtained for a particular data set using a bounded
exhaustive search.)

In this paper, we present asimple yet effective branch-and-bound algorithm to solve
the median of three problem exactly. Our approach does not depend on properties spe-
cific to inversions, but can be used with any rapidly computable metric. We have evalu-
ated its effectivenessfor the case of inversion medians, and found that it obtains optimal
medians with reasonable computational effort for a range of parameters that include
most realistic instances encountered in phylogenetic analysis. In addition, we have per-
formed a comparison of inversion and breakpoint medians, and found that inversion
medians score significantly better in terms of total induced edge length, and tend to be
far more unique. These findings suggest that inversion medians, when used within the
agorithm of Sankoff and Blanchette, will alow better trees to be computed in fewer
iterations.

2 Notation and Definitions

We consider the case where all genomes have identical sets of n genes and inver-
sion is the single mechanism of rearrangement. We represent each genome G ; as a
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permutation m; of size n, and we let all pairs of genomes G; = (gi,1---gin) and
Gj = (9j1---95n) inaset of genomes G, be represented by 7; = (m;1 ... m;,) and
T = (7Tj,1 Ce ’/Tj’n) such that Tik = Tj1 iff Gi,k = Gj,l, and Tik = -1 C T iff Gi,k
isthe reverse complement of G ;.

We define an inversion acting on permutation = from to j, for ¢ < j, asthat opera-
tion which transforms 7 into ¢ = (7'(1,71'2, ey Ty, =Ty =TTy e ey =T Ty e e ey
7). The minimal number of inversions required to change one permutation 7 ; into
another permutation 7 ; is the inversion distance, which we denote by d(r;, 7;) (some-
times abbreviated as d; ;).

Let theinversion median M of aset of N permutations IT = {m1,m2,..., 7n} be
the signed permutation that minimizes the sum S(M, IT) = Zﬁil d(M,m;)). Let this
sum S(M, IT) = S(IT) be called the median score of M with respect to 7.

For a given number of genesn, we can construct an undirected graph G ,, = (V, E)
such that each vertex in V' corresponds to a signed permutation of size n and two ver-
tices are connected by an edge if and only if one of the corresponding permutations
can be obtained from the other through a single inversion; formally, E = {{v,,v;} |
v;,v; € Vandd(m;, ;) = 1}. We will cal G,, the inversion graph of size n. In
this graph, the distance between any two vertices, v; and v;, is the same as the inver-
sion distance between the corresponding permutations, 7; and 7;. Furthermore, find-
ing the median of a set of permutations I7 is equivalent to finding the minimum un-
weighted Steiner tree of the corresponding verticesin G ,,. Note that G, is very large
(IV| = n!- 2™), so this representation does not immediately suggest a feasible graph-
search algorithm, even for small n.

Definition 1. A shortest path between two permutations of size n, 7, and 72, is a con-
nected subgraph of the inversion graph G, containing only the vertices v, and v- cor-
responding to 1 and 7o, and the vertices and edges on a single shortest path between
v1 and vs.

Definition 2. A median path of a set of permutations /1 each of size n is a connected
subgraph in the inversion graph of GG, containing only the vertices corresponding to
permutationsin I1, the vertex corresponding to a median M of 11, and a shortest path
between M andeach 7 € I1.

Definition 3. A trivial median of a set of permutations /7 is a median M that is a
member of that set, M € II.

Definition 4. A trivial median path of a set of permutations I7 is a median path that
includes only the elements of 17 and shortest paths between elements of I7.

3 General Median Bounds

Because phylogenetic reconstruction algorithms generally work with binary trees in
which each internal node has three neighbors, the special case of the median of three
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genomes is of particular interest. In this section we develop a general bound for the
median-of-three problem, one that relies only on the metric property of the distance
measure used.

Lemma 1. The median score S(IT) of a set of equally sized permutations I7 = {r1,
o, s }, Separated by pairwise distances d; 2, d1,3, and dz 3, obeys these bounds:

{dm +di3+do3
2

-‘ < S(H) < Inin{(dLg + d273), (d1’2 + d173), (d273 + d1’3)}

Proof. The upper bound follows directly from the possibility of atrivial median, and
the lower bound from properties of metric spaces (amedian of lower score would neces-
sarily violate the triangle inequality with respect to two of 71, o, and 73; see Figure[d).

Fig.1. Let vertices vy, v, and vz correspond to permutations 71, w2, and 73, and let
vertex vy, correspond to amedian M.

Lemma 2. If three permutations 71, w2, and 73 have a median M that is part of a
trivial median path, then A must be a trivial median.

Proof. Assumeto the contrary that 71, w2, and w3 have atrivial median path and have a
median M that isnot trivial. By Definition[d, A/ must be on a shortest path between two
of w1, ma, and 73. Without loss of generality, assume that the median path runs from 7y
to M to o to 3. Let dy 9, di,3, and do 3 be the pairwise distances between {71, w2},
{m1,m3}, and {m, w3}, respectively, and let ds 2 > 0 be the distance of M from .
Thenthemedian scoreof M is (d1’2 —d]w’z)-i-dM’z-l-(dM’z +d2’3) = dy2+dp2+d2 3.
But this score is greater by d 2 than the score of atrivial median at 72, SO M cannot
be a median.

Theorem 1. Let 71, 7, and 73 be permutations such that 7, and x5 are separated
by distance d» 3, and let ¢ be another permutation separated from 71, 7o, and 73 by
distances d; 4, d2,¢, and ds 4, respectively. Suppose that ¢ is on a median path P, of
w1, T2, and 3 such that ¢ is on a shortest path between 7, and a median M. Then the
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score S (M) of M obeys these bounds:

d d d
d17¢—|—’7 2,0 :;,4;-1- 2,3

< dy,¢ +min{(da,p + d23), (d2,p + d3,6), (do,3 + d3,6) }

l < S(M)

Proof. Let vq,vo, and v be vertices corresponding to 71, 72, and 3, in the inversion
graph of the appropriate size. In addition, let there be avertex v 4 correspondingto ¢, as
illustrated in Figure[2 We claim that a median path P, including v, and M, such that

U1
?
|
id
1d1g
|
4V
7 S
dag, " s ~ L dze
M 2
({L'/','., ,,,,,,,,,,,,,,,,,,, ) :\,>./U
v2 da3 3

Fig. 2. A median path including v, can be constructed using a shortest path from v, to
vy and any median path of v, ve, and vs.

vy ison ashortest path from v; to A, can be constructed by combining a shortest path
between v; and v and a median path of v4, ve, and vs. Assume to the contrary that
there exists a shorter median path Pgy,.,+, which aso includes v, and M, but does not
include the shortest path between v, and v, or does not include amedian path of v 4, v,
and vs. Pspor: hasto include v, viaavertex other than v, and consequently other than
M (because v, is on a shortest path between v; and M). By Definition[2, Pyj,0.e must
consist only of vy, va, v3, M, and vertices between them (including v ), so v1 must be
connected to Py, Viavs O v3. Consequently, M must be on a shortest path between
vo and vs; otherwise including M in Py, Would result in a score greater than that
of atrivial median. Therefore, M is part of atrivial median path, which means that by
Lemmal? M isatrivia median. In particular, M must be the vertex v; € {v2,v3} to
which v, is connected. Furthermore, our assumptions about ¢ requirethat v 4, be on the
shortest path between v, and v;. Then Py, includes both the shortest path between v,
and v, and the median path of v4, v2, and v3, and we obtain the desired contradiction.

Because P,; can be constructed by combining a shortest path between v, and vy,
and a median path of vy, v2, and vs, its score is equivalent to the sum of the distance
between v; and vy (d1,4), and the score of the median of v 4, v2, and vs. By applying
Lemmallto the | atter, we obtain the desired bound.
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4 TheAlgorithm

Algorithmf i nd_i nver si on_nedi an is presented below. It is essentially a branch-
and-bound search for an optimal inversion median that uses Theorem [Ilto pruneasearch
tree based on the inversion graph and to prioritize among search branches.

Prioritization is managed using a priority stack—which always returns an item of
highest priority, but returns items of equal priority in last-in-first-out order. Because
the range of possible priorities is small, we use a fixed array of priority values, each
pointing to a stack and so can execute push and pop operationsin fast constant time.
Using stacksrather than the more conventional queuesin thisapplicationisnot required
for correctness, but, by inducing depth-first searching among aternatives of equal cost,
rapidly produces a good upper bound for the search.

The algorithm begins by establishing upper and lower bounds for the solution using
Lemmaldl (steps[@land2) and priming the priority stack with a best-scoring vertex (steps
Bland[4). Then it enters a main loop (step [6) in which it repeatedly pops the “most
promising” vertex from the priority stack, finds al of its as-yet-unvisited neighbors
(step[8), and evaluates each one for feasibility. Neighbors are obtained by generating
al (’;) possible permutations that can be produced from a vertex by a single inversion.
Neighbors of a vertex v can be ignored if they are not farther from the origin than
is v (step[@); such vertices will be examined as neighbors of another vertex if they can
feasibly belong to a median path. The best possible score (i.e., lower bound) for avertex
w isisused asthe basis for prioritization. Best and worst possible scores are cal culated
using the bounds of Theorem [Tl (steps[I0 and[11) and maintained for all vertices present
in the priority stack. Vertices can be pruned when their best possible scores exceed the
current global upper bound. The global upper bound can be lowered when a vertex is
found that has a lesser upper bound (step [I3). The search ends when no vertex in the
gueue has a best-possible score lower than the upper bound (step [7) or a score equal to
the global lower bound is found (step [12).

The agorithm will return a permutation M only if M isatrue median of the inputs
m, o, and 3. Assume to the contrary that a permutation M’ returned by the algorithm
is not a true median. Because the algorithm returns the permutation having the lowest
median score of all of the permutations (vertices) it visits (steps B and [13), it must not
have visited some median. If the algorithm did not visit some median, then either it
pruned al paths to medians or it exited before reaching any median.

Suppose the algorithm pruned al paths to medians. It only prunes vertices when
their best possible scores are lower than the current global upper bound, M ... Note
that the global upper bound always corresponds to the actual median score of a vertex
that has been visited (steps 2 and [13), so it cannot be wrong. Consider a median M
with at least one median path P,;. By Definition[2, P,; must include at |east one path
between M and each of the vertices v, vo, and v3 corresponding to 1, 2, and 3.
The algorithm proceeds by examining neighbors of an origin ¢ 5,59 € {m1, T2, 73}
Therefore, if the algorithm pruned all pathsto A/, then it must have pruned a vertex on
the path between ;4 and M . But the best scores of such vertices are calculated using
the lower bound of Theorem[T (step[10), which we have shown to be correct. Therefore,
the agorithm cannot have pruned the shortest paths to medians.
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Algorithm 1: find_inversion median

10
11
12

13

Input: Three signed permutations of size n: 71, w2, and w3. Assume a function di s-

tance( m;, ;) that returns the inversion distance between m; and 7; in linear
time.

Output: An optimal inversion median M.
begin

end

dy 2 « di stance( i, ) ;
dy 3 « di stance(m,ms);
d23 < di stance( w2, ms3) ;
dqy o+d d-<
Mopin — [ 1,2+d1 3+ z,3-l.

2
Miae — min{(di,2 + d2,3), (d1,2 + d1,3), (d2,;3 + d1,3) };

Initialize priority stack s for range Myin 10 Mgz

(’L/)o”‘g7’(/)1,1/12) — (71'»;,71’j77'rk) such that {7T»;,7Tj77'rk} = {71’177T2,71'3} and

dij + dik = Mmin,;

create vertex v with Viabel = worig| Vdist = 01 Ubest = Mminy Vworst = Mmaz;
push(sV);

M wom'g;

dsep < dyy s

stop «— false;

while sis not empty and stop = false do

pop(s,V);

if Vpest > Mmaz then stop < true;

else

foreach {w | w isan unmarked neighbor of v} do
Wyise < di st ance( wiaper, Yorig) ;
if waise < vgs5¢ then continue;
mark w;
dy, < di st ance( wiaber, Y1) ;
dy, < di st ance( wiabet, ¥2) ;
Whest < Wdist + (W]v
Wworst «— Wdist 1 min{(ddq + dSEP)7 (ddq + dw2)7 (dSEP + dwz)};
if Wworst = Mmin then M « wiaper; StOp «— true;
else

if Wpest < Mimaz then push( s, w, weest) ;

if Wyorst < Mmaz then

|_ M “— Wiabel, Mmaz — Wuyworst,
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Suppose instead that the algorithm exited before reaching a median. The algorithm
can exit for one of three reasons:

1. Thepriority stack s becomes empty (step [6);

2. The next item returned from s has a best possible score greater than or equal to the
current global upper bound (step [7);

3. A vertex w is found with a worst possible score equal to the global lower bound

(step?);

Case [l can occur only if all vertices have been visited, or if al remaining neighbors
have been pruned (because except when the algorithm stops for another reason, each
new neighbor is either pruned or pushed onto s). If al vertices have been visited, then
amedian must have been visited. We have shown above that all neighbors on paths to
a median cannot have been pruned. Because s always returns a vertex v such that no
other vertex in s has a lower best-possible score than v, and because al neighbors that
are not pruned are added to s, case [2 can only occur if a median has been visited or if
al paths to medians have been pruned. We have shown that all paths to medians cannot
have been pruned. Therefore, if case[2 occurs, amedian must have been visited. In case
Bl w must be amedian, since theglobal lower bound is set directly according to Lemma
[ (step[d), which we have shown to be correct.

Thus, none of these three cases can arise before a median has been found, and
the agorithm must return a median. The worst-case running time of the algorithm is
O(n3?), with d = min{d; 2, d2,3,d1 3}, but as would be expected with a branch-and-
bound a gorithm, the average running time appears to be much better.

5 Experimental Method

We implemented f i nd_i nver si on_medi an in C, reusing the linear-time distance
routine (as well as some auxiliary code) from GRAPPA [[1], and we evaluated its perfor-
mance on simulated data. All test data was generated by a simple program that creates
multiple sets of three permutations by applying random inversions to the identity per-
mutation, such that each set of three permutations represents three taxa derived from a
common ancestor under an inversions-only model of evolution. In addition to the num-
ber of genes n to model and the number of sets s to create, this program accepts a
parameter i that determines how many random inversionsto apply in obtaining the per-
mutation for each taxon. Thus, if n = 100, ¢ = 10, and s = 10, the program generates
10 sets of 3 signed permutations, each of size 100, and obtains each permutation by ap-
plying 10 randominversionsto thepermutation+1, 42, . .., +100. A randominversion
is defined as an inversion between two random positionsi and j suchthat 1 <,5 <n
(if i = j, asingle gene simply changesits sign). When i is small compared to n, each
permutation in a set tends to be a distance of 2¢ from each other.

We used several algorithmic engineering techniques to improve the efficiency of
find. nversi on_nedi an. For example, we avoided dynamic memory allocation
and reused records representing graph vertices. We were able to gain a significant
speedup by optimizing the hash table used for marking vertices: a custom hash table of-
fered afourfold increase in the overall speed of the program, as compared with UNIX’s
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db implementation. With circular genomes, we achieved a further improvement in per-
formance by hashing on the circular identity of each permutation rather than on the
permutation itself. We define the circular identity of a permutation as that equivalent
permutation that begins with the gene labeled +1. By hashing on circular identities,
we reduced the number of verticesto visit and the number of permutationsto mark by
approximately afactor of 2n.

To improve performance further, we adapted our sequential implementation to run
in paralel on shared-memory architectures. Two stepsin the algorithm arereadily paral-
Ielizable: the major loop (step[B), during each iteration of which anew vertex is popped
from the priority stack, and the minor loop (step [8), in which the neighbors of a ver-
tex v are generated, examined for marks, and evaluated for feasibility as medians. We
enabled parallel processing at both levels, using pt hr eads for maximum portability
across shared-memory architectures. With careful use of semaphores and pt hr eads
mutex functions, we were able to reduce the cost of synchronization among threads to
an acceptable level.

6 Experimental Results

6.1 Performance of Bounds

Being especially concerned with the effectiveness of the pruning strategy, we have cho-
sen as a measure of performance the number of vertices V' of the inversion graph that
the algorithm visited. In particular, we have taken V' to be the number of times the
program executed the loop at step I8 of the algorithm. Note that the number of calls to
di st ance isapproximately 3V. We recorded the distribution of V' over many exper-
iments, in which we used various values for the number of genes n and the number of
inversions per tree edge i. Figure[3is typical of our results. It summarizes 500 experi-
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Fig. 3. Distribution of the number of vertices visited in the course of 500 experiments
withn =50andi = 7.
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ments with n = 50 and « = 7 and shows a roughly exponential distribution, with high
relativefrequenciesin afew intervals having small V': in 87% of the experiments, fewer
than 10,000 vertices were visited, and in 95%, fewer than 20,000 were visited. Thisfig-
ure demonstrates that the algorithm generally finds a median rapidly, but occasionally
becomes mired in an unprofitable region of the search space. We have observed that
the tail of the exponential distribution becomes more substantial as i grows larger with
respect to n.

In order to characterize typical performance, we recorded the statistical medians
of V asn and i varied independently. The results are shown in Figures [4 and[5. For

25000 |

T T
Statistical Mean —e—
Statistical Median - -~ - - /;
20000 —

15000 /
10000 / .

5000

10 20 30 40 50 60 70 80 90 100

n

Fig.4. Statistical median of the number of verticesvisited V fori = 5and 10 < n <
100, over 50 experiments for each value of n.

comparison, we have also plotted the mean values of V. Note that, at least for i = 5,
the median and mean of V' appear to grow quadraticaly over a significant range of
values for n; asimple fit yields f(n) = 2.1n? for the median values. Note also that,
for n = 50, the median of V' grows approximately linearly with 7, at least as long as i
remainssmall (mean V' grows somewhat faster than median V). To put the observedrate
of growth into perspective, note that in the theoretical worst-case of O(n 3?), because
d~2iandV = O(%) = O(n'%=1), one would see (given i = 5 and n = 50)
growth of V' with n2 and 5051,

6.2 Running Timeand Parallel Speedup

We havetested programf i nd_i nver si on_redi an sequentially ona700 MHz Intel
Pentium 111 with 128MB of memory, and using various levels of parallelism on a Sun
E10000 with 64 333 MHz UltraSPARC processors and 64GB of memory. Figure
shows average running times for ¢ = 5 and n between 50 and 125. Sequentia running
times are shown for the Sun and Intel processors and parallel running times for the Sun
with the number of processorsp € {1,2,4,6}. In dl cases, the average time to find
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Fig. 5. Statistical median of the number of verticesvisited V forn =50 and 1 < i < 8,
plotted with mean of V. The number of experimentsfor each value of i is 50.
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Fig. 6. Sequential and parallel runningtimesfori = 5andn € {50, 75,100, 125}. Each
data point represents an average taken over 10 experiments. Parallel configurationsused
parallelism only in the minor loop of the algorithm.

a median is about 12 seconds or less. Observe that for n = 100 (a realistic size for
chloroplast or mitochondrial genomes) medians can generally be found in an average
of about 2 seconds using a reasonably fast computer. We should note that the memory
requirementsfor the program are considerable, and that the level of performance shown
here is partly a consequence of the large amount of RAM available on the Sun.

It is evident from Figure[@ that we achieve a good parallel speedup for small p, but
that the benefits of parallelization begin to erode between p = 4 and p = 6 (thisten-
dency becomes more pronounced at p = 8, which we have not plotted herefor clarity of
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presentation). Anecdotal evidence suggests that the cause of thistrend is a combination
of the overhead of synchronization and uneven load balancing among the computing
threads. We a so observed that parallelism in the minor loop of the algorithm was far
more effective than parallelism in the major loop, presumably because the heuristic for
prioritization is sufficiently effective that the latter strategy results in alarge amount of
unnecessary work.

6.3 Inversion Mediansvs. Breakpoint Medians

Using program f i nd_ nver si on_nedi an, we evaluated the significance of inver-
sion medians, by comparing them with breakpoint medians, trivial medians, and “ ac-
tual” medians (i.e., the ancestral permutations from which observed taxa actually arose
- in this case, always equal to the identity permutation). Figure [Z, which shows results
over 1 < i < 5forn = 25, istypical of what we observed. It demonstrates that

Actual —6— 9
181 Trivial e —
16 L Breakpoint —e—
Inversion - - *- -+

14 — _
median score 1(

(inversions) g o %‘/

6

NR
el

2

0

Average

Fig. 7. Comparison of inversion medians with breakpoint medians, trivial medians, and
actual medians, for n = 25. Averages were taken over 50 experiments.

inversion medians achieve comparable scores to actual mediansfl and that breakpoint
medians, when scored in terms of inversion distance, perform significantly worse. A
comparison in terms of inversion median scores is clearly biased in favor of inversion
medians; however, if it istrue that inversion distances are (in at |east some cases) more
meaningful than breakpoint distances, then these results suggest that inversion medians
are worth obtaining.

We used a dight modeification of program f i nd i nver si on_redi an to find
all optimal medians and thus to characterize the extent to which inversion medians are
unique. An example of our results is shown in Figure [8, which describes the number

! Inversion medians are slightly better than actual medians when i becomes large with respect
to n, because saturation begins to cause convergence between taxa.
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Fig. 8. Distribution of number of optima mediansin the course of 50 experiments for
n=15and1 <i <5.

of optimal inversion mediansfor n = 15 and 1 < ¢ < 5, over 50 experiments for
each value of i. Observe that, when i is small compared to n (roughly ¢ < 0.15n), the
inversion median is virtually aways unique; and even when ¢ is moderately large with
respect to n (roughly 0.15n < ¢ < 0.3n)@, the inversion median is unique or nearly
unique most of the time. Thisfinding stands in stark contrast with breakpoint medians,
which are only very rarely unique.

In addition, we observed a strong relationship between unique inversion medians
and actual medians. For example, with n = 15 and i = 1, for which al inversion
medians were unique, 49 out of 50 inversion medians were identical to actual medians;
similarly, for n = 15 and i = 2, 48 out of 50 were identical to actual medians (in
both cases the exceptional inversion medians differed from actual medians by a single
inversion). As i becomes greater compared to n, this relationship weakens but remains
significant. For example, with n = 15 and ¢ = 4, 38 out of 50 inversion medians
were unique, and 22 of those 38 were identical to actual medians (an additional 10
non-uniqueinversion medians equal ed actual medians).

7 Future Work

The strength and weakness of the current algorithm both lie inits generality. On the one
hand, our approach depends only on elementary properties of metric spaces and thus

2 Recall that the distance between permutations is approximately 2i and that random permu-
tations tend to be separated by a distance of approximately n. The effects of saturation are
evident at ¢ = 0.2n and are pronounced at i = 0.3n.
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extends easily to the case of equally weighted inversions, translocations, fissions, and
fusions; furthermore, it could a so be used with weighted rearrangement distances. (One
should note, however, that the running timeis a direct function of the cost of evaluating
distances; we can compute exact breakpoint and inversion distances, but no efficient
algorithm is yet known for more complex distance computations.) On the other hand,
our approach does not exploit the unique structure of the inversion problem; as shown
elsawherein thisvolumeby A. Caprara, restricting the algorithm to inversion distances
only and using aspects of the Hannenhalli-Pevzner theory enables the derivation of
tighter bounds and thus also the solution of larger instances of the inversion median
problem.

Many simple changes to our current implementation will considerably reduce the
running time. For example, the current implementation does not “condense” genomes
before processing them—i.e., it does not convert subsequences of genes shared among
all three genomes to single “supergenes’. Preliminary experiments indicate that con-
densing genomes yields very significant improvementsin performance when ¢ is small
relative to n. Distance computations themselves, while already fast, can be further im-
proved by reusing previous computations, since a move by the algorithm makes only
minimal changes to the candidate permutation. Finally, we can use the Kaplan-Shamir-
Tarjan algorithm, in combination with metric properties, to prepare better initial solu-
tions (by walking halfway through shortest paths between chosen permutations), thus
considerably decreasing the search space to be explored.
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Abstract. We consider the problem of finding the maximum likelihood rooted
tree under amolecular clock (MLas¢), with three species and 2-state characters
under a symmetric model of substitution. For identically distributed rates per site
this is probably the simplest phylogenetic estimation problem, and it is readily
solved numerically. Analytic solutions, on the other hand, were obtained only
recently (Yang, 2000).

In thiswork we provide analytic solutions for any distribution of rates across sites
(provided the moment generating function of the distribution is strictly increas-
ing over the negative real numbers). This class of distributions includes, among
others, identical rates across sites, as well as the Gamma, the uniform, and the
inverse Gaussian distributions. Therefore, our work generalizes Yang's solution.
In addition, our derivation of the analytic solution is substantially simpler. We
employ the Hadamard conjugation (Hendy and Penny, 1993) and convexity of an
entropy—like function.

1 Introduction

Maximum likelihood (Felsenstein, 1981) isincreasingly used as an optimality criterion
for selecting evolutionary trees, but finding the global optimum is difficult computa-
tionally, even on a single tree. Because no general analytical solution is available, it is
necessary to use numeric techniques, such as hill climbing or expectation maximiza-
tion (EM), in order to find optimal values. Two recent developments are relevant when
considering analytical solutions for simple substitution models with a small humber of
taxa. Yang (2000) has reported an analytical solution for three taxa with two state char-
acters under a molecular clock. Thusin this specia case the tree and the edge lengths
that yield maximum likelihood values can now be expressed anaytically, allowing the
most likely tree to be positively identified. Yang callsthis case the “ simplest phylogeny
estimation problem”.

A second development isin Chor et al. (2000), who used the Hadamard conjugation
for unrooted trees on four taxa, again with two state characters. As part of that study

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 204-213] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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analytic solutions were found for some families of observed data. It was reported that
multiple optima on a single tree occurred more frequently with maximum likelihood
than has been expected. In one case, the best tree had alocal (non global) optimum that
was less likely than the optimum value on a different, inferior tree. In such a case, ahill
climbing heuristic could misidentify the “optimal” tree. Such examples reinforce the
desirability of analytical solutionsthat guaranteeto find the global optimafor any tree.

Even though three taxon, two state characters models under a molecular clock is
the “simplest phylogeny estimation problem”, it is still potentially an important case
to solve analyticaly. It can allow a “rooted triplet” method for inferring larger rooted
trees by building them up from the triplets. This would be analogous to the use of un-
rooted quartets for building up unrooted trees. Trees from quartets methods are already
used extensively in various studies (Bandelt and Dress 1986, Strimmer and von Hae-
seler 1996, Wilson 1998, Ben-Dor et al. 1998, Erdos et al. 1999). The fact that general
analytical solutions are not yet available for unrooted quartets only emphasizes the im-
portance of analytical solutionsto the rooted triplets case.

In this work we provide analytic solutions for three taxon ML ,;¢ trees under any
distribution of variable rates across sites (provided the moment generating function
of the distribution is strictly increasing over the negative real numbers). This class of
distributions includes, as a specia case, identical rates across sites. It aso includes
the Gamma, the uniform, and the inverse Gaussian distributions. Therefore, our work
generalizes Yang's solution of identical rates across sites. In addition, our derivation
of the analytic solution is substantially simpler. We employ the Hadamard conjugation
(Hendy and Penny 1993, Hendy, Penny, and Steel 1994) and convexity of an entropy—
like function.

The remainder of this paper is organized as follows: In subsection [2we explain the
Hadamard conjugation and its relation to maximum likelihood. In Section [ we state
and prove our main technical theorem. Section [4 applies the theorem to solve ML ;¢
analytically on three speciestrees. Finally, Section 5 presents some implications of this
work and directions for further research.

2 Hadamard Conjugation and ML

The Hadamard conjugation (Hendy and Penny 1993, Hendy, Penny, and Steel 1994) is
an invertible transformation linking the probabilities of site substitutions on edges of
an evolutionary tree T' to the probabilities of obtaining each possible combination of
characters. It is applicable to a number of simple models of site substitution: Neyman 2
state model (Neyman 1971), Jukes—-Cantor model (Jukes and Cantor 1969), and Kimura
2ST and 3ST models (Kimura 1983). For these models, the transformation yields a
powerful tool which grestly simplifies and unifies the analysis of phylogenetic data. In
this section we explain the Hadamard conjugate and its relationshipsto ML.

We now introduce a notation that we will use for labeling the edges of unrooted
binary trees. (For simplicity we use four taxa, but the definitions extend to any n.)
Suppose the four species, 1,2, 3 and 4, are represented by the leaves of the tree T''.
A split of the speciesis any partition of {1,2,3,4} into two disjoint subsets. We will
identify each split by the subset which does not contain 4 (in general n), so that for
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example the split {{1,2},{3,4}} isidentified by the subset {1,2}. Each edge e of T
induces a split of the taxa, namely the two sets of leaves on the two components of T'
resulting from the deletion of e. Hencethe central edgeof thetreeT’ = (12)(34) inthe
brackets notation induces the split identified by the subset {1, 2}. For brevity we will
label this edge by e12 as ashorthand for ey o1. Thus E(T”) = {e1, 2, €12, €3, €123}
(seeFigure 1).

e12 €3

€2 €123

Fig.1. The Tree T’ = (12)(34) and Its Edges.

We use a similar indexing scheme for splits at a site in the sequences: For a sub-
set a C {1,...,n — 1}, we say that a given site i is an a-split pattern if « is the set
of sequences whose character state at position ¢ differs from the i-th position in the
n-th sequence. Given atree T' with n leaves and edge lengths q = [gc]ecp(r) (0 <
ge < o0) (Where g, is the expected number of substitutions per site, across the edge
e), the expected probability (averaged over al sites) of generating an «-split pattern
(a C€{1,...,n—1})iswell defined (this probability may vary across sites, depending
onthe distribution of rates). Denotethis expected probability by s , = Pr(a-split|T, q).
We define the expected sequence spectrums = [sq]ocq1,....n—1}- Having this spectrum
at hand greatly facilitates the calculation and analysis of the likelihood, since the likeli-
hood of observing a sequence with splits described by the vector § given the sequence
spectrum s equals

L@Els)= [  Prle-split]s)® = T s

aC{l,...n—1} 84>0

Definition 1. A Hadamard matrix of order ¢ isan ¢ x ¢ matrix A with =1 entries such
that A*A = /1.

We will use a specia family of Hadamard matrices, called Sylvester matricesin Mac/-
Williams and Sloan (1977, p. 45), defined inductively for n > 0 by H, = [1] and

Hypq = {gz _g:] . For example,

1 1 1 1
1-1 1-1
1 1-1-1
1-1-1 1

1 1
H, = [1 _1:| anng—
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It is convenient to index the rows and columns of H,, by lexicographically ordered
subsets of {1,...,n}. Denote by h,, -, the (o, ) entry of H,,, then h,, -, = (—1)l*™M,
This implies that H,, is symmetric, namely H! = H,,, and thus by the definition of
Hadamard matrices H ;' = 5 H,,.

The length of an edge ¢., ¢ € E(T) in the tree T was defined as the expected
number of substitutions (changes) per site along that edge. The edge length spectrum of
atree T bewith n leavesisthe 2"~ ! dimensional vector q = [¢alacq,....n—1}, defined
forany subseta C {1,...,n— 1} by

e if e € E(T) induces the split «
qo = Leenm) e fa=10,
otherwise.

TheHadamard conjugati on specifies arelation between the expected sequence spectrum
s and the edge lengths spectrum q of the tree.

Proposition 1. (Hendy and Penny 1993) Let T be a phylogenetic tree on n leaves with
finite edge lengths (q. < oo for all e € E(T)). Assume that sites mutate according
to a symmetric substitution model, with equal rates across sites. Let s be the expected
seguence spectrum. Thenfor H = H,,_; we have:

s=s(q) = H 'exp(Hq),

where the exponentiation function exp is applied element wise to the vector p = Hq.
Thatis, for « C {1,...,n— 1}, 8o = 9—(n=1) Zv ha,y (exp (D5 hysgs))-

Thistransformation is called the Hadamard conjugation.
For the case of unequal rates across sites, the following generalization applies:

Proposition 2. (Waddell, Penny, and Moore 1997) Let T be a phylogenetic tree on n
leaves with finite edge lengths (¢. < oo for all e € E(T)). Assume that sites mutate
according to a symmetric substitution model, with unequal rates across sites, so that
M : R — R be the moment generating function of the rate distribution. Let s be the
expected sequence spectrum. Thenwith H = H,,_1,

s=s(q) = H '(M(Ha)),
where the function M is applied element wise to the vector p = Hq.

This transformation is called the Hadamard conjugation of M. Specific examples of
the moment generating function include

— For equal rates across sites, M(p) = e”.

— For the uniform distribution in theinterval [1 — b, 1 + b] with parameter b (1 > b >
0),
M(p) = ﬁ (e+0)e — c(1=b)p)

— For the I distribution with parameter & (k > 0), M (p) = (1 — p/k) "

— For the inverse Gaussian distribution with parameter d (d > 0), M(p) =

pd(1—=+/1=2p/d)

Notice that for & — oo, the I distribution convergesto the equal rates distribution.
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3 Technical Results

Under a molecular clock, a tree on n taxa has at least two sister taxa i and j whose
pendant edges ¢; and g; are of equal length (¢; = ¢;). Our first result states thet if ¢; =
g5, then the corresponding split probabilities are equal aswell (s; = s;). Knowing that
apair of these variables attains the same value simplifies the analysis of the maximum
likelihood treein general, and in particular makesit possible for the case of n = 3 taxa.
Furthermore, if ¢; > ¢; and the moment generating function M is strictly increasing in
the range (—oo, 0], then the corresponding split probabilities satisfy s; > s; aswell.

3.1 Main Technical Theorem

Theorem 1. Leti and|j be sister taxa on a phylogenetic tree T on n leaves, with edge
weights q. Let s be the expected sequence spectrum, let H = H,,_4, and let M bea
real valued function such that

s=H 'M(Hq),

then:
q;i = @5 = S; = Sj;

and if the function M is strictly monotonic ascending in the range p € (—oo, 0] then:

q; > q5 == S; > Sj.

Proof. Let X = {1,2,...,n} bethe taxa set with reference element n, and let X' =
X — {n}. Without loss of generdlity 7, j # n. Fora C X', let o/ = aA{i,j} (where
aAB = (aUB)—(anp) isthesymmetric difference of « and 5). Themapping o — o’
is abijection between

Xi={aCX'liga,j€Ea}

and
Xi={aCX'li€ca,j&a}.

Note that the two sets X; and X; aredigjoint. Writing A, ; for h,, (;; we have
a€e X, = how = 1,h(x,j = —1,h0/7,; = —l,ha/_’j =1.
On the other hand, if o ¢ X; U X then b ; = h, ;. Hence

8; —8; = 2—(71—1) ZQQX’(h’O‘*i — h(,])M(pa)

= 27(7171) (Z()@X,;UX]’ (ha,i — hq )M(pa) + Z()EX ( —h ’j)M(p )
+Z(X€X]’( ot T ) (pa))
=27 (e, (B = b )M (pa) + Eex, (hasi = )

\/

=2""D (3 v (hai — haj)M(pa) + X pex, (hari — ha ) ( .
=2-(n=1) (Z eX; 2M(pa) Z()IEXi QM(pO‘ )>
=2 (M(pa) — M(pa)) .
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By the definition of the Hadamard conjugate,

pa= D hapls O pa—par= Y (hap—has)ds -
BEX! BCX'

Now for 3 = ) we have h, 3 = ho 3 = 1 so the contribution of 3 = () t0 po — po
is zero. Likewise, for any split 3 C X’ (8 # (), which does not correspond to an
edgee € E(T), g3 = 0. So the only contributionsto p, — po May come from splits
(6 corresponding to edges in 7. Now since ¢ and j are sister taxa in 7', every edge
e € E(T) that is not pendant upon ¢ or j does not separate i from j. Thus the split 5
corresponding to such edge e satisfies 3 ¢ X; U X ;. Therefore the parities of |a N S|
and |o’ N | are the same, so

hag = (=11 = (=) = hr 5.

Thus the only contributionsto p,, — pos May come from the two edges pendant upon ¢
and j, namely

Pa — Pa’ = (ha,i - hoz',i)qi + (ha,j - ha’,j)qj 5

andfor o € X; weget po — por = 2(q; — ¢;).

Thusif g; = g; then for every o € X; we have p, = par, SO M(pa) = M(par)
andthuss; — s; = 27("=2) Y aex, M(pa) — M(par)) = 0, namely s; = s;. Further
if g; > g; thenfor every o € X; wehave po, > por. Now gy = — ZeeE(T) ge, and for
every e € E(T), ge > 0.SiNCe po = 3 _5¢ x ha,pqs and hy g = 1 we conclude that
po < 0foral a C X’ Therefore, if M is strictly monotone ascending in (—oc, 0] then
M(pa) > M(par), Vo € X;. Sinces; — 55 = 2-(n=2) Zaexi (M(pa) = M(par)) ,
we have s; > Sj- O

We remark that the moment generating function M in the four examples of Section 2]
(equal rates across sites, uniform distribution with parameter b, 0 < b < 1, Gamma
distribution with parameter k&, 0 < &, and inverse Gaussian distribution with parameter
d, 0 < d) arestrictly increasing in the range p € (—o0, 0].

4 ThreeTaxaML psc Trees

Wefirst notethat for threetaxa, the problem of finding analytically the ML treeswithout
the constraint of a molecular clock is trivial. This is a specia case of unconstrained
likelihood for the multinomial distribution. On the other hand, adding amolecular clock
makes the problem interesting even for n = 3 taxa, which is the case we treat in this
section.

For n = 3, let sg be the probability of observing the constant site pattern (xxx or
yyy). Let s1 be the probability of observing the site pattern which splits 1 from 2 and
3 (xyy or yxx). Similarly, let s, be the probability of observing the site pattern which
splits 2 from 1 and 3 (yxy or xyx), and let s3 be the probability of observing the site
pattern which splits 3 from 1 and 2 (xXxy or yyx).
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Consider unrooted trees on the taxa set X = {1, 2,3} that have two edges of the
same length. Let 7; denote the family of such trees with edges 2 and 3 of the same
length (g2 = ¢3), 72 denote the family of such trees with edges 1 and 3 of the same
length (¢1 = ¢3), and 73 denote the family of such trees with edges 2 and 1 of the same
length (¢2 = ¢1). Findly, let 7, denotes the family of treeswith ¢; = ¢2 = ¢3. Wefirst
see how to determine the ML tree for each family.

Fig. 2. Three Trees in the Families 71, 75, 73, respectively.

Given an observed sequence of m sites, let m  bethe number of siteswhereall three
nucleotidesareequal, andlet m; (: = 1, 2, 3) bethe number of sites where the character
in sequence: differsfrom the state of the other sequences. Thenm = mg+mi+mo+
ms, and f; = m;/m is the frequency of sites with the corresponding character state
pattern.

Theorem 2. Let (mo, m1, m2, m3) be the observed data. The ML tree in each family
is obtained at the following point:

— For the family 7y, the likelihood is maximized at Ty with s = fo, 1 = 2 = 83 =

(1-fo)/3.
— For the family 77, the likelihood is maximized at 7 with sqg = fo, s1 = f1,82 =

s3 = (fa + f3)/2.
— For the family 75, the likelihood is maximized at T with sqg = fo, s2 = f2,81 =

sz = (f1+ f3)/2.
— For the family 73, the likelihood is maximized at 7’3 with sqg = fo, s3 = f3,81 =

s2 = (f1+ f2)/2.
Proof. Thelog likelihood function equals
3
l(mo, m1, ma, m3[s) = Zmi log s;,
=0

and for the normalized function ¢ = [/m we have

3
£(mo, my, mg, mgls) = Zfl log s; .
i=0
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Consider, without loss of generality, the case of the 77 family. We are interested in
maximizing ¢ under the constraint go — g3 = 0. By Theorem [3.1] this implies sy —
s3 = 0. Therefore, using Lagrange multipliers, a maximum point of the likelihood
must satisfy
5—2 :,ﬁ@gi&s:%) (i=1,2,3),
implying
f_fo

S1 S0 ’

B, S0
S92 S0
e =—p+ fo .
S3 S0
Denoted = fy/so, then by adding the last two equations and substituting s = s, we
have fs + f3 = 2ds». Adding the right hand sides and left hand sides of this equality to
theseof f; = ds; and fy = dsg, we get

fot fit fot fa=d(so+ s1+2s2) .

Sinceboth fo + f1 + fo + f3 = 1and sg + s1 + 252 = 1, weget d = 1. So the ML
point for the family 7; is attained at the tree T, with parameters

s0 = fo,51 = fi,50 =s3=(fa+ f3)/2.
We denote by T, T3, Ty the three corresponding trees that maximize the function £ for
the families 73, 73, 7y. The weights of these three trees can be obtained in a similar
fashionto 7. |
Theorem 3. Assumemg < ms < my. Thenthe ML ;¢ treeequals Ty .

Proof. By Theorem[2] the maximum likelihood tree under the condition that two edges
have the same length is one of thetrees Ty, T5, or T’s. Let

G(p) = folog fo+plogp+ (1 — fo —p)log(l_];w .

Substituting the values s, s1, s2, s3 for each tree in the expression

3
((mo, my,ma,msls) = filogs; ,
i=0

and somewhat abusing the notation, we get the following values for the function £ on
the three trees

{Ty) = G(fr),
UT) = G(f2),
UT3) = G(fs3) -
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The function G(p) behaves similarly to minus the binary entropy function (Gallager,
1968)

—H(p) = plogp + (1 —p)log(l —p) .

Therange where G(p) isdefinedis0 < p < 1 — fo. Inthisinterval, G(p) is negative
and U-convex, just like —H (p). So G has a single minimum at the point p o where its
derivativeis zero, dG(p)/dp = 0. Solving for p we get po = (1 — fo)/3.

Now f3 < fo < f1 and G(p) is U-convex. Therefore, out of the three values
G(f1),G(f2),G(fs3), the maximum is attained at either G(f3) or a G(f1), but not
a G(f2) (unless f2 = f1or fo = f3).

Since f3 + fo+ fi =1— foand f3 < fo < fi,wehave f3 < (1 - fo)/3 < f1,
namely the two “ candidates’ for ML pointsare on different sides of the minimum point.
Thepoint f3 isstrictly to the left and the point f; is strictly to the right (except the case
where f3 = f; and the two points coincide). If G(f1) > G(f3), thenthetree T} isthe
obvious candidate for ML ;¢ tree. Indeed, T satisfies s3 = so < s1, SO by Theorem
2l g3 = g2 < q1. Thus, aroot can be placed on the edge ¢1 so that the molecular clock
assumption is satisfied.

We certainly could have a case where G(f3) > G(f1). However, the tree T has
s3 < 81 = so, implying (by Theorem P)¢3 < ¢1 = ¢». Therefore there is no way
to place a root on an edge of T'3 so as to satisfy a molecular clock. In fact, any tree
with edge lengths g5 < g1 = ¢2 does not satisfy a molecular clock. So the remaining
possibilities could be either the tree Ty (Where s; = s2 = s3 = (1 — f)/3) or thetree
T1. As Ty attains the minimum over the function G, we are always better off taking the
tree T’ (exceptintheredundant case f1 = f3, whereall thesetreescollapsetoTy). This
completes the proof of Theorem [3 O

The case ms < mg < my and its other permutations can clearly be handled similarly.

5 Discussion and Open Problems

Inthe casewhere G(f3) > G(f1), T1 istill the ML ;¢ tree. However, if the difference
between the two valuesis significant, it may give a strong support for rejecting amolec-
ular clock assumption for the given datam g, m1, m2, ms. Thiswould be the case, for
example, when 0 = ms < my ~ mo.

Two natural directions for extending this work are to consider four state characters
and to extend the number of taxato n = 4 and beyond. The question of constructing
rooted trees from rooted triplets is an interesting algorithmic problem, analogous to
that of constructing unrooted trees from unrooted quartets. The biological relevance of
triplets based reconstruction methodsis also of interest.
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Abstract. We study the convergence rates of neighbor-joining and several new
phylogenetic reconstruction methods on families of trees of bounded diameter.
Our study presents theoretically obtained convergence rates, as well as an empir-
ical study based upon simulation of evolution on random birth-death trees. We
find that the new phylogenetic methods offer an advantage over the neighbor-
joining method, except at low rates of evolution where they have comparable per-
formance. The improvement in performance of the new methods over neighbor-
joining increases with the number of taxa and the rate of evolution.

1 Introduction

Phylogenetic trees (that is, evolutionary trees) form an important part of biological re-
search. As such, there are many algorithms for inferring phylogenetic trees. The ma-
jority of these methods are designed to be used on biomolecular (i.e., DNA, RNA, or
amino-acid) sequences. Methodsfor inferring phyl ogeniesfrom biomol ecular sequence
data are studied (both theoretically and empirically) with respect to the topological ac-
curacy of the inferred trees. Such studies evaluate the effects of various model con-
ditions (such as the sequence length, the rates of evolution on the tree, and the tree
“shape”) on the performance of various methods.

The sequence length requirement of a method is the sequence length needed by
the method in order to obtain (with high probability) the true tree topology. Earlier
studies established analytical upper bounds on the sequence length requirements of
various methods (including the popular neighbor-joining [[18] method). These studies
showed that standard methods, such as neighbor-joining, recover the true tree (with high
probability) from sequences of lengthsthat are exponential in the evolutionary diameter
of the true tree. Based upon these studies, in [|5)6] we defined a parameterization of
model treesin which thelongest and shortest edge lengths arefixed, so that the sequence
length requirement of amethod can be expressed as a function of the number of taxa, n.
This parameterization leads to the definition of “fast-converging” methods, which are
methods that recover the true tree from sequences of lengths bounded by a polynomial
inn once f, the minimum edge length, and ¢, the maximum edge length, are bounded.
Several fast-converging methods were developed [I13/4/8/21]. We and others analyzed

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 214-226] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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the sequence length requirement of standard methods, such as neighbor-joining (NJ),
under the assumptionsthat f and g are fixed. These studies [[16] showed that neighbor-
joining and many other methods can be proven to be “exponentially-converging”, that
is, they recover the true tree with high probability from sequences of Iengths bounded
by afunction that grows exponentialy in n. So far, none of these standard methods are
known to be “fast-converging.”

In this paper, we consider a different parameterization of the model tree space,
where we fix the evolutionary diameter of the tree, and let the number of taxa vary.
This parameterization, suggested by John Huelsenbeck [personal communication], al-
lows usto examinethe differential performance of methods with respect to “taxon sam-
pling” strategies [7]. In this case, the shortest edges can be arbitrarily short, forcing the
method to require unboundedly long sequencesin order to recover these shortest edges.
Hence, the sequence length requirements of all methods cannot be bounded. However,
for a natural class of model trees, it can be assumed that f = ©(1/n) (for example,
random birth-death trees fall into this class). In this case even very simple polynomial
time methods converge to the true tree from sequences whose lengths are bounded by
a polynomial in n. Furthermore, the degrees of the polynomials bounding the conver-
gence rates of neighbor-joining and the “fast-converging” methods are identical — they
differ only with respect to the leading constants. Therefore, with respect to this pa
rameterization, there is no significant theoretical advantage between standard methods
and the “fast-converging” methods. We then evaluate two methods, neighbor-joining
and DCM-NJHMP (a method introduced in [[14]) with respect to their performance on
simulated data, obtained on random birth-death trees with bounded deviation from ul-
trametricity. We find that DCM-NJ+MP obtains an advantage over neighbor-joining
throughout most of the parameter space we examine, and is never worse. That advan-
tage increases as the deviation from ultrametricity increases or as the number of taxa
increases.

The rest of the paper is organized as follows. In Section [2 we present the basic
definitions, models of evolution, methods, and terms, upon which the rest of the paper
is based. In Section[3, we present the theory behind convergence rate bounds for both
neighbor-joining and “fast-converging” methods. We derive bounds on the convergence
rates of various methods for trees in which the evolutionary diameter (but not the short-
est edge lengths) is fixed. We then derive bounds on the convergence rates of these
methods for random trees drawn from the distribution on birth-death trees described
above. In Section[5, we describe our experimental study comparing the performance of
neighbor-joining and DCM-NJMP. In Section [6, we conclude with a discussion and
open problems.

2 Basics

In this section, we present the basic definitions, models of evolution, methods, and
terms, upon which the rest of the paper is based.
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2.1 Model Trees

The first step of every simulation study for phylogenetic reconstruction methods is to
generate model trees. Sequences are then evolved down these trees, and these sequences
are used, by the methods in question, to estimate the model tree. The accuracy of the
method is determined by how well the method reproduces the model tree. Model trees
are often taken from some underlying distribution on al rooted binary trees with n
leaves. Some possible distributions include the uniform (all binary trees on n leaves are
equiprobable) and the Yule-Harding distribution (a distribution based upon a model of
Speciation).

In this paper, we use random birth-death trees with n leaves as our underlying dis-
tribution. To generate these trees, we view speciation and extinction events occurring
over a continuousinterval. During a short timeinterval, At, a species can split into two
with probability b(t) At, and a species can become extinct with probability d(t) At. The
values of b(t) and d(t) depend on how much time has passed in the model. To generate
atreewith n taxa, we begin this process with a single node and continue until we have a
tree with n taxa (with some non-zero probability some processeswill not produceatree
of the desired size since al nodes could go “extinct” before n species are generated; if
this happens, we repeat the process, until atree of the desired size is generated). Under
this distribution, trees have a natural length assigned to each edge- that is the time ¢
between the speciation event that began that edge and the event (which could be either
speciation or extinction) that ended that edge.

Birth-death trees are inherently ultrametric, that is, the branch lengths are propor-
tional to time. In al of our experiments we modified each edge length to deviate from
this assumption that sites evolve under the strong molecular clock. To do this, we multi-
plied each edge by arandom number within arange [1/¢, ], where we set ¢ to be some
small constant. We call this constant the deviation factor.

2.2 Modelsof Evolution

Under the Kimura 2-Parameter (K2P) model [[10], each site evolves down the tree under
the Markov assumption, but there are two different types of nucleotide substitutions:
transitions and transversions. A transition is a substitution of a purine (an adenine or
guanine nucleotide) for a purine, or a pyrimidine (a cytosine or thymidine nucleotide)
for a pyrimidine; a transversion is a substitution of a purine for a pyrimidine or vice
versa. The probability of a given nucleotide substitution depends on the edge and upon
the type of substitution. A K2P tree is defined by thetriplet (T, {\(e)}, ts/tv), where
A(e) isthe expected number of times arandom site will changeits nucleotide on e, and
ts/tv is the transition/transversion ratio. In our experiments, we fix thisratio to 2, one
of the standard settings.

It is sometimes assumed that the sites evolveidentically and independently down the
tree. However, we can also assume that the sites have different rates of evolution, and
that these rates are drawn from aknown distribution. One popular assumptionisthat the
rates are drawn from a gammadistribution with shape parameter o, which istheinverse
of the coefficient of variation of the substitution rate. We use o = 1 for our experiments
under K2P+Gamma. With these assumptions, we can specify a K2P+Gamma tree just
by the pair (T', {\(e)}).



The Performance of Phylogenetic Methods on Trees of Bounded Diameter 217

2.3 Statistical Performancelssues

A phylogenetic reconstruction method is statistically consistent under a model of evo-

[ution if for every treein that model the probability that the method reconstructsthe tree
tends to 1 as the sequence length increases. Under the assumption of a K2P+Gamma
evolutionary process, if thetransition/transversion ratio and shape parameter are known,

it is possible to define pairwise distances between taxa so that distance-based methods
(such as neighbor-joining) are statistically consistent [[11]. Real biomolecul ar sequences
are of limited length. Therefore, the length & of the sequences affects the performance
of the method M significantly. The convergencerate of amethod M istherate at which
it convergesto 100% accuracy as a function of the sequence length.

2.4 Phylogenetic Reconstruction Methods

We briefly discuss the two phylogenetic methods we use in our empirical studies:
neighbor-joining and DCM-NJMP. Both methods have polynomial running time.

Neighbor-Joining: Neighbor-joining [|18] is one of the most popular distance based
methods. Neighbor-joining takes a distance matrix as input and outputs a tree. For ev-
ery two taxa, it determines a score, based on the distance matrix. At each step, the
algorithm joins the pair with the minimum score, making a subtree whose root replaces
the two chosen taxa in the matrix. The distances are recal culated to this new node, and
the “joining” is repeated until only three nodes remain. These are joined to form an
unrooted binary tree.

DCM-NJ+MP: The DCM-NJ+MP method is a variant of a provably fast-converging
method that has performed very well in previous studies [[14]. In these simulation stud-
ies, DCM-NJ+MP outperforms, in terms of topological accuracy, the methods DC' M *-
NJ (of which it is a variant) and neighbor-joining.

The method works as follows: let d;; be the distance between taxa i and ;.

— Phase1: For each ¢ € {d;;}, computeabinary tree T, by using the Disk-Covering
Method from [6], followed by a heuristic for refining the resultant tree into a binary
tree. Let 7 = {7, : ¢ € {d;;}}. (Readersinterested in more details of how Phase |
is handled should see [€].)

— Phase 2: Select the tree from 7" which optimizes the parsimony criterion.

If we consider all (7) thresholdsin Phase 1, DCM-NJ+MPtakes O(n ) time. However,

if we consider only afixed number p of thresholds, DCM-NJ+MP takes O(pn*).

25 Measuresof Accuracy

There are many ways of measuring error between trees. We use the Robinson-Foulds
(RF) distance [116] which is defined as follows. Every edge e in a leaf-labeled tree T
defines a bipartition 7. on the leaves (induced by the deletion of ¢), and hence the tree
T isuniquely encoded by the set C(T') = {7, : e € E(T)}, where E(T) isthe set of
all internal edgesof T'. If T'isamodel tree and T’ isthe tree obtained by a phylogenetic
reconstruction method, then the error in the topology can be calculated as follows:
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— False Positives: C(T") — C(T).
— False Negatives: C(T") — C(T").

The RF distance is %, i.e., the average of the false positive and the false
negative rates.

3 Theoretical Results on Convergence Rates

In [[], the sequence length requirement for the neighbor-joining method under the
Cavender-Farris model was bounded from above, and extended to the General Markov
model in [5]. We state the result here:

Theorem 1. ([1)5]) Let (T, M) be amodel tree in the General Markov model. Let

Ae) = —log|det(M.)|, andset \ij = > A(e).
e€P;;

Assume that f isfixedwith 0 < f < A(e) for all edgese € T. Let ¢ > 0 be given.
Then, there are constants C' and C” (that do not depend upon f) such that, for

k= %log neC’ (maxAij)

then with probability at least 1 — ¢, neighbor-joiningon S returnsthe truetree, where S
isa set of sequences of length k generated on T'. The same sequence length requirement
appliesto the @* method of [2].

From Theorem 1 we can see that as the edgelength gets smaller, the sequence length
hasto belarger in order for neighbor-joiningto return the true tree with high probability.
Note that the diameter of the tree and the sequence length are “ exponentially” related.

3.1 Fixed-Parameter Analyses of the Convergence Rate

Analysis when both f and g Are Fixed: In [[8/21], the convergence rate of neighbor-
joining was analyzed when both f and g are fixed (recall that f is the smallest edge
length, and ¢ is the largest edge length). In this setting, by Theorem [1 and because
max \;; = O(gn), we see that neighbor-joining recoversthe true tree, with probability
1 — ¢, from sequences that grow exponentialy in n. An average case analysis of tree
topologies under various distributions shows that max A;; = ©(g+/n) for the uniform
distribution and ©(g log n) for the Yule-Harding distribution. Hence, neighbor-joining
has an average case convergence rate which is polynomial in n under the Yule-Harding
distribution, but not under the uniform distribution.

By definition, “fast-converging” methods are required to converge to the true tree
from polynomial length sequences, when f and g are fixed. The convergence rates of
fast-converging methods have a somewhat different form. We show the analysis for the
DCM*-NJmethod (see[21]):
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Theorem 2. ([21]) Let (T, M) bea model treein the General Markov model. Let

Ae) = —log |det(M.)|, andset \ij = > A(e).
e€P;;

Assume that f isfixedwith 0 < f < A(e) for all edgese € T. Let ¢ > 0 be given.
Then, there are constants C and C” (that do not depend upon f) such that, for

k= % log neC'(width(T))
then with probability at least 1 — ¢, DCM*-NJ on S returns the true tree, where S is
a set of sequences of length & generated on 7', and width(T') is a topologically defined
function which is bounded from above by max X ;; and isalso O(g logn).

Consequently, fast-converging methodsrecover the true tree from polynomial length
sequences when both f and g are fixed.

Analysis when max A;; Is Fixed: Suppose now that we fix max A;; but not f. In this
case, neither neighbor-joining nor the “fast-converging” methods will recover the true
tree from sequences whose lengths grow polynomialy in n, because as f — 0, the
seguence length requirement increases without bound. However, for “random” birth-
death trees, the expected minimum edge length is ©(1/n). Hence, suppose that in ad-
dition to fixing max \;; we also require that f = ©(1/n). In this case, application
of Theorem [1] and Theorem 2] shows that neighbor-joining and the “fast-converging”
methods al recover the true tree with high probability from O(n2logn)-length se-
guences. The theoretically obtained convergence rates differ only in the leading con-
stant, which in neighbor-joining’s case depends exponentially on max A ;;, whilein the
case of DCM*-NJ's this rate depends exponentially on width(T). Thus, the perfor-
mance advantage of afast-converging method—from atheoretical perspective—depends
upon the difference between these two values. We know that width(T) < max A;;
for dl trees. Furthermore, the two values are essentially equal only when the strong
molecular clock assumption holds. Note also that when the tree has a low evolutionary
diameter (i.e., when max \;; issmall), then the predicted performance of these methods
suggests that they will be approximately identical. Only for large evolutionary diame-
ters should we obtain a performance advantage by using the fast-converging methods
instead of neighbor-joining.
In the next section we discuss the empirical performance of these methods.

4 Earlier Performance Studies Comparing DCM-NJ+MP toNJ on
Random Trees

In an earlier study [[14], we studied the performance of the neighbor-joining (NJ)
method, and several new variants of the disk-covering method. The DCM-NJ+MP
method was one of these new variants we tested. Our experiments (some of which
we present here) showed that for random trees (from the uniform distribution on binary
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tree topologies) with random branch lengths (also drawn from the uniform distribu-
tion within some specified range), the DCM-NJ+MP method was a clear improvement
upon the NJ method with respect to topological accuracy. The DCM-NJMP method
was aso more accurate in many of our experiments than the other variants we tested,
leading us to conclude that the improved performance on random trees might extend to
other distributions on model trees.

Later in this paper we will present new experiments, testing this conclusion on ran-
dom birth-death trees with a moderate deviation from ultrametricity. Here we present a
small sample of our earlier experiments, which shows the improved performance and
indicates how DCM-NJMP abtains thisimproved performance.

Recall that the DCM-NJ+M P method has two phases. In thefirst phase, a collection
of treesis obtained, onefor each setting of the parameter ¢. Thisinferenceis based upon
dividing the input set into overlapping subsets, each of diameter bounded from above by
q. The NJ method is then used on each subset to get a subtree for the subset, and these
subtrees are merged into a single supertree. These trees are constructed to be binary
trees, and hence do not need to be further resolved. This first phase is the “DCM-NJ’
portion of the method. In the second phase, we select a single tree from the collection
of trees {T, : ¢ € d;;}, by selecting the tree which has the optimal parsimony score
(i.e., the fewest changes on the tree).

The accuracy of this two-phase method depends upon two properties: first, the first
phase must produce a set of trees so that at least some of these trees are better than
the NJ tree, and second, the technique (in our case, maximum parsimony) used in the
second phase must be capable of selecting a better tree than the NJ tree. Thus, the
first property depends upon the DCM-NJ method providing an improvement, and the
second property depends upon the performance of the maximum parsimony criterion as
atechniquefor selecting from the set {7, }. In the following figures we show that both
properties hold for random trees under the uniform distribution on tree topologies and
branch lengths.

In Figure[Dl we show the results of an experiment in which we scored each of the
different trees T, for topological accuracy. This experiment is based upon random trees
from the uniform distribution. Note that the best trees are significantly better than the NJ
tree. Thus, the DCM-NJ method itself is providing an advantage over the NJ method.

In FigurePwe show theresult of asimilar experiment in which we compared several
different techniques for the second phase (i.e., for selecting a tree from the set {T',}).
This figure shows that the Maximum Parsimony (MP) technique obtains better trees
than the Short Quartet Support Method, which is the technique used in the second phase
of the DC M *-NJ method. Furthermore, both DCM-NJ+MP and DC' M *-NJ improve
upon NJ, and this improvement increases with the number of taxa.

Thus, for random trees from the uniform distribution on tree topologies and branch
lengths, DCM-NJMP improves upon NJ, and this improvement is due to both the
decomposition strategy used in Phase 1, and the selection criterion used in Phase 2.

Note however that DCM-NJHMP is not statistically consistent, even under the sim-
plest models, since the maximum parsimony criterion can select the wrong tree with
probability going to 1 as the sequence length increases.
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Fig. 1. The accuracy of the T,'s for different values of ¢ on a randomly generated tree
with 100 taxa, sequence length 1000, and an average branch length of 0.05.
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Fig.2. DCM-NXMP vs. DC M*-NJ vs. NJ on random trees (uniform distribution on
tree topologies and branch lengths) with sequence evolution under the K2P+Gamma
model. Sequence length is 1000. Average branch length is 0.05.
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5 New Performance Studies under Birth-Death Trees

5.1 Introduction

In this paper we focused upon the question of whether the improvement in performance
over NJ that we saw in DCM-NJ+MP was a function of the distribution on tree topolo-
gies and branch lengths (both uniform), or whether we would continue to see an im-
provement in performance, by comparison to NJ, when we restrict our attention to a
more biologically based distribution on model trees. Hence we focus on random birth-
death trees, with some deviation from ultrametricity added (so that the strong molecular
clock does not hold). Aswe will show, the improvement in performanceis still visible,
and our earlier claims extend to this case.

5.2 Experimental Platform

Machines: The experiments were run on the SCOUT cluster at University of Texas,
which contains approximately 130 different processors running the Debian Linux oper-
ating system. We also had nighttime use of approximately 150 Pentium 111 processors
located in public undergraduate laboratories.

Software:  We used Sanderson’s r 8s package for generating birth-death trees [[17]
and the program Seq- Gen [[15] to randomly generate a DNA sequence for the root and
evolve it through the tree under K2P+Gamma model of evolution. We calculated evo-
[utionary distances appropriately for the model (see [[11]). In the presence of saturation
(that is, datasets in which some distances could not be calculated because the formula
did not apply), we used the “fix-factor 1” technique, as defined in [[9]. In this technique,
the distances that cannot be set using the standard technique are al assigned the largest
corrected distance in the matrix.

The software for DCM-NJwas written by Daniel Huson. To cal cul ate the maximum
parsimony scores of the trees we used PAUP* 4.0 [[19]. For job management across the
cluster and public laboratory machines, we used the Condor software package [ [20]. We
generated the rest of this software (a combination of C++ programs and Perl scripts)
explicitly for these experiments.

5.3 Bounded Diameter Trees

We performed experiments on bounded diameter trees, and observed how the error rates
increase as the number of taxa increases. The birth-death trees that we generated using
r 8s have diameter 2. In order to obtain trees with other diameters, we multiplied the
edge lengths by factors of 0.01, 0.1, and 0.5, thus obtaining trees of diameters 0.02, 0.2,
and 1.0, respectively. Then, to deviate these trees from ultrametricity, we modified the
edge lengths using deviation factor 4. The resulting trees have diameters bounded from
above by 4 times the original diameter, but have expected diameters of approximately
twice the original diameters. Thus, the final model trees have expected diameters that
are 0.04, 0.4, and 2.0. In this way we generated random model trees with 10, 25, 50,
100, 200, 400, and 800 leaves. For each number of taxa and diameter, we generated 30
random birth-death trees (using r 8s).
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54 Experimental Design

For each model tree we generated sequences of length 500 using seq- gen, computed
trees using NJ and DCM-NJ+MP. We then computed the Robinson-Foulds error rate
for each of the inferred trees, by comparing it to the model tree that generated the data.

5.5 Resaultsand Discussion

In order to obtain statistically robust results, we followed the advice of McGeoch [[12]
and Moret [[13] and used a number of runs, each composed of a number of trials (a
trial is a single comparison), computed the mean and standard deviation over the runs
of these events. This approach is preferable to using the same total number of samples
in asingle run, because each of the runsis an independent pseudorandom stream. With
this method, one can obtain estimates of the mean that are closely clustered around the
true value, even if the pseudorandom generator is not perfect.

The standard deviation of the mean outcomes in our studies varied depending on
the number of taxa. The standard deviation of the mean on 10-taxon treesis 0.2 (which
is 20 percent, since the possible values of the outcomes range from 0 to 1), on 25-taxon
treesis 0.1 (whichis 10 percent), whereas on 200, 400 and 800-taxon trees the standard
deviation ranged from 0.02 to 0.04 (which is between 2 and 4 percent). We graph the
average of the mean outcomes for the runs, but omit the standard deviations from the
graphs.

In Figure 3, we show how neighbor-joining and DCM-NJ+MP are affected by in-
creasing the rate of evolution (i.e., the height). The z-axis is the maximum expected
number of changes of a random site across the tree, and the y-axisis the RF rate. We
provide a curve for each number of taxawe explored, from 10 up to 800. The sequence
length is fixed in this experiment to 500. Note that both neighbor-joining and DCM-
NJ+MP have high errors for the lowest rates of evolution, and that at these low rates
of evolution the error rates increase as n increases. This is because for these low rates
of evolution, increasing the number of taxa makes the smallest edge length (i.e., f)
decrease, and thus increases the sequence length needed to have enough changes on
the short edges for them to be recoverable. As the rate of evolution increases, the error
ratesinitially decrease for both methods, but eventually the error rates begin to increase
again. Thisincrease in error occurs where the exponential portion of the convergence
rate (i.e., where the sequence length depends exponentially on max A ;;) becomes sig-
nificant. Note that where this happens is essentially the same for both methods- and
that they perform equally well until that point. However, after this point, neighbor-
joining's performanceis worse, compared to DCM-NJ+MP; furthermore, the error rate
increases for neighbor-joining at each of the “large” diameters, as n increases, while
DCM-NJH+MP's error rate does not reflect the number of taxa nearly as much.

In Figure 4, we present a different way of looking at the data. In this figure, the
x-axis is the number of taxa, the y-axis is the RF rate, and there is a curve for each
of the methods. We show thus how increasing » (the number of taxa) while fixing the
diameter of thetree affectsthe accuracy of thetreesreconstructed. Note that at low rates
of evolution (the left figure), the error rates for both methods increase with the number
of taxa. At moderate rates of evolution (the middle figure), error rates increase for both
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methods but more so for neighbor-joining than for DCM-NJMP. Finally, at the higher
rate of evolution (the right figure), this trend continues, but the gap is even larger —in
fact, DCM-NJMP's error increase looks almost flat.

These experiments suggest strongly that except for low diameter situations, the
DCM-NJ+MP method (and probably the other “fast-converging” methods) will out-
perform the neighbor-joining method, especially for large numbers of taxa and high
evolutionary rates.

10 . . . . 10 . . . .
—5— Taxa = 10 —5— Taxa = 10
—6— Taxa = 25 | | j —6— Taxa = 25
—4— Taxa = 50 —4— Taxa = 50

094 —+— Taxa = 100 09 —+— Taxa = 100 | |
—%— Taxa = 200 —%— Taxa = 200
—o— Taxa = 400| | i —6— Taxa = 400| |
—%— Taxa = 800 —%— Taxa = 800

0.8 0.8 =

Avg RF
Avg RF

0.0

: ‘ : 0.0 : ‘ :
0005 001 005 01 05 10 15 20 0005 001 005 01 05 10 15 20

Fig. 3. NJ(left graph) and DCM-NJMP (right graph) error rates on random birth-death
trees as the diameter (x-axis) grows. Sequence length fixed at 500, and deviation factor
fixed at 4.

Table 1 shows the average running times of neighbor-joining and DCM-NJ+MP on
the trees that we used in the experiments. The DCM-NJ+MP version that we ran |ooked
at 10 thresholdsin Phase 1 instead of looking at all the (%) thresholds.

6 Conclusion

In an earlier study we presented the DCM-NJ+MP method and showed that it outper-
formed the NJ method for random trees drawn from the uniform distribution on tree
topologies and branch lengths. In this study we show that this improvement extends to
the case where the trees are drawn from a more biologically realistic distribution, in
which the trees are birth-death trees with a moderate deviation from ultrametricity. This
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Fig.4. NJ and DCM-NJXMP: Error rates on random birth-death trees as the number
of taxa (x-axis) grows. Sequence length fixed at 500 and the deviation factor at 4. The
expected diameter of the resultant trees are 0.02 (for the |l eft graph), 0.2 (for the middie
graph), and 1.0 (for the right graph).

Table 1. The Running Times of NJ and DCM-NJMP in Seconds.

|Taxa| NJ [DCM-NJ+MP)
10 [0.01 194
25002 912
50 |[0.06| 24.99
100[035| 13246
200| 25| 65327
40020.08|  4991.11
800160.4]  62279.3

study has consequencesfor large phylogenetic analyses, becauseit showsthat the accu-
racy of the NJ method may suffer significantly on large datasets. Furthermore, since the
DCM-NHMP method has good accuracy, even on large datasets, our study suggests
that other polynomial time methods may be able to handle the large dataset problem
without significant error.
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Abstract. Gu et al. gave a 2-approximation for computing the minimal number
of inversions and transpositions needed to sort a permutation. There is evidence
that, from the point of view of computational molecular biology, a more ade-
guate objective function is obtained, if transpositions are given double weight.
We present a (1 + ¢)-approximation for this problem, based on the exact ago-
rithm of Hannenhalli and Pevzner, for sorting by reversals only.

1 Introduction

This paper is concerned with the problem of sorting permutations using long range
operationslike inversions (reversing a segment) and transpositions (moving a segment).
The problem comes from computational molecular biology, where the aim isto find a
parsimoniousrearrangement scenario that explainsthe differencein gene order between
two genomes. In the late eighties, Palmer and Herbon [[9] found that the number of such
operations needed to transform the gene order of one genome into the other could be
used as a measure of the evolutionary distance between two species.

The kinds of operations we consider are inversions, transpositions and inverted
transpositions. Hannenhalli and Pevzner [[7] showed that the problem of finding the
minimal number of inversions needed to sort a signed permutation is solvable in poly-
nomial time, and an improved a gorithm was subsequently given by Kaplan et al. [8].
Caprara, on the other hand, showed that the corresponding problem for unsigned per-
mutations is NP-hard [4]. For transpositions no such sharp results are known, but the
(3/2)-approximation algorithms of Bafna and Pevzner [|2] and Christie [5] are worth
mentioning.

Moving on to the combined problem, Gu et al. [6] gave a 2-approximation algo-
rithm for the minimal number of operations needed to sort a signed permutation by
inversions, transpositions and inverted transpositions. However, an algorithm looking
for the minimal number of operations will produce a solution heavily biased towards
transpositions. Instead, we propose the following problem: find the 7-sorting scenario
s (i.e., transforming  to the identity) that minimizes inuv(s) + 2trp(s), where inv(s)
and trp(s) are the numbers of inversions and transpositionsin s, respectively.

We give a closed formulafor this minimal weighted distance. Our formulais sim-
ilar to the exact formulafor the inversion case, given by Hannenhalli and Pevzner [[7].

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 227-237] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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We also show how to obtain a polynomial time algorithm for computing this formula
with an accuracy of (1 + €), for any £ > 0. As an example, we explicitly state a 7/6-
approximation. We also argue that for most applications the algorithm performs much
better than guaranteed.

2 Prdiminaries

Here we present some useful definitions from Bafna and Pevzner [[2] and Hannenhalli
and Pevzner [[7], as well as a couple of new ones.

In this paper, we work with signed, circular permutations. We adopt the con-
vention of reading the circular permutations counterclockwise. We will sometimes lin-
earize the permutation by inverting both signs and reading direction if it contains -1,
then making acut in front of 1 and finally adding n + 1 last, where n is the length of the
permutation. An exampleis shownin Figure[Il A breakpoint in a permutationisapair

5 1 % 5 1 % 1-64-5-3-27

-4 6 -3 -2

Fig. 1. Transforming a Circular Permutation to a Linear Form.

of adjacent genes that are not adjacent in a given reference permutation. For instance,
if we compare agenometo the identity permutation and consider the linearized version
of the permutation, the pair (m;, ;1) isabreakpoint if and only if 7,1 — m; # 1. For
unsigned permutations, thiswould be written |71 — m;| # 1

Thethree operationswe consider areinversions, transpositionsand inverted transpo-
sitions These are defined in Figure 2} Following [[217,8], we transform a signed, circular

TG e T4 e = e T | T e — TG AT 1 e

T e e T[T 41 oo s TR 41 - - - — e TG4 o TRYTG 41 o - T T 41 - e e
T4 e e T[T 41 oo s TR 41 - - - — e TG | T oo — TG4 1[MTi41 « o« T[M41 - - -

Fig.2. Definitions of inversion, transposition and inverted transposition on signed
genomes. If we remove al signs, the definition holds for unsigned genomes.

i
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permutation 7 on . elements to an unsigned, circular permutation =’ on 2n elements as
follows. Replace each element z in 7 by the pair (22 — 1, 2) if z is positive and by the
pair (—2z, —2z — 1) otherwise. An example can be viewed in Figure[3 Then, to each
operation in 7 there is a corresponding operation in 7/, where the cuts are placed after
even positions. We also see that the number of breakpointsin = equals the number of
breakpointsin 7’. Define the breakpoint graph on 7’ by adding a black edge between

13 14
-7 9 1
5 1
12 4
6 2 %
11 3
-4 -8 8 15
3
7 16
6 5

Fig. 3. Transforming a signed permutation of length 8 to an unsigned permutation of
length 16.

w; and 7; ., if thereisabreakpoint between them and agrey edge between 2i and 2i+-1,
unless these are adjacent (Figured). These edges will then form alternating cycles. The
length of acycleisthe number of black edgesin it. Sometimes we will aso draw black
and grey edges between 2; and 2i + 1, even though these are adjacent. We will then
get a cycle of length one at the places where we do not have a breakpoint in 7 (these
cycles will be referred to as short cycles). A cycleis oriented if, when we traverse it,
at least one black edge is traversed clockwise and at least one black edge is traversed
counterclockwise. Otherwise, the cycle is unoriented.

Consider two cycles ¢ and co. If we can not draw a straight line through the circle
such that the elements of ¢; are on one side of the line and the elements of ¢, are
on the other side, then these two cycles are inseparable. This relation is extended to
an equivalence relation by saying that ¢; and ¢; are in the same component if there
is a sequence of cyclescy,ca, ..., c; such that, forall 1 <i < j—1, ¢; and ¢c;y; are
inseparable.

A component is oriented if at least one of its cycles is oriented and unoriented
otherwise. If thereis an interval on the circle, which contains an unoriented component,
but no other unoriented components, then this component is a hurdle. If we cannot
remove a hurdle without creating a second hurdle upon its removal (thisis the case if
there is an unoriented component, which is not a hurdle, that stretches over an interval
that contains the previously mentioned hurdle, but no other hurdles), then the hurdleis
called asuper hurdle. If we have an odd number of super hurdlesand no other hurdles,
the permutation is known as afortress.
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\/ /\
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8 15

7 /16
6 5

Fig. 4. The breakpoint graph of atransformed permutation. It contains three cycles, two
of length 2 and one of length 3. The latter constitutes one component, and the first
two constitute another component. The first component is unoriented and the second is
oriented. Both components have size 2.

We should observe that for components in the breakpoint graph, the operations
needed to remove them do not depend on the actual numbers on the vertices. We could
therefore treat the components as separate objects, disregarding the particular permuta-
tion they are part of. If we wish, we can aso regard the components as permutations,
by identifying them with (one of) the shortest permutations whose breakpoint graphs
consist of this component only. For example, the 2-cycle component in Figure [4lcan be
identified with the permutation1 -3 -4 2 5.

We say that an unoriented component is of odd length if all cyclesin the component
are of odd length. We let b(7), ¢() and h() denote the number of breakpoints, cycles
(not counting cycles of length one) and hurdlesin the breakpoint graph of a permutation
m, respectively. For components ¢, b(t) and ¢(t) are defined similarly. The size s of a
component ¢ is given by b(t) — ¢(t). We aso let ¢;(7) denote the number of cycles
in 7, including the short ones, and f () isafunctionthat is 1 is « is afortress, and 0
otherwise.

3 Expanding the Inversion Formula

Let SI denote the set of all scenarios transforming 7 into id using inversions only and
let inv(s) denote the number of inversions in a scenario s. The inversion distance is
defined as d ., () = min,e g1 {inv(s)}. It hasbeen shownin [7/8] that

drny(m) = b(w) — (7)) + h(mw) + f(m),
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where b(7), ¢(m), h(m) and f(7) have been defined in the previous paragraph. In this
paper, we define the distance between 7 and id by

d(m) = sHeusn{mv(s) +2trp(s)},
where S is the set of all scenarios transforming = into id, allowing both inversions
and transposition, and inv(s) and ¢rp(s) is the number of inversions and transposi-
tionsin scenario s, respectively. Here, transpositions refer to both ordinary and inverted
transpositions.
In order to give aformulafor this distance, we need afew definitions.

Definition 1. Regard all components ¢ as permutations and let d(t) be the distance
between ¢ and id as defined above for permutations. Consider the set S of components
t such that d(t) > b(t) — ¢(t) (when using inversions only, this is the set of unoriented
components). We call this set the set of strongly unoriented components. If there is
an interval on the circle that contains the component ¢ € .S, but no other member of S,
then t isa strong hurdle. Strong super hurdles and strong fortresses are defined in
the same way as super hurdles and fortresses (just replace hurdle with strong hurdle).

Observation 1. In any scenario, each inverted transposition can be replaced by two
inversions, without affecting the objective function. Thismeansthat in calculating d(),
we need not bother with inverted transpositions. Therefore, we will henceforth consider
only inversions and ordinary transpositions.

Lemma 1. Each strongly unoriented component is unoriented (in the inversion sense).

Proof. We know that for oriented components ¢, d ., (t) = b(t) — ¢(¢) and for any
permutation 7, we have d(7) < d ., (7). Regarding the component ¢ as a permutation
gives d(t) < drno(t). Thus, for strongly unoriented components we have d ., (t) >
d(t) > b(t) — ¢(t) and we can conclude that a strongly unoriented component can not
be oriented.

Theorem 2. Thedistance d() defined aboveis given by
d(m) = b(m) — c(m) + ha(m) + fi(m),
or, equivalently (counting short cycles aswell),
d(m) =n — cs(m) + he(m) + fi(m),

where h(m) is the number of strong hurdlesin 7, f;(7) is1if 7 is a strong fortress
(and 0 otherwise) and n is the length of the permutation .

Proof. Itiseasytoseethat d(m) < n—cs(m)+he(m)+ fi (7). If wetreat the strong hur-
diesasintheinversion case, weneed only () + f: () inversionsto make all strongly
unoriented components oriented. All oriented components can be removed efficiently
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using inversions, and the unoriented componentswhich are not strongly unoriented can,
by definition, be removed efficiently.

We now need to show that we can not do better than the formula above. From
Hannenhalli and Pevzner we know that we can not decrease n — ¢ () by more than
1 using an inversion. Similarly, a transposition will never decrease n — ¢ () by more
than 2, which is obtained by splitting a cycle in three cycles. The question is whether
transpositions can help us to remove strong hurdles more efficiently than inversions.

Bafna and Pevzner have shown that applying a transposition can only change the
number of cycles by 0 or 2. There are thus three possible ways of applying atranspo-
sition. First, we can split a cycle into three parts (Acs = 2). If we do this to a strong
hurdle, at least one of the components we get must by definition remain a strong hur-
dle, since otherwise the original component could be removed efficiently. This gives
Ahy = 0. Second, we can let the transposition cut two cycles (Ac, = 0). To decrease
the distance by three, we would have to decrease the number of strong hurdles by three
which is clearly out of reach (only two strong hurdles may be affected by a transposi-
tion on two cycles). Finadly, if we merge three cycles (Acs = —2), we would need to
removefive strong hurdles. This clearly isimpossible.

It is conceivable that the fortress property could be removed by a transposition that
reduce n — c4(mw) + hi(m) by two and at the same time removes an odd number of
strong super hurdles or adds a strong hurdle that is not a strong super hurdle. However,
from the analysis above, we know the transpositions that decrease n — ¢ 5 () + he(m)
by two must decrease h.(7) by an even number. We aso found that when this was
achieved, no other hurdles apart from those removed were affected. Hence, there are no
transpositionsthat reduce n — c4(m) + he(m) + fi(m) by three.

Wefind that d(7) > n — c¢s(7) + he(7) + fi(), and in combination with the first
inequality, d(m) = n — cs(m) + he(m) + fir(m).

Fig. 5. The breakpoint graph of acycle of length three which can be removed by asingle
transposition.
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3.1 TheStrongHurdles

Once we have identified all strongly unoriented componentsin a breakpoint graph, we
are ableto calculate the number of strong hurdles. We thus need to look into the question
of determining which components are strongly unoriented.

From the lemma above, we found that all strongly unoriented components are un-
oriented. The converseis not true. One example of thisisthe unoriented cyclein Figure
Bl which can be removed with a single transposition. However, many unoriented com-
ponents are also strongly unoriented. Most of them are characterized by the following
lemma.

Lemma 2. If an unoriented component contains a cycle of even length, then it is
strongly unoriented.

Proof. Since the component is unoriented, applying an inversion to it will not increase
the number of cycles. If we apply atransposition to it, it will remain unoriented. Thus,
the only way to remove it efficiently would be to apply a series of transpositions, all
increasing the number of cycles by two,

Consider what happensif we split acycle of even length into three cycles. The sum
of the length of these three new cycles must equal the length of the origina cycle, in
particular it must be even. Three odd numbers never add to an even number, so we must
still have at least one cycle of even length, which is shorter than the original cycle.

Eventually, the component must contain a cycle of length 2. There are no transposi-
tionsreducing b(t) —c(t) by 2 that can be applied to this cycle, and hence the component
is strongly unoriented.

Concentrating on the unoriented components with cycles of odd Iengths only, we find

that some of these are strongly unoriented and some are not. For instance, there are two

unoriented cycles of length three. One of them is the cycle in which we may remove
three breakpoints (Figure[5) and the other one can be seenin Figure[@ (a). Note that this
cycle can not be acomponent. Thisis, however, not true for the componentsin Figure
(b) and (c), which are the two smallest strongly unoriented components of odd length.

@ (b) ©

Fig.6. A cycle of length three which can not be removed by a transposition (@), the
smallest strongly unoriented component of odd length (b) and the second smallest
strongly unoriented component of odd length (c).
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4 The (7/6)-Approximation and the (1 + &)-Approximation

Even though we at this stage are unableto recognizeall strongly unoriented components
in an efficient manner, we are still able to approximate the distance reasonably well.
We will first show that our identification of the two strongly oriented components of
size less than 6 that contain odd cycles exclusively will give us a 7/6-approximation
(remember that the size of a component ¢ was defined as b(t) — ¢(t)). We will then
show that if we have identified all odd strongly unoriented components of size less than
k, we can make a (1 + )-approximation for e = 1/k.

First welook at the case when we know for surethat 7 is not afortress, and then we
look at the case when m may be afortress.

4.1 If wIsnot aFortress, We Have a 7/6-Approximation

For al odd unoriented components with size less than 6, we are able to distinguish be-
tween those that are strongly unoriented and those that are not. In fact, the only strongly
unoriented componentsin this set can be found in Figure 18 (b) and (c). Thus, the small-
est components that may be wrongly deemed as strong hurdles are those of size 6.

Let hy (), ¢, () and by, () bethe number of components, the number of cyclesand
the number of breakpoints among the odd unoriented components of size 6 or larger,
respectively. It is clear that h, (1) < ¢, (7)) and hy(7) < M Let b,(7) and
¢o () denote the number of breakpoints and cycles, respectively, among all other com-
ponents (that is, the components that we know whether they are strongly unoriented or
not). Also, let hy,one(m) denote the number of hurdles we would have if none of the
large odd unoriented components are strongly unoriented and let & ,;;(7) denote the
number of hurdles we would have, if all of these are strongly unoriented. It followsthat
hnone(ﬂ-) < hy (7T) < hall(ﬂ') < hnone (71') + hy, (7T) This glves

d(m) = b(w) — c(r) + he(m)
< by () + by (7) — co(m) — cy () + hay(m)
< bo((m) = co(m) + bu(m) = €u(m) + hnone(m) + hu(m)
= bo(ﬂ-) N Co(ﬂ') + by (ﬂ-) — Cu (ﬂ-) + hnone(ﬂ') + M

6
and

2 bo(m) + bu(m) — co(m) = cu(m) + hnone(T)
and hence (putting d, () = by () — co() + hnone (7))

7(bu(m) = cu(m))

d(m) € |do(m) + bu(m) = culm) , do(m) + 5

In most situations, d, () will be quite large compared to b, (7) — ¢, () and then
the approximation is much better than 7/6. Thus, in practice we may use this algorithm
to get areliable value for d().
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4.2 |If # May BeaFortress, We Still Have a 7/6-Approximation

The analysis is similar to the one in the previous case. To simplify things a bit, we
look at the worst case. The effect of = being a fortress is most significant if d(r) is
small. We need an odd number of strong super hurdles, and no other strong hurdles,
to make a fortress. It takes two strong hurdles to form a strong super hurdle, and one
strong super hurdle can not exist by itself. Thus, we need at least six strongly unoriented
components, arranged in pairs, covering digoint intervals of the circle.

We consider the case where we have six components, arranged such that we have
three possible strong super hurdles. For each of these three pairs, there are three possible
cases. If we know that we have a strong super hurdle, then we know that, for each
component, b — ¢ > 2 (there are no componentswith b — ¢ < 2). Thus, for the pair we
haveb — ¢ + h > 5. If we know that one of the two componentsis strongly unoriented,
but we are not sure about the other, then we know that we have a strong hurdle and for
the second component, we know that b—c > 6. Together thisgivesb—c+h > 9. Finaly,
if we are ignorant to whether any of the two components are strongly unoriented, we
do not even know whether the pair constitutes a strong hurdle. Since both components
fulfillb — ¢ > 6,wegetb —c+ h € [r,r + 1], wherer > 12. The worst cases is when
aretotally ignorant in each of the three pairsand » = 12. In that case, we get

d(r) € [3-12, 313 +1] = [36,40],

and since this is the worst case, we have a (10/9)-approximation, which is better than
7/6. Again, thisratio will be significantly smaller in most applications.

4.3 The (1 + €)-Approximation

In order to improve on the (7/6)-approximation, we need to be able to identify strong
hurdles among larger components. Since we have not yet found an easy way to do this,
we content ourselves with creating a table of al unoriented components of a certain
size, which are not strongly unoriented. The table could be created using, for instance,
an exhaustive search.

Given atable of al such components of size less than k, and a component ¢ of size
less than k&, we will be able to tell if ¢ is strongly unoriented or not. Thus, applying the
same calculations asin the 7/6 case above, we find that (if 7 is not afortress)

(k + 1) (bu(m) — cu(m))

k )
or (if = may be afortress, worst case (for £ > 10, the worst case is different from the
worst case for k = 6))

d(T) € |do(m) + bu(7) — culm) , do(m) +

din)e2k+2-5,2k+14+2-5+1],

We clearly have

. k+1 . 1

klggoT_kll»H;o1+E_1
and

%412 1

kLH;o2/{J+1O_kLH;o k+5
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5 TheAlgorithm

We will now describe the (7/6)-approximation algorithm, which is easily generalized
to the 1 + ¢ case. First remove, by applying a sequence of optimal transpositions, all
odd unoriented components of size less than six, that are not strongly unoriented. This
can be done as follows: Find a black edge such that its two adjacent grey edges are
crossing. For these small components, this can always be done. Cut this black edge and
the two black edges that are adjacent to the mentioned grey edges. This transposition
will aways reduce the distance by two , and for these components, we can aways
continue afterwards in a similar fashion. In the 1 + ¢ case, we would have to use the
table to find out which transposition to use.

After removing these components, we can apply the inversion algorithm of Han-
nenhalli and Pevzner. The complexity of this algorithm is polynomial in the length of
the original permutation, asis the first step of our algorithm, since identifying the un-
oriented components that are not strongly unoriented and removing them can be done
in linear time. Computing the inversion distance can be donein linear time[[1] and thus
an approximation of the combined distance can also be computed in linear time.

To get a (1 + ¢)-approximation, all we have to do is to tabulate al odd oriented
components of size % that are not strongly unoriented. We also need to tabulate, for
each such component, a sequence of transpositions that will remove the component
efficiently. Itisclear that thea gorithmisstill polynomial, sincelooking up acomponent
in the table is done in constant time (for each ¢).

6 Discussion

The algorithm presented here relies on the creation of atable of componentsthat can be
removed efficiently. Could this technique be used to find an agorithm for any similar
sorting problem such as sorting by transpositions? In general, the answer is no. In this
case, as for sorting with inversions, we know that if a component can not be removed
efficiently, we need only one extra inversion. We also know that for components that
can be removed efficiently, we can never improve on such a sorting by combining com-
ponents. For sorting by transpositions, no such results are known and until they are, the
table will need to include not only some of the components up to a certain size, but
every permutation of every size.

The next step is obviously to examine if there is an easy way to distinguish all
strongly unoriented components. For odd unoriented components, this property seems
very elusive. It also seems hard to discover a useful sequence of transpositions that
removes odd oriented components that are not strongly unoriented. However, investi-
gations on small components have given very promising results. For cycles of length 7,
we have the following result: If the cycle is not a strongly unoriented component, then
no transposition that increase the number of cycles by two will give a strongly unori-
ented component. This appearsto be the case for cycles of length 9 aswell, but no fully
exhaustive search has been conducted, due to limited computational resources.

If this pattern would hold, we could apply any sequence of breakpoint removing
transpositions to a component, until we either have removed the component, or are
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unable to find any useful transpositions. In the first case, the component is clearly not
strongly unoriented, and in the second case it would be strongly unoriented.
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Abstract. In this paper, we study the Reversal Median Problem (RMP), which
arises in computational biology and is a basic model for the reconstruction of
evolutionary trees. Given ¢ genomes, RMP calls for another genome such that
the sum of the reversal distances between this genome and the given onesis min-
imized. So far, the problem was considered too complex to derive mathematical
models useful for its practical solution. We use the graph theoretic relaxation of
RMP that we developed in a previous paper [6], essentially calling for a perfect
matching in a graph that forms the maximum number of cycles jointly with ¢
given perfect matchings, to design effective algorithms for its exact and heuris-
tic solution. We report the solution of a few hundred instances associated with
real-world genomes.

1 Introduction

The problem of reconstructing evolutionary trees from genome sequences is of great
interest in computational biology [119]. Formally, given a set of genomes, each repre-
senting a species and defined by a sequence of genes, and a notion of distance between
genome pairs, the problem calls for a Seiner tree in the genome space, with the given
genomes defining the Steiner node set (the other nodesin the tree are intended to repre-
sent species from which the given species have evolved). Distanceis aimed at modeling
the number of evolutionary changes (also called elementary operations) that led from
one genome to another. There are several types of elementary operations to be con-
sidered [19], such as reversals (also called inversions), transpositions, translocations,
deletions, insertions, etc. Defining suitable notions of distance and finding algorithms
to compute distances has been a challenging topic in the 90s. In particular, much work
has been done in the simplified model in which all genomes contain the same set of
genes, al genes appearing within a genome are pairwise different (i.e., there are no
gene duplications) and elementary operations are of a unique type. For this case, the
most realistic notion of distance appearsto be the reversal (or inversion) distance, cor-
responding to the minimum number of reversalsthat transform one genomeinto another
[10/26].

A breakthrough result in computational biology states that, if the orientation of the
genes within the genomes is known, the reversal distance can be computed in polyno-
mia time[12]. Actualy, thetimeis even linear in the genome size by using the method
of [1]. Therefore, being more redlistic than other distances and efficient to compute,

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 238-251] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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one would expect the reversal distance to be employed when evolutionary trees are re-
constructed (still under the simplifying assumptions of genomes with the same genes,
no gene duplication and elementary operations of a unique type). Thisis not the case,
probably because the mathematical modeling of the problem of finding the “best” tree
w.r.t. thereversal distanceis considered to betoo complex, giving as motivation the fact
that, though efficient, computation of the distance between two permutations is not at
all trivial (actually its complexity was open for awhile until theresult of [[12]). Theonly
attempts so far to use the reversal distance within evolutionary tree reconstruction can
be found in [11/25/17].

For the reasons above, the use of asimpler (though less realistic) notion of distance,
called breakpoint distance, which is trivial to compute, has been proposed in [[22] and
extensively studied afterwards [13,20/23/18,8,21/5]. In particular, much work has been
done on the so-called Breakpoint Median Problem (BMP), whichis the problem of find-
ing a genome which is closest to a given set of genomes w.r.t. the breakpoint distance,
i.e., the sum of the breakpoint distances between the genometo be found and each given
genome is minimized. All the methods to reconstruct evolutionary trees [[3/23]18] use
as asubroutine aprocedureto solve BMP, either exactly or heuristically, in order to find
the “best” genome associated with a given tree node once the genomes associated with
the neighbors of the node are fixed. It is easy to show [[22] that BMP is a specia case of
the Traveling Salesman Problem (TSP).

This paper isaimed at considering the use of the reversal distancein the reconstruc-
tion of evolutionary trees, mainly focusing on the Reversal Median Problem (RMP),
the counterpart of BMP in which the reversal distanceis used instead of the breakpoint
distance. In [6] we described a graph theoretic relaxation of RMP which allowed us
to prove that the problem is N'P-hard (actually also AP X -hard). Essentialy al pa-
pers dealing with BMP mention RMP as a more redlistic model, say that it is A/P-hard
citing [6], and motivate the use of BMP by sentences like “For RMP, there are no al-
gorithms available, aside from rough heuristics, for handling even three relatively short
genomes’ [[3122], or “Even heuristic approaches for RMP work well only for small in-
stances” [23124]. Our ultimate goal is to show that, although RMP is N"P-hard and
nontrivial to model, instances of the problem associated with real-world genomes can
be solved to (near-)optimality within short computing time.

In this paper we first recall the graph theoretic relaxation of RMP given in [[6], in
Section 2] In [6] we also presented an Integer Linear Programming (ILP) formulation
for this relaxation, hoping that this ILP would have allowed us to solve to proven op-
timality real-world RMP instances. Actualy, this was not the case, as we discuss in
the present paper—the exact agorithm that we will propose, presented in Section [3,
is not based on this ILP. However, a careful use of the LP relaxation of the ILP is the
key part of the best heuristic algorithm that we have developed, illustrated in Section
Experimental results are given in Section B, where we show that our methods can
solve to proven optimality many instances associated with real-world genomes, even of
relatively large size, and find provably good solutions for the remaining instances.

2 Préiminaries

A genomewithout gene duplicationsfor which the orientation of the genesis known can
be represented by a signed permutation = on N := {1,...,n}, obtained by signing a
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permutationT = (71 ... 7,) on N, i.e., by replacing each element 7; by either 7, = +7;
or m; = —7;. In particular, signs model the relative orientation of the genes within the
genome. We denote by X7, the set of the 2™ n! signed permutationson N. A reversal of
theinterval (¢,7), 1 < i < j < n, applied to a signed permutation , is an operation
which both inverts the subsequence ; m;+1 ... mj—1 7; and switches the signs of the
elements in the subsequence, replacing 7y ... Tj—1 T Tig1 - .. Tj—1 T Tj41 ... Tp
bym ... M1 — 7 —TWj—1 ... — W41 — T Tj41 ... Tp. The minimum num-
ber of reversals needed to transform a signed permutation 7 ! into a signed permutation
w2 (or vice versa) is called the reversal distance between 7! and 72, here denoted by
d(mt, 7?). Given two signed permutations, the problem of Sorting By Reversals (SBR)
calls for finding the reversal distance between the two permutations and an associated
shortest sequence of reversals. SBR was shown to be polynomially solvable in [[12].
At present, the best asymptotic running time is O(n?), achieved by the algorithm of
[14]. Nevertheless, as mentioned above, the simple computation of the reversa dis-
tance (without an associated sequence of reversals) can be carried out in O(n) time
[1]. Throughout the paper we will only work with signed permutations, therefore for
convenience we use the term permutation to indicate a signed permutation.

Given g permutationsz!, ..., 79 € X,,, ¢ > 3, representing genomeswith the same
set of genes, RMP calls for apermutation o € X, suchthat §(c) := >°7_, d(o, %) is
minimized. The remainder of the section gives the essential notions from the previous
works on SBR and RMP.

The graphs we consider are in general multigraphs, possibly having parallel edges
with common endpoints. More generally, we consider multisets, which may contain
distinct copies of identical elements. Given a node set V' we call an edge set M C
{(i,7) : i,5 € V,i # j} amatching of V if each node in V' is incident to at most
oneedgein M. If each nodein V' isincident to exactly one edgein M, the matching is
called perfect. In general, wework with agraph G = (V, E') and an associated (perfect)
matching M of V without requiring M C E. Cyclesand paths are thought of as subsets
of {(i,4) : 4,5 € V,i # j}, by implicitly assuming that they are simple, i.e., they do
not visit a same node twice or more. The length of a cycle or path is given by the
number of its edges, and we consider “degenerate” cycles of length 2 formed by pairs
of parallel edges. A Hamiltonian cycle of V isacyclevisiting al the nodesin V. Given
two matchings M, L of V, the graph (V, M U L) corresponds to a set of node-digjoint
paths and cycles; we call the latter the cycles defined by M U L. If both M and L are
perfect, the graph (V, M U L) corresponds to a set of node-disjoint cycles visiting all
thenodesinV.

Considerthenodeset V := {0, 1,.. ., 2n, 2n+1}, and the associated perfect match-
ing H :={(20 —1,2¢) : i =1,...,n} U{(0,2n + 1)}, called the base matching of
V. For convenience, let 2 := n + 1 denote the cardinality of any perfect matching of
V. Thereis a natural correspondence between signed permutationsin ', and perfect
matchings M of V' such that M U H defines a Hamiltonian cycle of V. These match-
ings are called permutation matchings. In particular, the permutation matching M ()
associated with apermutation 7 € X, is defined by

M () :={(2|m;| — v(m;),2|mit1] — 1+ v(miy1)) : i € {0,...,n}}, (0]

where for convenience we have defined 7o := 0, 7,41 := n + 1 and v(m;) := 0 if
m; > 0, v(m;) := 1if m; < 0. Figure[Dillustrates the permutation matchings associated
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Fig.1. TheMB Graph G(n!, 72, 73) Associated with 7! = (2 =3 1), 7% = (3 —1 —2)
and 7% = (1 —23).

withml = (2 —31),72=(3 —1 —2)and 7> = (1 — 2 3). Thefollowing result is
well known and used in almost all papers on SBR.

Proposition 1. ([[2]) M (-) defines a one-to-one mapping between signed permutations
in X, and permutation matchings of V.

Given two permutations 7' and 72, the set of edges M (7') U M (n?) defines a set
of cycles whose edges are aternately in M (7!) and in M (7?) (possibly containing
cycles of length 2). Let ¢(7!, 72) denote the number of these cycles. For permutations
b, w2, 7% in Figure, d(7!,73) = 2, e(xt, %) = 2, d(x!,7?) = d(n?%,73) = 3,
c(mt,7?) = e(n?,7%) = 1. A fundamental result proved in [[16/2], restated according
to our notation, is the following

Proposition 2. ([16/2]) For two permutations=!, 72 € X,,, d(7', 7%) > i—c(r!, 72).

Wewill call 71 —c(mt, 72) the cycle distance between 7! and 72 or between M (7!) and
M (7?). Inpractice, thelower bound on the reversal distance given by the cycle distance
turns out to be very strong. It is convenient to extend the notion of cycle distance also
to general perfect matchings. Given two perfect matchings 7', S of V' (not necessarily
permutation matchings), let ¢(7, S') denote the number of cyclesdefinedby T'U S. The
cycle distance between T" and S isgiven by i — ¢(7, S). It is easy to verify that thisis
indeed a distance, for it satisfies the triangle inequality.
Let@ :={1,...,q}. Wedefinethe MB graph associated with permutations !, . .

71 € X, asthe graph G(=!, ..., 79) with node set V and edge multiset M (7!) U

.. U M(m?). Note that possible common edges in M(n7) and M(7%), j # k, are

considered distinct parallel edgesin G(r! ) Figure[D represents the MB graph
G(r!, 7%, 73) associated with w1 = (2 —31) =3 —-1-2)and7n3 = (1 —23).
For a given RMP instance defined by permutations 7, ... 79 € X, and a per-

mutation o € X, let v(0) = Y (o, 7). Theorem 2immediately implies that
8(0) = Y peq dlo, ") > gi — (o). Together with Theorem ] this suggests to study
the following Cycle Median Problem (CMP): Given permutations 7*, ... 79 € X,
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Fig.2. The Contraction of Edge (i, j).

find apermutation~ € X, suchthat gin—~(7) isminimized. Intermsof G(rt, ..., 79),
the problem calls for a permutation matching 7" such that i — >, o (7, M(7*))is
minimized. The correspondence between solutions~ and 7" isgivenby M (7) = T. The
immediate generalizations of Theorem[Z2for RMP isthefollowing. Let 5* and gnn — v*
denote the optimal solution values of RMP and CMP, respectively.

Proposition 3. ([[6]) Given an RMP instance and the associated CMP instance, 6 * >
qn —~*.

For the MB graph in Figure[d], an optimal solution of both RMP and CMP is given
by 71, for which (1) = d(x!,7!) + d(xt, 7%) + d(7!,7%) = 0+ 3+ 2 = 5 and
y(mt) = e(nt, 7)) + e(nt, 7?) + e(nt,m3) = 4+ 1+ 2 = 7. Hence, 6* = 5 and
Yy =T.

The strength of the cycle distance lower bound on the reversal distance suggeststhat
the solution of CMP should yield a strong lower bound on the optimal solution value
of RMP. CMP is indeed the key problem addressed in this paper to derive effective
algorithmsfor RMP.

We conclude this section with an important notion that will be used in the next
sections. Given a perfect matching M onnodeset V andanedgee = (i,5) € {(s,7) :
i,7 € V,i # j}, welet M/e be defined as follows. If e € M, M/e := M \ {e}.
Otherwise, letting (¢,a), (j,b) be the two edges in M incident to ¢ and j, M/e :=
M\ {(@i,a),(4,0)} U{(a,b)}. The following obvious lemmawill be used later in the
paper.

Lemma 1. Giventwo perfect matchingsM, L of V. andanedgee = (i,5) € M, MUL
defines a Hamiltonian cycle of V' if and only if (M /e) U (L/e) defines a Hamiltonian
cycleof V'\ {4, j}.

Givenan MB graph G(r!, ..., w%), the contraction of an edgee = (i,5) € {(i,]) :
i,j € V,i # j} isthe operation that modifies G(r!, ..., %) asfollows. Edge (4, j) is
removed along with nodesi and j. For k = 1,...,q, M (%) isreplaced by M (7*)/e,
and the base matching H is replaced by H/e. Figure [2 illustrates the contraction of
edge (7, ).

Note that the graph obtained after an edge contraction is not necessarily an MB
graph, in particular there may be some k € Q such that M (7 %) U H defines more than
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one cycle after contraction. Thisis apparently a drawback, since our methods deal with
instances obtained by contracting edges. To overcomethis, our algorithmsare suited for
the following generalization of CMP. Consider agraph G onnodeset V, with |V| = 27
for some integer n > 1, along with a perfect matching H, called base matching, and
let £ := {(i,4) : i,4 € V,i # j} \ H. Given ¢q perfect matchings M+,..., M, C E
(which do not necessarily define Hamiltonian cycles with H), find a perfect matching
T C Esuchthat TU H isaHamiltoniancycleand gi — -, ., ¢(T', M) is minimized.
In the rest of the paper, we will use the term CMP to denote this more general version.

3 A Combinatorial Branch-and-Bound Algorithm

We next describe a simple branch-and-bound al gorithm for CMP (and RMP) based on
a straightforward lower bound (as opposed to the sophisticate L P relaxation of the next
section) that can be computed in time linear in n. The key issue of our approach is that
branching corresponds to edge contraction, and yields another problem with the same
structure for which the above lower bound can be computed as well. We describe the
method for CM P and then mention the slight modification required to solve RMP.

We start by illustrating the combinatorial lower bound, which is only based on the
property that the cycle distance satisfies the triangle inequality and is well known for
other median problems in metric spaces (see e.g. [[10]). Asin Section[Z, let g0 — v*
denote the optimal solution value of CMP.

M,

Lemma 2. Givena CMP instance associated with matchings M, . .., My,

)

~ q—1 gq
pe @y y Al @

The lower bound on the optimal CMP (and RMP) value given by ¢n minus the left-
hand side of (), called Ibc, can be computed in O(ng?) time since computation of
o(My, M) foral k,l =1,...,q,k # [, takes O(n) time. In the next section we give
an LP interpretation of this bound.

Recall the definition of edge contraction in Section [2. The branching scheme of our
agorithm isinspired by the following

Lemma 3. Givena CMP instance and an edge e € E, the best CMP solution contain-
ingeisgivenby T'U{e}, where T' isthe optimal solution of the CMP instance obtained
by contracting edge e.

Proof. Let T := T'U{e}.First of al, notethat 7' is afeasible CMP solution by Lemma
[M Now suppose there is another solution 7* with e € T* and

> (T M) > > T, My). ©)

keQ keQ

For al k suchthat e € M}, acycle of length 2 formed by two copies of e is defined by
both T* U M}, and T' U M},. Furthermore, contraction of edge e ensures a one-to-one
correspondence between cycles defined by 7' U M, (resp. T* U M},) which are not two
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copies of e and cyclesin 7'U M, (resp. I \ {e}UMy,) after the contraction of e. Hence,
(3 would contradict the optimality of 7. O

According to Lemma[3, if we fix edge e in the CMP solution, an upper bound on the
number of cyclesis given by [{k : M} > e}| (i.e, the number of cycles of length 2
defined by two copies of ¢e) plus the upper bound () computed after the contraction
of e. Thisalows usto design a branch-and-bound algorithm where, starting from node
0 € V, we enumerate all permutation matchings by fixing, in turn, either edge (0, 1),
or (0,2),...,0r(0,2n) inthe solution. Recursively, if the last edge fixed in the current
partia solution is (¢, ) and the edge in H incident to j is (j, k), we proceed with the
enumeration by fixing in the solution, in turn, edge (k,1), for al [ with no incident
edge fixed so far. We proceed in a depth first way. With this scheme we can perform
the lower bound test after each fixing in O(ng?) time (in fact, the recomputation of
the lower bound after each fixing is done parametrically and, in practice, turns out to
be faster than from scratch). In order to have a fast processing of the subproblems,
the only operations performed are edge contraction and the bound computation, and
the incumbent solution is updated only when the current partial solution is a complete
solution.

The main drawback with the above scheme is that good solutions are found after
considerable computing time. To overcome this, we start from the lower bound b
computed for the original problem and call the branch-and-bound first with a target
value t := Ibc, searching for a CMP solution of value ¢ and backtracking as soon as
the lower bound for the current partial solution is > £. If asolution of value # is found,
it is optimal and we stop, otherwise no solution of value better than b + 1 exists.
Accordingly, we call the branch-and-bound with target value # := Ibc + 1, and so on,
stopping as soon as we find a solution with the target value. Even if this has the effect
of reconsidering some subproblem more than once, every call of branch-and-bound
with a new value of ¢ takes typically much longer than the previous one, therefore
the increase in running time due to many calls is negligible. On the other hand, the
scheme allows for the fast derivation of good lower bounds, noting that £ is a lower
bound on the optimal CMP value and isincreased by 1 after each call, with the minimal
core memory requirementsof adepth-first branch-and-bound (we often examine severa
million subproblems so the explicit storage of the subproblemswould be impossible).

The above algorithm can easily be modified to find optimal RMP solutions. In par-
ticular, each time the current partial solutionisacomplete solution, of value (say) gn—-
(w.r.t. the CMP objective function), the above algorithm tests if g = v = . If thisis
the case, the algorithm stops as the current solution is optimal. In the modified ver-
sion, we compute the value ¢ of the current solution w.r.t. the RMP objective function.
If § = ¢, again we stop. Otherwise, we possibly update the incumbent RMP solution
value §* (initially set to 0o). In any case, the agorithm stops when the target value ¢
(increased at each iteration) satisfies 5* < t.

The branch-and-bound algorithm is effective for many instances, providing a prov-
ably optimal solution within short time, especially in the relevant special case of ¢ = 3,
for which the lower bound is reasonably close to the optimal value. In particular, the
processing of each subproblem within the branch-and-bound enumeration is very fast
(for our instances, a few hundred thousand subproblems per second on a PC). For the
remaining instances, the method is good at finding lower bounds on the optimal CMP
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(and RMP) value but does not provide good heuristic solutions (even if various heuris-
tics are applied within the enumeration scheme). The following section describes a
heuristic based on a natural LP relaxation that performswell in practice.

4 An LP-Based Heuristic

In [6], we proposed a natural ILP formulation of CMP with one binary variable x .. for
eachedgee € F, equal to 1 if e isin the CMP solution and 0 otherwise, and one binary
variable yo for each cycle that the CMP solution may define with My, k € Q. For
details, we refer to [|6] or to the full paper.

The ILP formulation contains an exponential (in n) number of variables and con-
straints. Nevertheless, due to a fundamental result of Grotschel, Lovasz and Schrijver
[9], the associated L P relaxation can be solved in polynomial time provided the sepa-
ration of the constraints and the generation of the y variables can be done efficiently.
It is shown in [6] that this is indeed the case. However, in practice, this LP relaxation
turns out to be very difficult to solve with the present state-of-the-art LP solvers. In the
full paper, we provide experimental results showing that, even for ¢ = 3, the largest
LPs solvable in a few hours correspond to instances with n = 30, that can be solved
within seconds by the combinatorial branch-and-bound algorithm of the previous sec-
tion, whereas LPs for n > 40 may take days or even weeks to be solved. Hence, an
exact algorithm based on the ILP formulation seems (at present) uselessin practice. In
this section, we show how to use the LP relaxation within an effective heuristic.

The heuristic starts from the (in most cases, fractional) vectors = * produced at each
iteration within the iterative solution of the LP relaxation by column generation and
separation. For a given z*, we apply a nearest neighbor algorithm, which starts from
some node ig € V, selects the edge (ip,j) € E such that mz‘io ) is maximum, con-

siders the node ! such that (j,1) € H, selects the edge (I,p) € E such that p # iy
and z7; , is maximum, considers the node r such that (p,r) € H, and so on, until
the edges selected form a permutation matching. We then apply to the final solution a
2-exchange procedure, where we check if the removal of two edgesin the current solu-
tion and their replacement with the two other edges that yield a permutation matching
yields an improvement in the CMP vaue. If this is the case, the replacement is per-
formed and the procedure is iterated. Otherwise, i.e., if no 2-exchange in the current
solution improves the CMP value, the procedure terminates. Each time a new solution
is considered, namely the initial solution produced by nearest neighbor and the solution
after each improvement, we compute the corresponding RMP value to possibly update
the best RMP solution so far.

Itis easy to see that the complexity of nearest neighbor is O(n2), plus O(qn) for the
evaluation of the value of the CMP (and RMP) solution found. Also easy is to verify
that checking if a 2-exchange yields an improvement in the CMP value can be done
in O(q) time if one has a data structure that, for each k € Q and i € V, tells which
isthe cyclein T' U M, that visits node i, where T is the current solution (cycles are
simply identified by numbers). This data structure can be reconstructed in O(gn) time
every time the current solution is improved. Hence, each iteration of the 2-exchange
procedure, that either yields an improvement or terminates the procedure, takes O(qn ?)
time since O(n?) 2-exchanges are considered.
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For every vector =*, we try each node i € V as starting node in nearest neigh-
bor. This is because starting from different nodes may yield solutions of considerably
different quality. Now the point is how to produce each x* within reasonable time,
as the solution of each LP within the iterative procedure is quite time consuming, as
mentioned above. A natural choice is to work with a“sparsified” graph, where only a
subset of the edges E’ C E is considered in the LP (the variables associated with the
other edges other being fixed to 0). To this aim, the algorithm is organized in rounds.
Inthefirst round, welet £/ := | reo My For the other rounds, we consider the other
edges by increasing value of lower bound /b . In particular, for each edgee € FE, we
compute lb(e), the value of lower bound [b ¢ if edge e is fixed in the solution. In the
second round we let £ := J;co My U {e € E : Ibc(e) < Ibc}, inthe third round
E = UpeqMrU{e € E @ lbc(e) < lbc + 1}, and so on. We stress that in the
nearest neighbor heuristic and in the 2-exchange procedure the whole set E of edgesis
considered (the definition of E’ is only meant to speed-up the solution of the LPs).

To further drive the heuristic with the LP solutions, every timein around the value
of the current LP 7 is such that [¢in — 5] < §*, where 6* is the best RMP solution
value so far, we fix to 1 the [72/107 « variables whose value is highest, imposing the
associated edges in the solution. We make sure that the partial solution is contained
into a CMP solution, and perform the fixing only if at least 3 iterations (of column
generation or separation followed by an LP) were performed since the last fixing. The
round terminates when the optimal value of the L P (containing only the edgesin E’ and
with some edges fixed in the solution), say 7, satisfies [qnn — 7] > §*.

The overall heuristic terminates either after a time limit or when the round corre-
sponding to £/ = E terminates.

5 Experimental Results

Our agorithms were implemented in C and ran on a Digital Ultimate Workstation
533MHz. As aready mentioned, the LP solver used was CPLEX 6.5. Moreover, we
computed the reversal distance between permutations using the implementation of the
linear time agorithm of [, which is available a
http:/7/ww. cs. unm edu/ " nor et / GRAPPA (in particular, we used the func-
tion invdist_noncircular _.nomem()).

The main test instance in the early development of our code is associated with three
real-world genomes each with n = 33 genesand reportedin [[25]. Thisinstance already
gives some clear indication about the solution methods proposed in this paper, as our
branch-and-bound algorithm can solveit within lessthan 0.2 seconds (the optimal value
being 41), the LP heuristic finds an optimal solution in less than 0.05 seconds, whereas
the associated (complete) L P relaxation was not solved after 500, 000 seconds!

In our experiments, we mainly solved instanceswith ¢ € {3, 4,5}. Themain reason
is that the RMP instances solved within the reconstruction of evolutionary trees are
associated with small values of ¢ (typically, ¢ = 3). Moreover, as shown by the tables,
the effectiveness of the lower bounds proposed in this paper quickly decreases as ¢
increases; therefore not much can be said about the optimality or near-optimality of
the solutions provided for instances with higher values of ¢ (with some exceptions, see
below).
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All tables report the values of ¢ and n, the time limit imposed on the branch-and-
bound a gorithm and on the LP heuristic for all instances (within the caption), and the
following information:

# inst: the number of instances considered for each value of ¢ and n (average and
maximum values refer to this number of instances);

# opt: the number of instances solved to optimality by the branch-and-bound algo-
rithm within the time limit;

0*: the average value of the best RMP solution found—the optimal one if the
branch-and-bound algorithm terminates before the time limit, otherwise the best
solution produced by the LP heuristic;

lbe: the average value of lower bound [b ¢;

Ibpp: the average value of the lower bound produced by the branch-and-bound
algorithm (equal to the optimum if the algorithm terminates before the time limit);
B& B subpr.: the average number of subproblems considered within the branch-and-
bound algorithm;

B&B time: the average (maximum) time required by the branch-and-bound algo-
rithm (possibly equal to the time limit);

6 the average val ue of the best RMP solution produced by the LP heuristic;

H time: the average (maximum) time required to find the best solution by the LP
heurigtic;

gap: the average (maximum) difference between the best RMP solution found and
the lower bound produced by the branch-and-bound algorithm.

Table 1. Results on Uniformly Random Instances, Time Limit of 10 Minutes.

n [#inst.[#opt.] 6* [Ibc [lbps| B&Bsubpr. | B&Btime | 677 H time gap

10 10 | 10 [142| 135 142 3286 0.0(00 [142] 00(02 0.0 (0)
20| 10 | 10 [ 29.2|275| 29.2 | 433120 01(03) |292| 0.2(08) 0.0 (0)
30| 10 | 10 |45.0|42.8 | 450 | 6504469.6 | 10.2(45.6) | 45.3 | 34.0(232.4) | 0.0(0)
40| 10 2 | 617 | 57.2 | 60.3 |317477043.2|524.9 ( 600.0) | 61.8 | 58.0 (427.7) | 1.4(4)
50| 10 0 |79.2|723| 75.1 |335299968.0|600.0 ( 600.0) | 79.2 |184.7 (584.9)| 4.1(5)
10 10 | 10 [211|179| 211 6026.2 00(0.0 [211] 0.1(04) 0.0 (0)
20| 10 | 10 |44.1|37.2| 441 | 70430739.2 |171.2(536.8)| 44.1 | 2.8(8.6) 0.0 (0)
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30| 10 | 0 |69.2|57.0| 634 |214200012.8|600.0 ( 600.0) | 69.2 | 29.8(183.1) | 5.8(7)
20| 10 | 0 |937|763 | 822 |192300006.4|600.0 ( 600.0) | 93.7 | 80.2 ( 254.2) [11.5 (13)
50| 10 | 0 |121.2| 96.6 | 101.9 |173600000.0|600.0 ( 600.0)|121.2| 96.9 ( 450.2) |19.3 (20)
10[ 10 | 10 | 287|224 [ 287 | 693443 | 02(03) |287] 01(02 | 00(0)
20| 10 | 0 |59.3|46.3 | 56.6 |175400012.8|600.0 ( 600.0)| 59.3 | 63.4(588.1) | 2.7 (3)
30| 10 | 0 |918]|712]| 79.7 |148699993.6|600.0 ( 600.0) | 91.8 |121.7 ( 423.8) |12.1 (14)
20| 10 | 0 |125.7| 953 | 103.3 | 129500006.4|600.0 ( 600.0) | 125.7|141.8 ( 359.5) | 22.4 (25)
50| 10 | 0 |161.5|120.6|127.7 | 113400000.0|600.0 ( 600.0) | 161.5|275.2 ( 507.2) | 33.8 (35)

In Table[d we present results on instances associated with uniformly random permuta-
tions. The table shows that, for ¢ = 3, the maximum size of such instances solvable to
proven optimality within reasonable time is between 30 and 40 (with atime limit of 1
hour instead of 10 minutes, 6 instances out of 10 can be solved for n = 40). For ¢ = 4
the threshold is just above 20, whereas it is below 20 for ¢ = 5. This reflects the bad
quality of the combinatorial lower bound for ¢ > 3. The LP heuristic in some cases re-
quires some time to find the best solution, even if solutions whose valueis 1 or at most
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2 units larger are typically found in fractions of a second. Our feeling is that the solu-
tions found by the LP heuristic are near optimal even for the cases in which the lower
bound cannot certify this. Table[Zrefersto the randomly generated instances mentioned

Table 2. Results on Random Instances from setl in [[17], Time Limit of 10 Minutes.

n [#instJ#topt] 6% [Ibc [Ibpp|B&B subpr.| B&Btime | 67 H time gap

20 10 | 10 |140|135| 40| 3647 | 00(00) |142| 00(00) | 00(0)
40| 10 | 10 |147|140| 147| 8734 00(0.0) |149| 00(0.0) | 00(0)
80| 10 | 10 [151|142| 151 | 53417 | 00(00) |151| 01(02) |00(0)
160| 10 | 10 |151|142|151| 210758 | 00(0.) |151| 07(07) |00(0)
320 10 | 10 |[150|142| 150| 560769 | 0.1(02) |150| 52(52) | 00(0)
0] 10 | 10 [145|136] 145 | 4920 0.0(00) [148] 00(00) | 00(0)
20| 10 | 10 |275|265|27.5| 310176 | 00(0.3) |27.9| 00(01) |00(0)
40| 10 9 |47.1|45.0| 46.9 | 39167574.4 | 63.0 ( 600.0) | 47.4| 0.3(2.7) 02(2)
80| 10 | 10 |56.5|55.1| 56.5 | 4342064.8 | 7.0(70.2) |56.8| 0.4(11) | 0.0(0)
160| 10 | 10 |57.5|565| 575 | 163820 | 00(0.) |576| 10(L16) |00(0)
320 10 | 10 |57.6|566|57.6 | 455509 | 0.1(0.1) |57.6| 6.0(10.2) | 0.0(0)
0] 10 | 10 [143| 138 43| 267.7 0.0(00) [146] 00(00) |00(0)
20| 10 | 10 |295|27.9| 295 | 420458 | 01(02) |301| 01(02) |00(0)
40| 10 | 4 |616|57.3| 603 [258096275.21433.1 (600.0)| 621 | 0.9(6.1) | 1.3(3)
80| 10 0 [125.5|112.7|115.0|292400000.0|600.0 ( 600.0)|125.5| 9.8 (18.3) |10.5(13)
160| 10 | 0 |190.6(177.5179.7|272000025.6|600.0 ( 600.0)|190.6| 46.2 ( 276.5) [10.9 (24)
320( 10 9 |205.0{203.4|204.8| 37536243.2 | 66.7 ( 600.0) |205.0| 29.2(73.1) | 0.2(2)
0] 10 | 10 [142|134] 42| 2473 0.0(00) |[144] 00(00) |00(0)
20| 10 | 10 |205|280| 295| 964192 | 0.1(07) |29.9| 00(01) |00(0)
40| 10 | 3 |620|57.8| 606 [209220787.2/501.5 (600.0)| 625| 0.4(06) | 1.4(3)
80| 10 0 {130.8|116.0|118.3|288000000.0|600.0 ( 600.0)(130.8| 10.8 ( 23.8) |12.5(14)

0
0
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160| 10 276.6(236.2| 237.3|204600000.0|600.0 ( 600.0)|276.6/248.8 ( 508.1)(39.3 (42)
320 10 537.1|451.4| 451.8|146000000.0600.0 ( 600.0)|537.1/244.5 ( 600.0)85.3 (98)
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in [17] and publicly available at [htt p: /7 www. CS. unm edu/ ~nor et / GRAPPA.
We report only results for the instances setl—the results for those in set2 are anal ogous
and can be found in the full paper. All these instances have ¢ = 3 permutations, each
generated starting from the identity permutation and simulating a number of evolution-
ary changes. Parameter r increases with the number of changes simulated, therefore for
larger values of r the RMP solution value is larger. The two tables show that, at least
for ¢ = 3, RMPistypically easy to solve if the solution value (i.e., the overall reversa
distance) is considerably smaller w.r.t. the case of uniformly random permutations, for
which the average solution value seems to be roughly 1.5n (see Table [1). Specifically,
instances with 6* < n can be solved quickly, even for n = 320. We stress that these are
the instances for which the reversal distance gives more reliable indication about the
actual evolutionary distance, see also [19]. Notethat in both tables, for » = 8, instances
with n = 320 (for which §* < n) are easier than instances with n = 80 and n = 160
(for which §* > n).

We conclude presenting results for instances associated with real-world genomes.
We considered two sets of genomes, one corresponding to chloroplast genomes men-
tioned in [[17] and available at htt p: // wwwv. cs. unm edu/ ™ nor et / GRAPPA,
each with n = 105 genes, and the other to mitochondrial genomes that we obtained
from Mathieu Blanchette [4], each with n = 37 genes. For each genome set and
q = 3,4,5, we considered, respectively, the instances associated with all triples, four-
tuples and fivetuplesin the set. The results are reported in Table Bland @ Asthe number
of instances is quite large, we imposed one minute time limit both on the branch-and-
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Table 3. Results on Instances from 13 Chloroplast Genomes, Time Limit of 1 Minute.

q| n [#inst.[#opt.] 6* [ibc |lbps|B&B subpr.| B&Btime |67 | Htime | gap
3|105| 286 | 286 |19.4/18.7| 19.4| 48697.0 | 0.1(1.1) (194 —(-) [0.0(0)
4(105| 715 | 651 |28.5/25.0| 28.3| 6257725.6 | 12.1 ( 60.0)| 28.5| 0.4 ( 5.1)[ 0.1 (4)
5|105| 1287 | 1073 |36.5|31.2| 36.3 | 9265956.4 | 24.1 ( 60.0)| 36.5| 0.8 ( 7.3)| 0.2 (4)

1 Trachelium 2 Campanula 3 Adenophora 4 Symphyandra 5 Legousia
6 Asyneuma 7 Triodanus 8 Wahlenbergia 9 Merciera 10 Codonopsis
11 Cyananthus 12 Platycodon 13 Tobacco

Table 4. Results on Instances from 15 Mitochondrial Genomes, Time Limit of 1
Minute.

nl#instJ#opt| 6* [lbc [lbpp|B&B subpr.] B&B time| 57 | Htime gap

37| 455 | 394 |45.0/42.8| 44.7| 8338102.3|13.3 (60.0)45.9 0.4 (1.7)| 0.2(5)
37/1365| 59 |69.2/57.1] 62.9|21866065.4 58.0 ( 60.0) 69.2 0.8 ( 10.8) 6.3 (16)
37/ 3003| 19 |90.8/71.3 79.1/15178139.259.8 ( 60.0) 90.§ 2.6 ( 43.8) 11.6 (23

g b W

1 Homo Sapiens 2 Albinaria Coerulea 3 ArbaciaLixula

4 ArtemiaFranciscana 5 Ascaris Suum 6 Asterina Pectinifera
7 Balanoglossus Carnosus 8 Cepaea Nemoralis 9 Cyprinus Carpio

10 Drosophila Yakuba 11 Florometra Serratissima 12 Katharina Tunicata
13 Lumbricus Terrestris 14 Onchocerca Volvulus 15 Struthio Camelus

Table 5. Results on Instances from 13 Chloroplast Genomes for Large Values of ¢,
Time Limit of 1 Hour.

q| n [#inst.[#opt.] 6° [ibc|lbpp | B&Bsubpr.| B&Btime | 67 | Htime | gap
61105] 13 | 13 | 421348 42.1 |135100475.1| 465.7 (3149.2) | 21| —(9 [0.0(0)
7 1105| 13 12 | 51.0 |41.5| 50.9 [150696379.1| 673.4(3600.0) | 51.0 |4.2(4.2)(0.1(2)
8
9

105| 13 | 8 |60.6 |47.9| 59.8 |272373385.8|1548.1 (3600.0) | 60.6 |0.8(0.9) 0.8 (4)
105| 13 | 10 |69.0 |54.6| 685 |263701838.8(1828.0 (3600.0) | 69.0 |1.3(1.9)|0.5 (4)

10(105| 13 | 7 | 783 |61.2| 76.9 |234546156.3|1943.5 (3600.0) | 78.3 |2.1( 6.2) |1.4 (5)
11[105| 13 | 8 |86.7|68.2| 85.6 |204401368.6|1989.2 (3600.0) | 86.7 | 1.6 (2.7) |1.1(4)
12(105| 13 | 8 | 95.1|745| 94.2 |185584896.0|2121.0 (3600.0) | 95.1 |1.4( 1.5)|0.8 (3)
13105| 1 | 1 |103.0|81.0|103.0|179367376.0|2361.0 (2361.0)|1030| —(-) |0.0(0)

bound and the heuristic. Moreover, we applied the LP heuristic only to the instances
that were not solved to optimality by the branch-and-bound.

The behavior for the mitochondrial instances is analogous to the case of random
permutations, namely almost all instances can be solved to proven optimality for ¢ = 3
whereas for ¢ = 4 and 5 the gap is 0 only for very few instances, being (on average)
equal to 9% and 13%, respectively.

On the other hand, chloroplast instances turn out to be relatively easy to solve, the
solution value being much smaller than for random permutations. With very few excep-
tions, all instances are solved within one unit of the optimum in very short time. For this
reason, we tried also to solve instances for higher values of ¢. For ¢ € {6,...,12} we
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solved the 13 instances obtained by taking ¢ consecutive (in a circular sense) genomes
starting from the first, the second, . . ., the thirteenth. For ¢ = 13 we solved the instance
with the whole genome set. TablelS gives the corresponding results, with a time limit
of one hour, motivated by the fact that the number of instances considered is small and
that, for n = 105, 1 minute or one hour often makes a big difference, which is not the
case for “small” n (say, n < 50), probably because of the exponential nature of the al-
gorithm. The table shows that, for these genomes, even an instance with ¢ = 13 can be
solved optimally within reasonabletime, and that the average gap over al the instances
is about 1 unit.
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Abstract. Comparing gene orders in completely sequenced genomes is a stan-
dard approach to locate clusters of functionally associated genes. Often, gene or-
ders are modeled as permutations. Given k permutations of n elements, a k-tuple
of intervals of these permutations consisting of the same set of elementsiscalled
a common interval. We consider several problems related to common intervals
in multiple genomes. We present an algorithm that finds all common intervalsin
a family of genomes, each of which might consist of several chromosomes. We
present another agorithm that finds all common intervals in a family of circular
permutations. A third algorithm finds all common intervals in signed permuta-
tions. We also investigate how to combine these approaches. All agorithms have
optimal worst-case time complexity and use linear space.

1 Introduction

The conservation of gene order has been extensively studied so far [125/19/16/12]. There
is strong evidence that genes clustering together in phylogenetically distant
genomes frequently encode functionally associated proteins[|234,24] or indicate recent
horizontal gene transfer [[11,5]. Due to the increasing amount of completely sequenced
genomes, the comparison of gene ordersto find conserved gene clusters is becoming a
standard approach for protein function prediction [20/17,22/6].

In this paper we describe efficient algorithms for finding gene clusters for various
types of genomic data. We represent gene orders by permutations (re-orderings) of inte-
gers. Hence gene clusters correspond to intervals (contiguous subsets) in permutations,
and the problem of finding conserved gene clusters in different genomes translates to
the problem of finding common intervalsin multiple permutations.

In addition to this bioinformatic application, common intervals also relate to the
consecutive arrangement problem [[2/7/8] and to cross-over operators for genetic al-
gorithms solving sequencing problems such as the traveling salesman problem or the
single machine scheduling problem [13/15/18].

Recently, Uno and Yagiura [[26] presented an optimal O(n + K) time and O(n)
space agorithm for finding all K < (g) common intervals of two permutations 7
and 7, of n elements. We generalized this algorithm to afamily IT = (7q,...,m) of
k > 2 permutationsin optimal O(kn + K') timeand O(n) space [[10] by restricting the

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 252-263] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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set of common intervals to a smaller, generating subset. To apply common intervalsto
the bioinformatic problem of finding conserved clusters of genesin data derived from
completely sequenced genomes we further extended the above algorithm to additional
types of permutations.

Genomesof higher organismsgenerally consist of several linear chromosomeswhile
bacterial, archaeal, and mitochondrial DNA is organized in one to severa circular
pieces. While in the first case the agorithm from [[1I0] might report too many gene
clusters if the multiple chromosomes are simply concatenated, in the latter case gene
clustersmight be missed if the circular pieces are cut at some arbitrary point. We handle
this problem by adapting the original a gorithm to multichromosomal permutations as
well ascircular permutations.

For prokaryotes, it is aso known that, in the vast mgjority of cases, functionally
associated genes of a gene cluster lie on the same DNA strand [[20/12]. We take this
into account by constructing signed permutations where the sign of agene indicatesthe
strand it lies on. We then determine all common interval s with the additional restriction
that within each permutation, the elements of a common interval must have the same
sign, while between permutations the sign might vary. This allows us to restrict the set
of common intervalsto biologically meaningful candidates.

The paper is organized asfollows. In Section 2we formally definecommonintervals
and related terminology. We briefly describe the algorithms of Uno and Yagiura [|126]
and of Heber and Stoye [I10] to find al common intervals of 2 (respectively k& > 2)
permutations. Then we present time- and space-optimal algorithms for the problem of
finding all common intervals in multichromosomal permutations (Section [3), in signed
permutations (Section [4), and in circular permutations (Section [B5). In Section [6 we
show how the various approaches can be combined without sacrificing the optimal time
complexity. Section[7] concludes with few final remarks.

2 Common and Irreducible Intervals

2.1 Basic Definitions

A permutation 7 of (the elementsof) theset N := {1,2,...,n} isare-ordering of the
elements of N. We denote by = (i) = j that the ith element in thisre-orderingis ;. For
1<z<y<nweset[r,y] :={z,z+1,...,y}andcdl n([z,y]) := {w(i) | i €
[, y]} aninterval of 7.

Let IT = (my,...,7) beafamily of k permutations of N. Without loss of gener-
ality we assume in this section that 7; = id,, := (1,...,n). A subset ¢ C N iscalled
acommon interval of I7 if and only if thereexist 1 < 1; < u; < nforall <j <k
such that

CcC = 7r1([l1,u1]) = 7T2([l2,U2]) = ... = Fk([lk,uk]).

Note that this definition excludes common intervals of size one.

In the following we represent a common interval c either by specifying its elements
or by the shorter notation 7 ;([I,, u;]) foraj € {1,...,n}. (For m; = id,, thisnotation
further simplifiesto [I;, u;].) The set of al common intervalsof II = (wq,...,m) is
denoted C'p7.
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Exar‘r‘plel. Let N = {1,79} and IT = (7T1,7T2,’/T3) with my = idg, mo = (3,2,1,9,
7,8,6,5,4),and s = (4,5,6,8,7,1,2,3,9). With respect to m; we have

Cr ={[1,2],[1,3],1,9],2,3], 4, 5], [4,6], [4,8], 5, 6], [5,8], [6,8], [7, 8] }.
O

In order to keep this paper self-contained, in the remainder of this section we recall the
algorithms of Uno and Yagiura[[26] and of Heber and Stoye [[10] that find all common
intervals of 2 (respectively £ > 2) permutations. We will restrict our description to
basic ideas and only give details where they are necessary for an understanding of the
new al gorithms described in SectionsBH6 of this paper.

2.2 Finding All Common Intervals of Two Permutations

Here we consider the problem of finding all common intervals of k£ = 2 permutations
7 = id, and my of N.

An easy test if an interva 72 ([z,y]), 1 < z < y < n, isacommon interval of
IT = (71, m2) isbased on the following functions:

l(x,y) = minm([z,y])
u(z,y) = maxma([z,y])
f(@,y) = ul(z,y) = lz,y) — (y — 2).

Since f(x,y) countsthe number of elementsin [I(z, y), u(z, y)]\ 72([z, y]), aninterval
m2([x, y]) isacommon interval of T if and only if f(x,y) = 0. A simple agorithm to
find Cj7 isto test for each pair of indices (z,y) with1 < z < y < nif f(x,y) = 0,
yielding a naive O(n?) time or, using running minima and maxima, a slightly more
involved O(n?) time algorithm.

In order to savethetimetotest f(z,y) = 0 for somepairs (z, y), Uno and Yagiura
[26] introduce the notion of wasteful candidates for y.

Definition 1. For afixed x, aright interval end y > « is called wasteful if it satisfies
f(@',y) > 0forall 2’ < z.

Based on this notion, Uno and Yagiura give an algorithm called RC (short for Reduce
Candidate) that has asits essential part a datastructure Y consisting of a doubly-linked
list ylist for theindices of non-wasteful right interval end candidates and, storing inter-
valsof ylist, two further doubly-linkedlistslist and ulist that implement the functions
[ and u in order to compute f efficiently. An outline of Algorithm RC isshownin Algo-
rithm[2 where L.succ(e) denotes the successor of element e in a doubly linked list L.
After initializing the lists of Y, acounter « (corresponding to the currently investigated
left interval end) runsfromn — 1 downto 1. In each iteration step, during the update of
Y, ylist istrimmed such that afterwards the function f(x, y) is monotonically increas-
ing for the elements y remaining in ylist. In lines 57, this allows us to efficiently find
al common intervalswith left end x by evaluating f (z, y) running left-to-right through
the elementsy > «x of ylist until an index y is encountered with f(x,y) > 0 when the
reporting procedure stops.
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Algorithm 1 (Reduce Candidate, RC)
Input: A family IT = (w1 = idn,m2) of two permutationsof N = {1,...,n}.
Output: The set of al common intervals Cr.
1: initidizeY
2. forz=n-1,...,1do
update Y // trim ylist, update llist and ulist
4 y—=x
5.  while (y « ylist.succ(y)) defined and f(z,y) = 0 do
6: output [I(x,y), u(z,y)]
7
8:

end while
end for

For details of the data structure Y and the update procedurein line 3, see [[26/10].
The analysis shows that the update of data structure Y in line 3 can be performed in
amortized O(1) time, such that the complete algorithmtakes O(n + K') timeto find the
K common intervals of 7, and 5.

2.3 IrreduciblelIntervals

Before we show how to generalize Algorithm RC to find all commonintervalsof k£ > 2
permutations, wefirst present a useful generating subset of the set of commonintervals,
the set of irreducible intervals [[10] and report afew of their properties.

We say that two common intervals c1, c; € Cpp have anon-trivial overlap if ¢; N

co # () and neither includes the other. A list p = (c1,. .., ¢q(p)) Of common intervals
c1,--- ¢y € Cprisachain (of length £(p)) if every two successive intervals in p

have a non-trivial overlap. A chain of length one is called a trivial chain, al other
chains are called non-trivial chains. A chain that can not be extended to its left or right
isamaximal chain. It is easy to see that for achain p of common intervals, the interval
7(p) := Uy, ¢ isacommon interval as well. We say that p generates 7(p).

Definition 2. Acommoninterval ciscalled reducibleif thereisa non-trivial chain that
generates ¢, otherwiseit is called irreducible.

This definition partitions the set of common intervals C'j; into the set of reducible in-
tervals and the set of irreducibleintervals, denoted I ;7. Obviously, 1 < |I7| < |Cp| <
(3):

Example1 (cont'd). For IT = (w1, 72, ms) as above, the irreducible intervals (with
respect to m; = idy) are

Im = {[1,2],[1,9],(2,3],[4,5],[5,6],[6,8],[7,8] }.

Thereducibleintervals are generated as follows:

)

1,3
4,6
4,8
5,8

[
[
[
[5,8] =

i
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We cite the following two results from [[10] (without proofs) which indicate the greéf
value of the concept of irreducible intervals.

Lemmal. Givenafamily IT = (my,...,n) of permutationsof N = {1,2,...,n},
the set of irreducible intervals I;; allows us to reconstruct the set of all common inter-
vals Cr inoptimal O(|Cz|) time. O
Lemma2. Givenafamily IT = (my,...,n) of permutationsof N = {1,2,...,n},
wehavel < |Ij7] <n-—1. O

2.4 Finding All Common Intervalsof k Permutations

Now we can describe the algorithm from [[10] that finds all K common intervals of a
family of k£ > 2 permutationsof N in O(kn + K) time.

Forl < i <k, setIl; .= (m,...,m). Statingwith Iy, = {[5,7j +1] |1 <
j < n — 1}, the agorithm successively computes I 7, from I, _, fori =2,... k (see
Algorithm[2). The algorithm employs a mapping

Pi : IHq‘,—l - Iﬂq‘,

that maps each element ¢ € Ij7,_, to the smallest common interval ¢’ € Cpy, that con-
tains c. Itis shown in [[10] that this mapping exists and is surjective, i.e., ¢, (I7,_,) :==
{pilc) | ¢ € I, ,} = Ip,. Furthermore, it is shown that ¢;(I;7, ,) can be effi-

Algorithm 2 (Finding All Common Intervals of k£ Permutations)

Input: A family IT = (w1 = idn, 72, ..., ) Of k permutationsof N = {1,...,n}.
Output: The set of all common intervals Crr.

L Im < ([1,2],[2,3],...,[n—1,n])

2. fori=2,...,kdo

3 Img, —{vilc)|c€Im,_,} Il (seeAlgorithm)
4: end for

5: generate Cr from Iy7 = Iy, using Lemmalll

6: output C'rr

ciently computed by a modified version of Algorithm RC where the data structure Y
is supplemented by a data structure S' that is derived from [ 7, ,. S consists of several
doubly-linked clists containing intervals of ylist, one for each maximal chain of the
intervasin I, .

Using m; and 7;, asin Algorithm RC, the ylist of Y alowsfor agiven z to access
all non-wasteful right interval end candidates y of C' (., ».). Theam of S isto further
reduce these candidatesto only thoseindicesy for which simultaneously [z,y] € C' 1, _,
(ensuring [z,y] € Cp,) and [z, y] containsan interval ¢ € Iz, , that is not contained
in any smaller interval from C7,. Together this ensures that exactly the irreducible
intervals [x, y] € ;(I,_,) arereported.
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Algorithm 3 (Extended Algorithm RC)
Input: A family IT = (w1 = idn, m;) of two permutations of N = {1,...,n}; aset of irre-
ducibleintervals Ir7, ;.
Output: The set of irreducible intervals Iz, .
1: initidlizeY and S
2. forx=n—-1,...,1do
update Y and S // trim ylist, update [ /ulist; activate elements of the clists
4:  while([z', y] « S.first_active_interval(x)) defined and f(z,y) = 0 do
5 output [I(x,y), u(z,y)]
6: deactivate [/, y]
7
8:

end while
end for

An outline of the modified version of Algorithm RC is shown in Algorithm [3
Essentialy, S keeps alist of active intervals, i.e., intervals from I, , for which the
image under mapping ¢; has not yet been determined. In the reporting loop of lines 4—
7, rather than testing if f(x,y) = 0 running from left to right through all indices
y > x of ylist, only right ends of active intervals are tested. Therefore, function
S.first _active_interval (x) returnsthe activeintervalsin left-to-right order with respect
to their right end y. If an active interval [z, y| gives rise to a common interval, i.e.,
if f(z,y) = 0, then an element of ¢, (I, ,) is encountered and the active interval is
deactivated. Similar to Algorithm RC, reporting stops whenever the first active interval
with right end y is encountered such that f(x,y) > 0.

Again, for details of the data structure and the update procedurein line 3 we refer
to the original description [[10]. There it is aso shown that updating the data structure
S takes amortized O(1) time. Hence, due to the reduced output size (see Lemma [2),
the Extended Algorithm RC takes only O(n) time. Together with Lemmal[d thisimplies
the overall time complexity O(kn + K) for Algorithm[2. The additional space usageis
O(n).

3 Common Intervals of Multichromosomal Per mutations

In view of biological readlity, in the following we consider variants of the common in-
tervals problem that have to be addressed when dealing with real genomic data. Our
first variant that we consider is the scenario where the genome consists of multiple
chromosomes.
Asabove, let N :={1,2,...,n} represent aset of n genes. A chromosome c of N
is defined as a linearly ordered subset of N and will be represented as a linear list. A
multichromosomal permutation 7 of N is defined as a set of chromosomes, containing
each element of NV exactly once, i.e.,
7T={C1,...,Cl} with NZU

C;.
1<i<l

Given a family IT = (my,...,m) of k multichromosomal permutations of N, a
subset s C N iscalled a common interval of I7 if and only if for each multichromo-
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soma permutation 7;, ¢ = 1, ..., k, there exists a chromosome with s as an interval.

Example2. Let N = {1,...,6} and IT = (w1, w2, m3) Withm; = {(1,2,3), (4,5,6)},
m = {(1,5,6,4),(3,2)},and w5 = {(1,6,4,5), (3), (2)}. Here chromosome ends are
indicated by parentheses. The only commoninterval is {4,5,6}. O

A modification of Algorithm 2 can be used for finding all common intervals of
k multichromosomal permutations. We start by arranging the chromosomes of each
multichromosomal permutation in arbitrary order. This way we obtain a family IT' =

(mi,mh, ..., m,) of k (standard) permutations =}, ¢ = 1, .. ., k. Without loss of general-
ity we assumethat 77 = id,,. Now, asabove, set [T} := (7}, 75, ..., 7). Then, starting
with

I == {[j,j + 1] | j,j + 1 onthe same chromosomein 7 and 1 < j < n},

the algorithm successively computes /7, from I, fori = 2,..., k usingamodifica-
tion of Algorithm[2, where in the extended Algorlthm RC (Algonthm [3) the reporting
procedure is not only stopped whenever f(x,y) > 0, but also as soon as the genes at
indices x and y belong to different chromosomes of ;.

By the definition of 1,7, this algorithm will never place two genes from different
chromosomes in 7, together in a common interval. Moreover, by the modification of
Algorithm[3, two genes from different chromosomes of the other genomes 7o, . . ., 7x
will never be placed together in a common interval. Nevertheless, the location of com-
mon intervals that lie on the same chromosome in al genomes is not affected by the
modification of the algorithm. Since the additional test if « and y belong to the same
chromosome is a constant time operation, and the output can only be smaller than that
of the original Algorithm[3 the new algorithm also takes O(n) time to generate I 7/
from I m . The outer loop (Algorithm [2) and the final generation of the common in-
tervals from the irreducible intervals (Lemmal[d)) are unchanged, so that we have the
following

Theorem 1. Given k multichromosomal permutationsof N = {1,...,n}, al K com
mon intervals can be found in optimal O(kn + K') time using O(n) additional space.
O

4 Common Intervals of Signed Permutations

In this section we consider the problem of finding all common intervalsin a family of
signed permutations. It is common practice when considering genome rearrangement
problems, to denote the direction of a gene in the genome by a plus (+) or minus (—)
sign depending on the DNA strand it islocated on [21]. In the context of sorting signed
permutations by reversals[1,9/13/14], the sign of agenetellsthedirection of thegenein
thefinal (sorted) permutation and changeswith each reversal. In our context, it has been
observed that for prokaryotes, functionally coupled genes, e.g. in operons, virtually al-
ways lie on the same DNA strand [20,12]. Hence, when given signed permutations, we
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require that the sign does not change within an interval. Between the different permuta-
tions, the sign of the intervals might vary, though. This restricts the (original) set of al
common intervals to the biologically more meaningful candidates.

Example3. Let N = {1,...,6} and IT = (w1, 72, 73) Withmy = (+1,+2,+3, +4,
+5,46), m = (=3, -1, 2,45, +4,+6),and 73 = (—4, +5,+6, —2, -3, —1). With
respect to 7, theinterval [1, 3] isacommoninterval, but [4, 5] and [4, 6] are not. O

Obvioudly, the number of common intervalsin signed permutati ons can be considerably
smaller than the number of common intervalsin unsigned permutations. Hence, apply-
ing Algorithm [2 followed by a filtering step will not yield our desired time-optimal
result.

However, the problem can be solved easily by applying the a gorithm for multichro-
mosomal permutations from the previous section. Since a common interva in signed
permutations can never contain two genes with different sign, we break the signed per-
mutations into pieces (“ chromosomes’) wherever the sign changes. Thisis clearly pos-
sible in linear time. Then we apply the agorithm from the previous section to the ob-
tained family of multichromosomal permutations, the result being exactly the common
intervals of the original signed permutations. Hence, we have the following

Theorem 2. Given k signed permutationsof N = {1,...,n}, all K commonintervals
can be foundin optimal O(kn + K') time using O(rn) additional space. O

5 Common Intervalsof Circular Permutations

As discussed in the Introduction, much of the DNA in natureis circular. Consequently,
by representing genomes as (possibly multichromosomal) linear permutations of genes
and then looking for common gene clusters, one might miss clusters that span across
the (mostly arbitrary) dissection point where the circular genomeis linearized.

In this section we consider an arrangement of the set of genes N = {1,2,...,n}
along acircleand call thisacircular permutation. Given afamily IT = (mq, ..., ) of
k circular permutations of NV, a(sub)set ¢ C N of genesis called acommon interval if
and only if the elements of ¢ occur uninterruptedly in each circular permutation.

Exar‘r‘ple4. Let N = {1,,6} and IT = (7T1,’/T2,’/T3) with my = (1,2,3,4, 5,6),
m = (2,4,5,6,1,3),and 75 = (6,4, 1, 3,2,5). Apart from the trivial intervals (V,
the singletons, and IV minus each singleton), the common intervals of IT are {1, 2, 3},
{1,2,3,4},{1,4,5,6},{2,3}, {4,5,6}, {5,6}. O

In the following we will show how to find all K common intervals in a family
of circular permutations in optima O(kn + K) time. Again, this can be done by an
easy modification of the original algorithm from Section [2, in combination with the
following observation.

Lemma 3. Let ¢ be a common interval of a family IT of circular permutations of V.
Then its complement ¢ := N \ cisalso a common interval of 1.

Proof. This follows immediately from the definition of common intervals of circular
permutations. O
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Note that Lemmal3 does not hold for irreducibleintervals.

The general ideais now to first find only the common intervals of size < | % |, and
then find the remaining common intervals by complementing these. The procedure is
outlined in Algorithm ] The main difference to Algorithm 2lis that function ; is re-

Algorithm 4 (Finding All Common Intervals of k Circular Permutations)

Input: A family IT = (w1 = idn, 72, ..., ™) Of k circular permutationsof N = {1,...,n}.
Output: The set of all common intervals Crr.
s I, — ({1,24,{2,3}, ..., {n — 1,n},{n,1})
fori=2,...,kdo
Iy, — {¢i(0) | c€ Iy |} 1l (seetext)
end for
generate C7; from Iy = I, using Lemmalll
Cn —{e|ceCh}
: output C; U Cpy

\‘9? aRrwdNRE

placed by avariant, denoted ¢, that works on circular permutations and only generates
irreducible intervals of size < | % |. This function is implemented by multiple calls to
the original function ;. The two circular permutations =; and «; are therefore lin-
earized in two different ways each, namely by once cutting them between positions n
and 1, and once cutting between positions | 5 | and [ 5 | + 1. Then ; is applied to each
of the four resulting pairs of linearized permutations. For convenience, the output of
common intervals of length > | 5 | is suppressed. Finally, the resulting intervals of the
four runs of ; are merged, sorted according their start and end positions using counting
sort, and duplicates are removed. Clearly, ¢ generates all irreducible intervals of size
< [5]inO(n) time. Hence, we have the following

Theorem 3. Given k circular permutationsof N = {1,...,n}, all K common inter-
vals can be found in optimal O(kn + K') timeusing O(n) additional space. O

6 Combination of the Algorithms

In this section we show how to handle arbitrary combinations of multichromosomal,
signed, and circular permutations.

Combining multichromosomal and signed permutationsis straightforward, but it is
not obvious how to handle combinations which involve circular chromosomes without
loosing the optimal running time. Circular chromosomes of different genomes might
now have incompatible gene contents and Lemma [3no longer holds as the following
example shows.

Example5. Let N = {1,...,8} and IT = (7, mo) withm; = {(1,2,3,4), (5,6,7,8)}
and w2 = {(1,3,5,6,7),(2,4,8)} where al chromosomes are circular. While ¢ =
{5,6} isacommon interval, its complement N \ ¢ = {1, 2, 3,4,7,8} isnot. O
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We overcomethese problems by a preprocessing step whereweinclude artificial break-
points into the genomes. The breakpoints do not affect common intervals but refine
the permutations so that they can be handled by our algorithms. The preprocessing is
performed as follows.

We compare permutation 7, successively to each of the other permutations ;,
2 < i < k and test for each pair of neighboring genesin 7, (i.e., for each chromo-
somec = (w1 (1), m(l+1),...,m(r)) thepairs{m (j),m(j+ 1)} forl < j <r—1,
plus the pair {m1 (1), 71 (r)} for circular c) if they lie on the same chromosomein 7,
or not. If not, they can not be elements of the same common interval and we introduce
a new artificial breakpoint between the two genes in 7. Then we do the same com-
parison in the opposite direction, i.e., we introduce breakpoints between neighboring
genes of 7;, 2 < ¢ < k whenever they do not lie on the same chromosome of 7. At
thefirst time a breakpoint is inserted in a circular chromosome, the chromosomeis lin-
earized by cutting at the breakpoint and replacing it in the genome by the appropriately
circularly shifted linear chromosome. Breakpoints in a linear chromosome dissect the
chromosome. This preprocessing can be performedin O(kn) time.

After the preprocessing, the genes that do not occur in any circular chromosome
can be handled by the algorithm for multichromosomal permutations (Section B) in
a straightforward way. The genes that occur in at least one circular chromosome are
partitioned into sets of genes which correspond to a single circular chromosome. This
partition is well defined, since the set of genes of each remaining circular chromosome
corresponds, in the other genomes, either to one circular or to one or several linear chro-
mosomes. Each element of this partition is now treated separately. We start by restrict-
ing al genomes to the selected gene set. If each of the restricted genomesiis circular
we can apply the agorithm for circular permutations (Section [B) directly. Otherwise
we choose a restricted genome that consists of one or several linear chromosomes and
arrange the chromosomesin an arbitrary order. Denote [ (r) the first (last) genein this
order. We proceed as in the multichromosomal case (Section [3) except we encounter a
circular genome 7. If [ and r are neighboring genes in 7. we linearize 7. by cutting
between them and proceed as for a linear genome. Otherwise, similar to the case of
circular permutations (Section [B), we copy . four times and linearize the copies by
cutting one copy on the left of [, one copy on the right of [, one copy on the left of r,
and one copy on the right of r. For each of these genomes we compute all irreducible
intervals. The resulting intervals are merged, sorted according their start and end posi-
tions using counting sort, and duplicates are removed. This procedure guarantees that
we determine all irreducible intervals except for those, which contain [ and » simulta-
neously. But due to our choice of [ and r there is at most one such interval, the trivial
one, which contains al genes. We test this interval separately.

Since the above described preprocessing and the modifications of the algorithms
for multichromosomal and circular permutations do not affect the optimal asymptotic
running time, we have

Theorem 4. Given k multichromosomal, signed, circular or linear (or mixed) permu-
tationsof N = {1,...,n}, all K commonintervalscanbefoundin optimal O(kn+ K)
time using O(n) additional space. ]
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7 Conclusion

In this paper we have presented time and space optimal agorithms for variants of the
common intervals problem for & permutations. The variants we considered, multichro-
mosomal permutations, signed permutations, circular permutations, and their combina-
tions, were motivated by the requirements imposed by rea data we were confronted
with in our experiments. While in preliminary testing we have applied our agorithms
to bacterial genomes, it is obvious that in a realistic setting, one should further relax
the problem definition. In particular, one should allow for missing or additional genes
in acommon interval while imposing a penalty whenever this occurs. Such relaxations
seem to make the problem much harder, though.
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Abstract. An algorithmic aid is presented which identifies those amino
acids in a peptide that are essential to bind against a specific monoclonal
antibody. The input data comes from random peptide array screening
experiments, which results in a binding strength for all these different
peptides. On the basis of this data, the proposed algorithm generates a
rule, which describes the amino acids that are necessary to ensure strong
binding and consequently separates the best binding peptides from the
worst binding ones. The generation of this rule is performed using only
information about the occurrence of an amino acid in a peptide, i.e.,
it doesn’t use the relative position of the amino acids in the peptide.
Results obtained from experimental data show that for several different
monoclonal antibodies, the amino acids which are important according to
the generated rules, coincide with amino acids included in motifs which
are known to be important for binding. The information gained from
this algorithm is useful for the design of subsequent experiments aimed
at further optimization of the best binding peptides found during the
peptide screening experiment.

1 Introduction

Synthetic peptides can be designed to bind against the same antibody as com-
plete proteins do [5]. For this, the peptide should mimic the area of the protein
which is recognized by the antibody. Although proteins normally consist of a
large number of amino acids, the contact area between an antibody and a pro-
tein generally consists of 15-22 amino acids on each side [6]. Several experiments
suggest that only three to five of these amino acids are responsible for the ma-
jor binding contribution between a protein and an antibody [4/9]. These amino
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acids define the so called ‘energetic epitope’ [6]. In this paper, we focus on the
determination of those amino acids that constitute this ‘energetic epitope’.

The most obvious way to construct a synthetic peptide is by determining the
amino acids comprising the epitope of the protein. However, these amino acids
can be hard to identify and if they are identified, the usage of these amino acids
will not always yield a well binding peptide. This can for example be due to a
conformational difference between the amino acids at the protein surface and the
amino acids in the peptide. When no well binding peptide can be constructed
from a part of the original protein, a random search is generally performed to
find a well binding peptide. Such a search can e.g. be done by a phage display
analysis [TI7/10] or a peptide screening analysis [3]. In a peptide screening analy-
sis, thousands of randomly generated peptides can be measured against the same
antibody. This results in a relative binding strength for every measured peptide.
In general, the best binding peptide found during such an analysis is, however,
far worse than required. Therefore, several lead variants are usually screened to
improve the performance of the best binding peptides.

Although thousands of different measurements are preformed during a single
run of a peptide screening analysis, the number of tested peptides is relatively
small compared to the number of possible different peptides. The peptides under
study consist of 12 successive amino acids, implying that one can generate 2012
unique peptides. In principle, one should test all these possibilities to find the
best binding peptide. Naturally, this is not feasible and hence a feasible search
procedure is required.

One logical method to search for such a well binding peptide is by selecting
several of the best known binding peptides and test a large number of mutations
of these peptides. But, again due to the large search space, only a limited number
of these mutations can be tested during one experiment. Still the question re-
mains which (combination of) amino acids of these peptides should be replaced.
In this paper we propose an algorithm that is meant to help in this decision by
identifying those amino acids which have a higher chance of being important for
binding. Effectively this reduces the search space and makes it possible to spend
more effort in mutating the other amino acids of these peptides.

The method generates a rule containing a combination of amino acids which
is over-represented in the best binding and underrepresented in the worst binding
peptides. Because the amino acids in the rule are over-represented amongst the
best binding peptides, these amino acids will most probably improve the binding
strength and are most probably contained in the ‘energetic epitope’.

2 Data

The data used in this paper is obtained from four distinct peptide screening
experiments, where one experiment has been performed for every monoclonal
antibody described. In each experiment the binding strength of either 3640 or
4550 randomly generated peptides is measured against an antibody. Each of
these peptides consists of 12 amino acids, where each amino acid has an equal
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probability of occurring at a given position in the peptide. The resulting values
represent the binding strength between the different peptides and the monoclonal
antibody at a fixed dilution.

The peptides are sorted on their binding strengths to place peptides with a
similar binding strength close together, several (scaled) binding curves are shown
in Section [l

3 Method

The actual binding process between a peptide and an antibody is very complex
and depends on the interplay between several amino acids. In this paper, we do
not consider the full complexity of the problem, rather, our approach is based on
the principle that some amino acids are typically needed in a peptide to ensure
a high affinity binding against an antibody.

To find these amino acids, we need a representation that does not include the
positional information of the peptide’s amino acids. To this end, each peptide
is represented by a 20 dimensional feature vector. Each feature represents the
occurrence of a specific amino acid in the peptide (only the 20 naturally occur-
ring L-amino acids are used to generate the peptides). Thus, if an amino acid
is included in the peptide (even if it occurs more than once) the corresponding
feature is set to 1 otherwise to 0. An example of this representation is given in
Table Table I Our aim is to design an algorithm that constructs, for a given

Table 1. Splitting a Peptide up in 20 Features.

Peptide Feature

A|C|D|E|F|G|H|I|K|L
1|QGWFFMQINTQY([{0[{0]|0|0O{1|1[0|1]|0[O
2|LMWNPNIKTCER||0|1{0{1|0{0|0f1|1|1
3|CDSADVSGDHLI||1{1{1|0[0(1{1{1|0|1
4|MHGVIAQGQQDV||1|0|1|0|0f1{1{1|0|O
5|FHNQLYYSPDYV||0|0{1]0|1{0|1{0|0|1
6|/HEEWFQLFYYMQ||0|0{0|1|1{0|1{0|0|1

antibody, based on the measured data, a logical rule which describes the amino
acids that are needed in a well binding peptide. This rule maps each of the
measured peptides to one of two classes: 1) ‘well binding’ peptides that con-
tain the necessary amino acids and thus satisfy the rule and 2) ‘bad binding’
peptides which do not contain the required amino acids and do not satisfy the
rule. Since the resulting rule will be used as a decision support in the analysis
of the measurements, it is imperative that the generated rule is interpretable.
Therefore, we chose to construct rules using logical expressions of amino acids
(allowing only AND and OR constructions). An example is given in equation
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IF (Xx OR X OR ---) AND X OR X OR --:) AND ... (1)
THEN well binding ELSE bad binding

Each X in equation (@) can be replaced by any of the 20 different amino acids.

A classification result of a possible rule is shown in Figure Figure [l where
for every peptide a dot is drawn, indicating whether the peptide is classified as
well binding (a dot at 100) or as bad binding (a dot at zero). On the left side
of the figure, the number of well binding peptides is larger than the number
of bad binding ones. Clearly, we now have a situation where the rule associates
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Fig. 1. Classification of Several Peptides. A dot at 100 means that the corre-

sponding peptide is classified as well binding. The continuous line shows the
estimated well binding distribution.

every peptide with a binary value (well binding/bad binding) while the data
set associates every peptide with a continuous valued binding strength. Since
the binding strength gradually transitions from the largest to the smallest value
it is undesirable to define a crisp boundary between the two categories.

Therefore, to evaluate the rule, we need an additional requirement. This re-
quirement is built into the algorithm as follows: It is assumed that the measured
binding strength of a given peptide is proportional to the similarity between
this peptide and the best n binding peptides. According to this assumption, we
may interpret the measured binding strength as a measure of the probability
density of the well binding peptides (over the sorted peptides). By requiring
that the distribution of the well binding peptides equals the binding energy
curve, the classification rule can be optimized. Clearly this will have the desired
result that peptides having a high binding energy will be more often classified
as well binding and vice versa.

That leaves us with the question how to find the distribution of the well
binding peptides given the (binary) output of the classification rule, as in Fig-
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ure Figure[Il Here we convolve the output of the classification rule with a sliding
window that calculates the percentage of well binding peptides in that win-
dow (resembling a Parzen estimation). Figure Figure [khows such a resulting
distribution when using an averaging window of 25 peptides wide. At the bor-
der we clip the averaging window, such that the filtered line has the same size
as the number of measured peptides. The average value for the first peptide
is calculated using only half of the window size (13 peptides). The next one is
calculated using 14 peptides, etc. Clearly, the number of peptides used in this
figure is smaller than the number of peptides used in the experiment. On the
real data sets a window size of 100 was employed.

The estimated distribution can now be compared with the measured binding
energy. Figure Figure[Z shows an example of such a comparison. In this figure, the
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Fig. 2. Comparison between the filtered measured binding energy and the es-
timated well binding distribution. The line separating Area 1 and Area 2 is
automatically placed at the ‘knee’ of the measured binding curve. The position
of the knee is derived from the intersection point of two straight lines fitted to
the binding curve.

measured binding energy curve is rescaled to fit between 0 and 100. Additionally,
we filtered the binding energy in the same way as the classified peptides were
filtered. The latter was done to improve the comparison between the two curves
by diminishing the effect of the different preprocessing steps of the data (e.g. the
value of the best binding peptides is considerably reduced by the averaging).

The classification rule is now optimized by minimizing the difference between
the binding energy curve and the well binding distribution. This is done by
minimizing the root mean square error between the two curves (i.e., the dashed
area in Figure Figure ).

Inspection of the binding energy curve reveals that this curve has a sharp
peak on the extreme left side. In other words the well binding peptides are
underrepresented in the data set in comparison to the bad binding peptides.
This asymmetric distribution has a severe consequence in the calculation of the
root mean square error difference between the two curves: i.e., errors made on the
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bad binding peptides accumulate to constitute a large percentage of the overall
error. This may have the undesirable effect that after minimization of the error,
the binding curve is well approximated in the area where bad binding peptides
occur, while the peak, i.e., the section containing the best binding peptides (in
which we are interested) is poorly approximated.

To overcome this undesired behavior, the calculation of the root mean square
error (RMS) between the measured binding energy and the estimated ‘well
binding’ distribution is split in two terms: 1) one for the peptides above the
background binding strength (Region 1 in Figure Figure ) and 2) one for the
other elements (Region 2 in Figure Figure [2l). The final error measure is the
weighted sum of the RM S error in each of these areas, where each of the terms
is weighted by the number of samples involved:

RM S, n RMS,
ni1 no

Cost =

(2)

where ny and no represent the number of samples associated with the two terms.

The optimization algorithms applied, try to minimize this measure by gener-
ating a rule of the form given in Equation (), i.e., a rule consisting of the logical
AND composition of a set of terms. Each term is defined here as the logical OR
composition of a set of amino acids. In this paper, a genetic algorithm and a
greedy algorithm are employed to find this rule.

For the genetic algorithm, the rule is coded in a chromosome which contains
20 elements for each OR term (each element codes for the usage of one of the
20 amino acids in the OR term). This is necessary to code for every possible
combination of amino acids in one OR term. A result of this algorithm is shown
in Section [l

Most results presented in this paper are generated by a greedy algorithm.
This algorithm starts with an empty rule. During the first step the algorithm
selects that amino acid which results in the lowest cost. This results in a rule
with a single term consisting of only one amino acid. In subsequent steps, the
rule is modified by either 1) addition of a new amino acid to one of the existing
terms, 2) deletion of one amino acid from one of the terms 3), addition of a new
(single amino acid) term or 4) deletion of a term consisting of a single amino
acid. A greedy choice is made between all these possibilities.

At every iteration step, the algorithm is forced to add or remove one amino
acid to the rule. Even when the resulting rule has a higher cost than the current
one. If the current solution is already the optimal one, the algorithm is forced
to generate a rule with a lower performance. The optimal solution, however,
will be found back in the next iteration step. The advantage of this enforced
addition/removal of one amino acid at every iteration step is that it gives the
algorithm the possibility to escape from a small local optimum.

Eventually, when the algorithm is unable to find a better solution, it will
iterate between the best rule and the second best rule found. If this happens,
the algorithm terminates and the best rule is returned.
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4 Results

The proposed algorithm is applied to four different data sets. The results are
discussed in this section. Except when stated otherwise, the distribution of well
binding peptides have been derived with an averaging window of width 100. The
percentage shown on the vertical axes of the figures represents the value of the
distribution and can be interpreted as the percentage of peptides in the vicinity
of a given peptide which are classified as well binding.

mAb Al Figure B shows the result for monoclonal antibody A. The dashed

100

percentage of ‘well binding’ peptides

0 1000 2000 3000 4000 5000
peptide no.

Fig. 3. Results of Monoclonal Antibody A. The dashed line is the rescaled ver-
sion of the measured relative binding strength. The solid line gives the estimated
distribution of well binding peptides when applying the rule in Equation (B)).

line in the figure is the rescaled measured binding curve (the values are rescaled
to fit in the same window as the results). The solid line is the distribution of
well binding peptides when using the rule in Equation ().

Well binding = (6 OR V) AND F AND T (3)

The figure shows that both curves resemble each other quite well, which gives

a good indication that it is possible to classify the data in this way. On the
left side of the figure, the estimated distribution starts at approximately 70%
implying that the algorithm could not identify a pattern in some of the best
binding peptides.

For this antibody it is known that the motif FT improves the relative binding
strength considerably. This kind of information is not known for the amino acids
G or V, but a large number of the well binding peptides containing F and T also
contain a G or a V. Including these elements in the rule makes it possible to reduce
the number of false positives. This can be understood as follows: increasing

! mAb A and mAb B are fictitious names.
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the size of the rule without increasing the number of misclassified well binding
peptides reduces the number of false positives. The larger the number of amino
acids in a peptide that need to fulfill the rule, the smaller the number of peptides
that will be classified as well binding.

The genetic algorithm is also applied on this data. According to our imple-
mentation of this algorithm, the number of OR terms have to be predefined.
The best result found using two, three and four terms are shown in Equations

@-©).

Well binding = (G OR H OR V) AND F (4)
Well binding = (@ OR' S OR V) AND F AND T (5)
Well binding = (C OR G OR V) AND F AND T AND

(I OR L OR s OR V) (6)

The result of (@) has a lower cost than the one proposed by the greedy algorithm.
But it does not deviate from the greedy result in stating that F and T are the
two most important amino acids. So, the information gained from the greedy
algorithm is comparable to the result of the genetic network.

The greedy algorithm and the genetic algorithm also performed comparable
on the other data sets. We prefer the greedy algorithm, while this algorithm is
much faster than the genetic algorithm. Therefore, only results obtained with
the greedy algorithm will be presented in the rest of this paper.

Using the rule generated by the greedy algorithm (3)), peptide no. 3 in Ta-
ble Table[2lis classified as a bad binding peptide. This is partly due to the lack

Table 2. The Five Best Binding Peptides of Monoclonal Antibody A.

no.|Peptide Result

1ICMEQIMRGT P F T| Well binding
2|[KLSTP I RHG A F T| Well binding
3ILI HYDNTNMWY TBad binding
4 VSFMFL APTGF T| Well binding
5MWPLPWVA I P F T|Well binding

of the amino acid F in the peptide. In this case the quite similar amino acid
Y probably performs the same contribution to the binding as F normally does.
This substitution effect is obviously not included in the algorithm.

Equation (@) is created using all the available peptides. To check the stability
of the algorithm the results are also calculated after repeatedly removing 10%
of the measured peptides from the training set. The resulting 10 rules are shown
in equation ([7):

1: Well binding = (6 OR V) AND F AND T
2: Well binding = (G OR V) AND F AND T
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3: Well binding = (G OR V) AND F AND T
4: Well binding = (¢ OR K) AND F AND T
5: Well binding = (G OR V) AND F AND T
6: Well binding = (G OR M) AND F AND T
7: Well binding = (G OR V) AND F AND T
8: Well binding = (G OR V) AND F AND T
9: Well binding = (G OR V) AND F AND T
10: Well binding = (G OR V) AND F AND T AND
(A OR D OR K OR R OR 8) (7)

The term (A OR D OR K OR R OR 8) in the last rule is true for 97% of the

peptides. This term is probably due to an error made in an early greedy step in
the algorithm. When an OR group doesn’t improve the result of the algorithm
and it has two or more elements, the algorithm can only increase the number of
amino acids in the group to reduce its effect. The V seams to be less important
because it is replaced once by a K and once by an M. In all ten rules, the F and
T have to be included in a peptide to be classified as well binding.

mAb 32F81. The number of well binding peptides for monoclonal antibody
32F81 is much larger than for mAb A, which can be seen in Figure[d Again the

100

percentage of 'well binding’ peptides

0 1000 2000 3000 4000 5000
peptide no.

Fig. 4. Results of Monoclonal Antibody 32F81. The dashed line is the rescaled
version of the measured relative binding strength. The solid line gives the per-
centage of elements which fulfill Equation (g).

algorithm is able to find a rule which approximates the binding strength curve
quite well. The rule found for this antibody (Equation (B])), describes the data
better in the sense that 80% of the best binding peptides are classified as well
binding. The right part of the predicted result is remarkable (after peptide
4000). Here the distribution of well binding peptides rises while the measured
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binding energy shows a rapid decay. Some of the peptides which occur in this
area show an exceptionally low binding strength in several different peptide
screening experiments. The reason for this exceptionally bad binding behavior
of these peptides is not found by the algorithm.

The best five binding peptides of monoclonal antibody 32F81 are shown in
Table Table Bl

Table 3. The Five Best Binding Peptides of Monoclonal Antibody 32F81.

no.|Peptide Result

1IFKCTADQY VTF A|Well binding
21QG SWDKFEFGMN E H(Well binding
SILPWHE I LK Q NV N|Well binding
4 DKI ENYIQWPH D|Well binding
5IEKCDHQCA Q CYV Y|Well binding

Well binding = (E OR T) AND K AND (D OR F OR H) (8

All peptides shown fulfill the rule and are classified as well binding peptides.
For this peptide it should be noted that the result using only the amino acid K is
already quite discriminative: 96% of the 400 best binding peptides contain this
amino acid. The comparison between the distribution found by the algorithm
and the distribution using a rule containing only K is shown in Figure [

100

percentage of ‘well binding’ peptides
u
o

| (EOR T) AND K
AND (D OR F OF H) R

0 1000 2000 3000 4000 5000
peptide no.

Fig. 5. Comparison of the resulting rule of the algorithm (B)) and the rule: K, for
monoclonal antibody 32F81.

The result using the rule ‘K’ has almost a 100% accuracy for the best binding
peptides. However the number of false positives is also quite high. The cost
function we employ prefers the answer with a lower number of false positives.
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mADb B. A part of the distribution of monoclonal antibody B is shown in Figu-
re[6l The number of well binding peptides is extremely small for this experiment.

100

percentage of 'well binding’ peptides

. . . .
0 100 200 300 400 500
peptide no.

Fig. 6. Part of the Result for Monoclonal Antibody B. The dashed line is the
rescaled version of the measured relative binding strength. The solid line gives
the percentage of elements which fulfill the rule in Equation (@) (calculated using
an averaging window of 16).

This makes it necessary to reduce the size of the averaging window when esti-
mating the distribution. Namely, when a window size of 100 would be employed
here, the maximal value of the estimated distribution would be 15%, effectively
removing the peak of the distribution. To avoid this, the averaging window has
been reduced to a length of 16. A disadvantage of such a short window is the
larger fluctuations of the predicted result (as can be seen in the tail of the curve
in Figure Figure[6).

The rule used to generate Figure Figure [d is given in equation ([@). A known
well binding motif for this peptide is TEDSAVE. The amino acids A, V and E of
this motif are included in the rule found by the algorithm.

Well binding = A AND (E OR N) AND (I OR V) 9)
The five best binding peptides for this antibody are given in Table Table dl The

Table 4. The Five Best Binding Peptides of Monoclonal Antibody B.

no.|Peptide Result

IIDAAEDDVNG R F M|Well binding
2IVTNCCRS AV HE K|Well binding
3IRNMSKTS A S AV E|Well binding
4|WELWIKEKK AK V V|Well binding
5l EAI WKKCKGDYVT F|Well binding

AVE motif is present in the third peptide of this table.
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mADb 6A.A6. The last result is for monoclonal antibody 6A.A6 (Figure Figu-
re[d). The distribution of well binding peptides is estimated quite well for the

100

percentage of 'well binding’ peptides

0 1000 2000 3000 4000 5000
peptide no.

Fig. 7. Results for Monoclonal Antibody 6A.A6. The dashed line is the rescaled
version of the measured relative binding strength. The solid line gives the per-
centage of elements which fulfill the rule in Equation (I0).

best binding peptides. However, for the bad binding peptides, the distribution
does not fit the actual measured binding energy well, resulting in a large number
of false positives. An interesting element of rule ([[0) is the OR part (D OR E).
These two amino acids are very similar (see e.g. [2]) and can often be exchanged.

Well binding == S AND (D OR E) (10)

The best known binding peptide against this antibody has the following se-
quence: SRLPPNSDVVLG. The amino acids S and D are included in the peptide,
thus the best known peptide will be classified as a well binding peptide. Re-
placement studies of this peptide show that the motif PNSD is very important
for a well binding result [8]. This pattern is much longer then the result found
by the algorithm. This might be caused by the lack of very well binding pep-
tides that have this motif in the data set. It should be noted that the binding
strength of even the best measured peptides of the random data set are much
smaller then this best known result. The five best binding peptides are shown
in Table Table[H The known important motif PNSD is not available among these
peptides.

5 Discussion

We have introduced an algorithm that identifies those amino acids in a peptide
which are most probably needed to bind against a monoclonal antibody. The
relevant amino acids are described by a rule that distinguishes between well and
bad binding peptides. The algorithm we have introduced automatically generates
such a rule description from peptide screening experimental data.
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Table 5. The Five Best Binding Peptides of Monoclonal Antibody 6A.A6.

no.|Peptide Result

1 RSDSMGTILLLP L|Well binding
2IPQSDTLHYCTI Q N|[Well binding
3ICSDV VETRCQI D|Well binding
4 ESNTWVKCY SY W|Well binding
5S5IEFMSDIALRGT V|Well binding

This is based on the fact that if a certain motif or combination of amino acids
improves the binding strength between a peptide and a monoclonal antibody,
most of the peptides containing this motif will bind better than average against
this antibody. This results in an over-representation of these amino acids in the
better binding peptides. Such an over-representation of amino acids is utilized
by the proposed algorithm to generate a rule of amino acids that distinguishes
between well binding and bad binding peptides.

A greedy optimization algorithm is employed, which means that it does not
necessarily find the rule with the minimal cost. Other optimization procedures
like genetic algorithms are able to perform better in finding the absolute opti-
mum.

Better solutions than those obtained with the greedy approach were in our
experience, only marginally better in terms of the cost function, and were char-
acterized by more OR terms (like the term (A OR D OR K OR
R OR 8) in the last rule in Equation ().

It is important, however, to keep in mind that a large number of peptides
will fulfill these long OR terms, i.e., such rules are non-specific. Since these rules
are employed to generate new peptides for subsequent analysis, we are more
interested in rules with short OR terms which reduce the search space by their
specificity.

We could adapt the cost function to achieve this by adding a penalty term
for long rules. However, if we look more carefully at the greedy optimization,
we notice that it starts by including the most discriminating amino acids in the
rule. This results in a reasonable performance after only a few iteration steps.
Additional OR terms are only included when this improves the performance of
the rule (in fact the performance should improve when normally one, but at most
two additional amino are included in the OR term). This greedy property of the
algorithm reduces the chance that these unimportant long terms are included in
the final rule.

The rules as such can not be directly employed to generate new well binding
motifs, since positional information and frequency of occurrence is lost in the
feature representation. However, within the group of well binding peptides that
satisfy the rule, the amino acids specified in the rule occur at specific positions
in these peptides. A logical approach is to construct new candidate peptides by
preserving for the N best binding peptides, those amino acids that appear in the
rule, while randomly mutating the rest.
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Abstract. A central issue in molecular biology is understanding the regulatory
mechanisms that control gene expression. The recent flood of genomic and post-
genomic data opens the way for computational methods el ucidating the key com-
ponents that play a role in these mechanisms. One important consequence is
the ability to recognize groups of genes that are co-expressed using microarray
expression data. We then wish to identify in-silico putative transcription factor
binding sites in the promoter regions of these gene, that might explain the co-
regulation, and hint at possible regulators. In this paper we describe a simple
and fast, yet powerful, two stages approach to this task. Using a rigorous hyper-
geometric statistical analysis and a straightforward computational procedure we
find small conserved sequence kernels. These are then stochastically expanded
into PSSMs using an EM-like procedure. We demonstrate the utility and speed of
our methods by applying them to several data sets from recent literature. We also
compare these results with those of MEME when run on the same sets.

1 Introduction

A central issue in molecular biology is understanding the regulatory mechanisms that
control gene expression. The recent flood of genomic and post-genomic data, such as
microarray expression measurements, opens the way for computational methods eluci-
dating the key componentsthat play arole in these mechanisms.

Much of the specificity in transcription regulation is achieved by transcription fac-
tors, which are largely responsible for the so called combinatorial aspects of the regu-
latory process (the number of possible behaviors being much larger than the number of
factors). These are proteins that, when in the suitable state, can bind to specific DNA
sequences. By binding to the chromosomein alocation near the gene, these factors can
either activate or repress the transcription of the gene. While there are many potential
sites where these factors can bind, it is clear that much of the regulation occurs by fac-
torsthat bind in the promoter region which is located upstream of the transcription start
site.

Unlike DNA-DNA hybridization, the dynamics of protein-DNA recognition are not
completely understood. Nonetheless, experimental results show that transcription fac-
tors have specific preferenceto particular DNA segquences. Somewhat generalizing, the
affinity of most factors is determined to a large extent by one or more relatively short
regions of 6-10bp. (One must bear in mind that DNA strands span a complete turn

O. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. 278-293] 2001.
(© Springer-Verlag Berlin Heidelberg 2001
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every 10 bases, thus geometric considerations make it unlikely that a single protein
bindsto alonger region, athough counterexamples are known.) A common situation is
the formation of dimersin which two DNA binding proteins form a complex. Each of
the two proteins, binds to a short sequence, and together they bind to a sequence that
can be 12-18bp long, with a short spacer separating the two regions. Common protein
motifs such as the DNA binding Helix-Turn-Helix (HTH) motif also induce the same
preference on the regulatory site.

The recent advances in microarray experiments allow to monitor the expression
levels of genes in a genome-wide manner [18/9/14/15,22/23]. An important aspect of
these experiments is that they allow to find groups of genes that have similar expres-
sion patterns across a wide range of conditions [[12]. Arguably, the simplest biological
explanation of co-expression is co-regulation by the same transcription factors.[l

This observation sparked several works on in-silico identification of putative tran-
scription factor binding sites [[4117/19]20/21]. The general schemethat most of these pa-
pers take involves two phases. First, they perform, or assume, some clustering of genes
based on gene expression measurements. Second, they search for short DNA patterns
that appear in the promoter region of the genesin each particular cluster. These works
are based to a large extent on methods that were developed to find common motifsin
protein and DNA sequences. These include combinatorial methods[[6/19/21/24/25], pa-
rameter optimization methods such as Expectation Maximization (EM) [[1], and Markov
Chain Monte Carlo (MCMC) simulations [118,20]. See [19] for areview of these lines
of work.

The use of expression profiles helps to select relatively “clean” clusters of genes
(i.e.,, most of them are indeed co-regulated by the same factors). Our interest here lies
with the second phase, and is thus not limited to gene expression analysis. Given high
quality clusters of genes, suspected for any reason to be co-regulated, we address the
hardness of the computational problem of finding putative binding sitesin these clusters.

In this paper we describe afast, simple, yet powerful, approach for finding putative
binding sites with respect to a given cluster of genes. Like some of the other works we
divide this phase into two stages. In the first stage we scan, in an exhaustive manner,
for simple patterns from an enumerable class (such as all 7-mers). We use a straight-
forward, natural, and well understood statistical model for filtering significant patterns
out of this class. Using the hyper-geometric distribution, we compute the probability
that a subset of genes of the given size will have these many occurrences of the pat-
tern we examine, when chosen randomly from the group of all known genes. In the
second stage, we use the patterns that were chosen as seeds for training a more ex-
pressive position-specific scoring matrix (PSSM) to model the putative binding site.
These models are both more accurate representation of the binding site, and potentialy
capture much longer conserved regions.

By assuming that most binding sites do contain highly conserved short subsequences
and by explicitly using our post-genomic knowledge of all known and putative genes
to contrast clusters of genes against the genome background, we acquire quality seeds

! Clearly thisis not always the case. Co-regulation can be achieved by other means, and similar
expression patterns can be aresult of parallel pathways or aclose seria relationship. Nonethe-
less, thisis often the case, and a reasonable hypothesis to test.
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for the construction of PSSM's through a simplified hyper-geometric model. The seeds
alow usto track down potential binding site locations through a specific relatively con-
served region within them. We then use these short seeds to guide the construction of
potentially much longer PSSMs encompassing more, or possibly the complete bind-
ing site. In particular, they alow usto align multiple sequences without resorting to an
expensive search procedure (such as MCMC simulations).

Indeed, an important feature of our approach isthe eval uation speed. Oncewefinish
a preprocessing stage, we can evaluate clusters very efficiently. The preprocessing is
genome-wide and not cluster specific. It can be done only once and stored for al future
reference. This is important both for facilitating interactive analysis, and for serving
as computationally-cheap quality starting points for other, more complex analysistools
(such as[12]) on top of our method.

In the next three sections we outline our a gorithmic approach, discussing signifi-
cance of events, seed finding, and seed expansioninto PSSMs, respectively. In Section
we describe experimental and comparative results, and then conclude with adiscussion.

2 Scoring Eventsfor Significance

2.1 Preliminaries

Suppose we are given a set of genes G. Idedly, these are all the known and putative
genes in a genome. With each gene g € G we associate a promoter sequenceé)sg. For
simplicity we assume that each of these sequencesis of the same size, L.

Suppose we are now given a subset of genes G C G suspected to be co-regulated by
some transcription factor. (For example, based on clustering of genes by their expres-
sion patterns.) Our aim is to find patterns in the promoter region of these genes, that we
will consider as putative binding sites. The assumption being that the co-regulation is
mediated by factors that are present in most of the genesin group G, but overall rarein
G. Thus, a pattern is considered significant if it is characteristic of G compared to the
background G.

Before we discuss what constitutes a pattern in our context, we address the basic
statistical definition of a characteristic property. Suppose we find a pattern that appears
in the promoter sequences of several genesin G. How do we measure the significance
of these appearances with respect to G? A related question one may ask, is whether the
set G is significantly different, in terms of the composition of its upstream region, from
g.

For now, we concentrate on events occurring in the promoter region of a gene. We
focus on binary events, such as “ s, contains the subsequence ACGTTCG or its reverse
complement”. Alternatively, one can consider counting the number of occurrencesof an
event in each promoter sequence, e.g., “the number of times the subsequence ACGTTCG
appearsin s,”. The analysis of such counting events, while attractive in our biological
context, is more complex, in particular since multiple occurrences of an event in a se-
guence are not independent of each other. See [|21124] for approximate solutions to this
problem.

2 Or an upstream region that best approximates it, when the transcription start site is unknown.
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Formally, a binary event E is defined by a characteristic function I,
{A,C,G, T} — {0,1}, that determines whether that event occurred or not in any
given nucleotide sequence. Given aset G, we define # (G) = > I, (s4) to bethe
number of times £ occurs in the promoter regions of group G. We want to assess the
significance of observing E at least # g (G) timesin G, when taking the set of genes G
as the background for our decision.

There are two general approaches for testing such significance. In both cases we
compute p-values: the probability of the observations occurring under the null-hypothe-
sis. Thisvaue serves as a measure of the significance of the pattern - the lower p-value
is, themoreplausibleit isthat an observation is significant, rather than a chance artifact.
The two approaches differ, however, in the nature of each null-hypothesis.

2.2 Random Sequence Null Hypothesis

Inthis approach, the null hypothesis assumes that the sequences s , for g € G are gener-
ated from a background sequence model Py (s). This background distribution attempts
to model “prototypical” promoter regions, but does not include any group-specific mo-
tifs. Thus, if the event E detects such special motifs, then the probability of randomly
sampling genes that satisfy E' issmall.

The background sequence model can be, for example, a Markov process of some
order (say 2 or 3) estimated from the sequencesin G (or, preferably, from G — G). Using
this background model we need to compute the probability p , = Po(I,(s) = 1) that a
random sequence of Length L will match the event of interest. Now, if we also assume
under the null hypothesisthat the n sequencesin G are independent of each other, then
the number of matches to E in G is distributed Bin(n,pg). We can then compute
the p-value of finding # g (G) or more such random sequences by the tail weight of a
Binomial distribution.

The key technical issue in this approach is computing p . This, of course, depends
on the assumed form of the background distribution, and on the complexity of the
event. However, even for the simple definition of a pattern as an exact subsequence
(i.e, I,(s) = 1iff s contains a specific subsequence) and background probability of
the form of an order 1 Markov chain, the required computation is not trivial. Thisforces
the development of various approximationsto p g of varying accuracy and complexity
[42/21].

2.3 Random Selection Null Hypothesis

Alternatively, in the approach we focus on here, one does not make any assumption
about the distribution of promoter sequences. Instead, the null hypothesisisthat G was
selected at random from G, in amanner that isindependent of the contents of the genes
promoter regions.

Assumethat K = #g(G) out of N = |G| genes satisfy E. Thus, we require the
number of genesthat satisfy £ in G. The probability of an observation under the null
hypothesis is the probability of randomly choosing » = |G| genes in such a way that

3 But not the identity, simplifying the implied underlying in-vitro measurements.
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k = #r(G) of themincludethe event E. Thisis simply the hyper-geometric probabil-
ity of finding & red-balls among n draws without replacement from an urn containing
K redballsand N — K black ones:

() ()

()

The p-value of the observation is the probability of drawing & or more genesthat satisfy
E inn draws. This requires summing thetail of the hyper-geometric distribution

Pryper(k | n, K, N) =

pvalue(E, G) = > Puyper(K' | n, K, N)

k'=k

Themain appeal of thisapproachliesinits simplicity, both computationally and sta-
tistically. This null hypothesisis particularly attractive in the post-genomic era, where
nearly all promoter sequences are known. Under this assumption, irrelevant clustering
selects genesin a manner that isindependent of their promoter region.

2.4 Dealing with Multiple Hypotheses

We have just defined the significance of a single event £ with respect to a group of
genes GG. But when we try many different events /4, . . ., Ey; over the same group of
genes long enough, we will eventually stumble upon a surprising event even in agroup
of randomly selected sequences, chosen under the null hypothesis.

Judging the significance of findings in such repeated experimentsis known as mul-
tiple hypotheses testing. More formally, in this situation we have computed a set of p-
valuesp,,...,p,,, thesmallest corresponding to the most surprising event. We now ask
how significant are our findings considering that we have performed M experiments.

One approach isto find avalue ¢ = ¢(M ), such that the probability that any of the
events (or the smallest one) has a p-value less than ¢ is small. Using the union bound
under the null hypothesiswe get that

P(minp, <t) <Y Plpm <q)=Mq

m

Thus, if we want to ensure that this probability of afalse recognitionis lessthan 0.01
(i.e., 99% confidence), we need to set the Bonferroni threshold ¢ = % (see, for ex-
ample, [11]).

The Bonfferoni threshold is strict, asit ensuresthat each and every validated scoring
event is not an artifact. Our aim, however, is abit different. We want to retrieve a set of
events, such that most of them are not artifacts. We are often willing to tolerate a certain
fraction of artifacts among the events we return. A statistical method that addresses this
kind of requirement is the Fal se Discovery Rate (FDR) method of [I3]. Roughly put, the
intuition hereis as follows. Under the null hypothesis, there is some probability that the
best scoring event will have a small p-value. However, if the group was chosen by the
null hypothesis, it can be shown that the p-valueswe compute are distributed uniformly.
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Thus, the p-value of the second best event is expected to be roughly twice as large as
the p-value of the best event. Given this intuition, we should be less strict in rejecting
the null hypothesis for the second best pattern and so on.

To carry out this idea, we sort the events by their observed p-values, so that p; <
p2 < ... < p,,. Wethenreturntheevents £, ..., Ex wherek < M is the maximal
index such that p; < % and ¢ isthe significance level we want to achievein selecting.
We have replaced a strict validation test of single events, with a more tolerable version
validating a group of events. We may now detect significant patterns, weaker than the
most prominent one, that were previously below the threshold computed for the later.

3 Finding Promising Seeds

3.1 SimpleEvents

We want to consider patterns over relatively short subsequences. We fix a parameter £
that determinesthe length of the sequenceswe areinterested in. Events are then defined
over the space of 4¢ ¢-mers.

Arguably the simplest /-mer pattern is a specific subsequence (or consensus). Thus,
if o isan ¢/-mer it defines the event “o is a subsequence of s”. A useful aspect of such
events, is that they are exhaustively enumerable for the range of ¢ we are interested in.
This suggests examining al ¢-mer patternsin G and ranking them according to their
significance.

However, known binding sites that are identified by biological assays, display vari-
ability in the binding sequence. Thus, we do not expect to see only exact matchesto the
£-mer consensus. Instead, we want to allow approximate matches when we search G.
To formalize, consider a distance measure between two ¢-mers, d(o, o’). The simplest
such function is the hamming distance. However, we may consider more realistic func-
tions, such as distances that penalize changes in a position specific manner. (Biology
suggests, for example, that central positionsin short binding sites are more conserved.)
For concreteness, we focus on the hamming distance measure in the reminder of the
paper. However, we stress that the following discussion applies directly to any chosen
distance measure.

Let o be an ¢-mer. We define a d-ball centered around o to be the set Ball 5(o) of
£-mersthat are of distance at most 6 from o. Thus, in the hamming distance, example,
Ball; (AAA) = {AAA, CAA, GAA, TAA, ACA, AGA, ATA, AAC, AAG, AAT}. We match an
event £ with Ball;(o) such that I (s) = 1 iff s or its reverse complementary contain
an (-mer € Ball; (o).

Given ¢ and § we wish to examine all balls that have at least one occurrencein G
(the rest will never appear in any sub group). Balls that occur in all genesin G are aso
discarded (asthey occur in al genes of any sub group). We denote this set of non-trivial
events with respect to G as B, 5). Note that for § > 0, it may include balls whose
centers do not appear in any promoter region.

Finding the set B, 5) of balls, and annotating for each gene whether it matches each
ball can be done in a straightforward manner. The time requirement thenis N - L - 4 ¢,
and the space requirement N - B, s)|.
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This genome-wide preprocessing needs to be done only once. Storing its results we
can rapidly compute p-valuesof al B, sy events with respect to any proposed subset of
genes. We simply look up which events occurred in the genes in the cluster, and then
compute the hyper-geometric tail distribution. Furthermore, one may wish to increase,
shrink, or shift the regions under consideration (e.g., from 1000bp to 2000bp upstream),
or adjust the upstream regions of several genes (say, due to elucidation of exact tran-
scription start site). While in general the preprocessing phase must be repeated, in prac-
tice, since it is mainly made up of counting events, we may efficiently subtract, and
add, respectively the countsin the symmetrical difference between the old and new sets
of strings, avoiding repeating the complete process over again. With many completely
seguenced genomes and gene expression data of model organisms in various settings
just beginning to accumulate, our division of labour is especialy useful.

3.2 Reducing the Event Space

Thedefinition of B, 5), holding all events we wish to examine, may include as many as
min(4¢, LN) balls. We note however, that many of these balls overlap. Thus, if o and
o’ aretwo ¢-mers that differ, in the hamming distance exampIeB, in exactly one letter,
then the overlap between Ball 5 (o) and Ball 5(¢”’) is clearly substantial. Moreover, if we
notice that most of the “mass’ of these balls (in terms of the number of occurrencesin
genesin G) liesin the intersection, we expect that the significance of the events defined
by both of them will be similar, since they will be highly correlated.

A way to decrease the storage requirements, and thus extend the range of manage-
able ¢'s can be found by a guided choice of a representative subset of B, 5) during
preprocessing. Based on the above intuitions we want a covering set of balls with max-
imal mass, to minimize the size of the subset, and minimal overlap, to diversify the
events themselves. A heuristic solution can be offered in the form of a greedy algo-
rithm. Starting from an empty subset we repeatedly choose balls of maximal mass that
do not violate the minimal overlap demand, until we can no longer continue. We now
proceed to examine and store the results only for the events corresponding to the chosen
balls.

We stress that since this sparsification is done during preprocessing, before we ob-
serve any group G, it should not alter the statistical significance of the results we ob-
serve when GG islater given to us.

4 Learning Finer Representations

4.1 Position Specific Scoring Matrices

Using the methods of the previous section we can collect a set of promising patterns
that are significant for G. These patterns are based on the notion of a ¢-ball. Biologi-
cal knowledge about transcription factor binding sites suggests that the definition of a
binding site is in fact more subtle. Some positions are highly conserved, while others
are less 0. In the literature, there are two main representation of such sites. The first

4 Analogous proximity thresholds can be defined for other distance measures.
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is the IUPAC consensus sequences. This approach determines the consensus string of
the binding site using a 15 letter aphabet that describe which subset of {A,C, G, T} is
possible at each position.

A position specific scoring matrix (PSSM) (see, e.g., [[10]) offers a more refined
representation. A PSSM of length ¢ is an object P = {p1,...,pe}, composed of ¢
column distributions over the alphabet {A,C, G, T}. The distribution p;, specifies the
probability of seeing each nucleotide at the ¢’ th position in the pattern.

Once we have a PSSM P, we can score each ¢-mer o by computing its combined
probability given P. A more common practice is to compute the log-odds between the
PSSM probability and a background probability of nucleotides. Thus, if p is assumed
to be the nucleotide probability in promoter regions, then the score of an ¢-mer o is:

Scorep (o) = Z log i;((z[é]}))

If this score is positive o is more probable according to P than it is according to the
background probability. In practice we set athreshold « (replacing zero) for detecting
apattern. Thus, apair (P, «) definesanevent I , . (s). This event occursiff the best
matching subsequence of length 7 in s, or in its reverse complement, has a score higher
than . That is, if

max(Scorep (s[i, .. .,i + £ — 1]), Scorep(sfi,...,i + £ —1]) > «

4.2 Selecting a Threshold

Before we discuss how to learn the PSSM, we consider choosing a threshold « for a
given PSSM P. It is possible to set o« = 0, treating the background and the PSSM as
equiprobable. However, since the pattern is ararer event, we want a stricter threshold.
Another potential approach tries to reduce the probability of false recognition. That is,
to find an o such that the probability that a random background sequence o will score
higher than « is smaller than a prespecified . Then, if we want to allow on average one
false detection every k genes, we would set e = ﬁ Unfortunately, we are not aware
of an efficient computational procedureto find such thresholds.

Here we suggest a simple aternative. We search for a threshold «, such that the
induced detections in the group G will be most significant. Thus, given a group G of
genes, and a PSSM P, we search for

o = argminp-value(G, I, )

That is, we adjust the threshold « so that the event defined by (P, «) has the smallest
p-value with respect to G. This discriminative choice of a threshold ensures that we
adjust it to take into account the amount of “spurious’ matches to the PSSM outside
of G. Thus, we strive for a threshold that maximizes the number of matches within G
and at the same time minimizes the number of matches outside G. The use of p-values
provides a principled way of balancing these two requirements.

We can find this threshold quite efficiently. We compute the best score of the PSSM
over each genein G, and sort thislist of scores. We then evaluate only thresholds which
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are, say, half way between any two adjacent values in our list of sorted scores (each
succeeding threshold admits another geneinto the group of supposedly detected events).
Using, for example, radix sort, this procedure takestime O(N L).

4.3 Learning PSSMs

Learning PSSMs is composed of two tasks. Estimating the parameters of the PSSM
given a set of training sequences that are exampl es of the pattern we want to match, and
finding these sequences. The latter is clearly a harder problem and requires some care.

We start with the first task. Suppose we are given acollection o, . .., o, Of -mers
that correspond to aligned sites. We can easily estimate a PSSM P that corresponds
to these sequences. For each position ¢, we count the number of occurrences of each
nucleotidein that position. Thisresultsinacount N (i, c) = >, 1{o;[i] = c}.

Given the counts we estimate the probabilities. To avoid entries with zero probabil-
ity, weadd pseudo-countsto each position. Thus, we assign

N(i,c) +7

n+ 4y @)

pi(c) =

The key question is how to select the training sequences and how to align them.
Our approach builds on our ability to find seeds of conserved sequences. Suppose that
we find a significant J-ball using the methods of the previous section. We can then use
this as a seed for learning a PSSM. The simplest approach takes the ¢-mers that match
the ball within the promoter regions of G as the training sequences for the PSSM. The
learned PSSM then quantifies which differences are common among these sequences
and which ones arerare. This gives amorerefined view of the pattern that was captured
by the §-ball.

This simple approach learns an ¢-PSSM from the -ball events found in the data.
However, using PSSMs we can extend the pattern to a much longer one. We start by
aligning not only the sequences that match the ¢-ball, but aso their flanking regions.
These are aligned by virtue of the alignment of the core /-mers. We can then learn a
PSSM over a much wider region (say 20bp). If there are conserved positions outside
the core positions, this approach will find themfd

Consider, for example, aHTH DNA binding motif, or abinding factor dimer, where
each component matches 6-10bpswith several unspecific gap positions between the two
specific sites. If we find one of the two sites using the methods of the previous sections,
then growing a PSSM on the flanking regions allows us to discover the other conserved
positions.

Once we construct such an initial PSSM, we can improve it using a standard EM-
like iterative procedure. This procedure consists of the following steps. Given a PSSM
Po, we compute a threshold o as described above. We then consider each position in
the training sequences and compute the probability that the pattern appears at that po-
sition. Formally, we compute the likelihood ratio (P, ) assigns to the appearance of

5 This assume that there are no variable lengths gaps inside the patterns. The structural con-
straints on transcription factors suggest that these are not common.
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thepatternat sfi, . . ., i+ ¢ — 1]. We then convert thisratio to a probability by computing
ps.i = logit(Scorep, (s[i, ..., i + ¢ —1]) — ap)

where logit(xz) = 1/(1 + e~7) is the logistic function. We then re-scale these prob-
abilities by dividing by a normalization factor Z ; so that the posterior probability of
observing the pattern in s and its reverse complement sums to 1. Once we have com-
puted these posterior probabilities, we can accumulate expected counts

N(i,¢) = ZZ ij 1{sglj +1i] = c}.

These represent the expected number of times that the ¢’ th position in the PSSM takes
the value ¢, based on the posterior probabilities.

Once we collected these expected counts, we re-estimate the weights of the PSSM
using Eq.[1 to get a new a PSSM. We optimize the threshold of this PSSM, and repeat
the process. Although this process does not guarantee improvement in the p-value of the
learned PSSM, it is often the case that successive iterations do lead to significant such
improvements. Note that our iterations are anal ogous to EM’s hill-climbing behaviour,
and differ from Gibbs samplers where one performs a stochastic random walk aimed at
a beneficial equilibrium distribution.

5 Experimental Results

We performed several experiments on data from the yeast genome to evaluate the util-
ity and limitations of the methods described above. Thus, we focused on severa re-
cent examples from the literature that report binding sites found either using computa:
tional tools or by biological verification. To better calibrate the results, we also applied
MEME [1]], one of the standard toolsin thisfield, on the same examples.

Inthisfirst analysis we chose to use the simple hamming distance measure and treat
the 1000bp sequence upstream of the ORF starting position as the promoter region. We
note that the latter is a somewhat crude approximation, as this region also contains an
untranslated region of the transcript.

We ran our method in two stages. In the first stage, we searched for patterns of
length 6-8 with ¢ ranging between 0—2 mismatches, and an allowed ball overlap factor
of 0-1. Generally speaking, in these runs the patterns found with no mismatches or
ball overlaps had better p-values. This happens because we search for relatively short
patterns, allowing for a non-trivial probability of a random match. For this reason we
report below only results with exact matches and no overlap. We believe that higher
values of both parameterswill be useful for longer patterns (say of length 12 or 13). In
the second stage we run the EM-like procedure described above on all the patterns that
received significant scores. We chose to learn PSSM's of width 20 using 15 iterations of
our procedure.

To compare the results of these two stages, we ran MEME (version 3.0.3) in two
configurations. The first restricted MEME to retrieve only short patterns of width 6-
8, corresponding to our ¢-mers stage. The second configuration used MEME's own
defaults for pattern retrieval resembling our end product PSSMs.
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We applied our procedure to several data sets from the recent literature. Selected
results are summarized in Table[dl In this table we rank the top results from the different

Table 1. Selected results on binding site regions of several yeast data sets, comparing
our findings with those of MEME.

Source/ Trans. Consensus Seed PSSM MEME <8 MEME <50
Cluster Factor rank p-value rank p-value|rank e-value rank e-vaue
Spellman et al. [22]
CLN2 MBF ACGCGT 1 4e26 1 3e42 1 1e18 1 7e3l
SIC1  Swi5p CCAGCA 1 le07 1 le-12 1 800 8 5et+t02
Tavazoie et d. [23]
3 putative GATGAG 2 907 5 6e09| 4 1letO6 2 1lel4d
putative GAAAAaT| 3 4e07 2 1ell | 23 8etO7 3 7e10
8 STRE aAGGgG 1 6e07 3 4e06| 20 1e+t08 - -
14 putative TTCGCGT 1 209 2 7ell| 13 1etO07 - -
putative TGTTTgTT| 3 2e07 - - - - 13  4et+05
30 MET31/32p gCCACAQT| 1 2el1l 1 2el11| 2 5et02 8 1et03
lyer et al. [[16]
MBF MBF ACGCGT 1 l1lel12 1 3e18| 3 1et04 19 1e03
SBF SBF CGCGAAA | 1 1e32 1 1e37 | 2 1lel7 - -

runs of each procedure by their p-values (or e-values) reported by the programs after
removing repeated patterns. We report the relative rank of the patterns singled out in
the literature and their significance scores. We discuss these results in order.

The first data set is by Spellman et al. [[22]. They report severa cell-cycle related
clusters of genes. In arecent paper, Sinha and Tompa[[21] report results of a systematic
search for binding sites in these clusters of IUPAC consensus regions using a random
seguence null hypothesis utilizing aMarkov chain of order 3. The main technical devel-
opmentsin [[21] are methods for approximating the p-value computation with respect to
such anull-hypothesis.

We examined two clusters reported on by Sinhaand Tompa. In thefirst one, CLN2,
our method identifiesthe pattern ACGCGT and various expansionsof it. This pattern was
found using patterns of length 6, 7, and 8 with significant p-values. The PSSMs learned
from these patterns were quite similar, all containing the above motif. Figure [I(a) shows
an example. In the second cluster, SIC1, the signal appears with a marginal p-value
(closeto the Bonfferoni cutoff) already at ¢ = 6. The trained PSSM recovers the longer
pattern with a significant p-value. In both cases, the top ranking patterns correspond to
the known binding site.

The second data set is by Tavazoie et al. [[23]. That paper also examines cell-cycle
related expression levels that were grouped using k-means clustering. They examined
30 clusters, and applied an MCM C-based procedure for finding PSSM patterns in the
promoter regions of genes in each cluster. We examined the clusters they report as
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Fig. 1. Examples of PSSMs Learned by Our Procedure. (a) CLNZ2 cluster. (b) SBF clus-
ter. (¢) Gasch et al. Cluster M. (d) Gasch et al. Cluster 1/J.

statistically significant, and were able to reproduce binding sites that are very close to
the PSSM s they report; see Table[dl.

In arecent paper, lyer at al. [[16] identify, using experimental methods, two groups
of genes that are regulated by the MBF/SBF transcription factor. Here, again, we man-
aged to recover the binding sites they discuss with high confidence. For example, we
show one of our matching PSSMs in Figure [I(b).

Finally, we discuss the recent data set of yeast response to environmental stress by
Gasch et al. [14]. We report on two clusters of genes “M”, and “1/J". In cluster M the
string CACGTGA is found in severa of the highest scoring patterns. However, when we
turned to grow PSSMs out of our seeds, a matrix of a lower ranking seed GATAAGA
exceeded the rest, exemplifying that seed ordering is not necessarily maintained when
the patterns are extended. The latter, more prominent PSSM is shown in Figure[(c). In
cluster 1/J a significant short pattern rising above our threshold is not found. However
when we extended the top most seed we obtained the PSSM of Figure [{d) which both
nearly crosses our significance threshold, and holds biological appeal, showing two
conserved short regions flanking aless conserved 2-mer.

In general, the scores of the learned PSSMs vary. In some cases, the best seeds
yield the best scoring PSSMs. More often, the best scoring PSSM correspondsto a seed
lower in the list (we took into account only seeds that have p-value matching the FDR
decision threshold). In most cases the PSSM learned to recognize regions flanking the
seed sequence. In some cases more conserved regions were discovered. In general our
approach manages to identify short patterns that are close to the pattern in the data
Moreover, using our PSSM learning procedure we are able to expand these into more
expressive patterns.

We note that in most analysed cases MEME aso identified the shorter patterns.
However, there are two marked differences. First and foremost is run time. Compared
on a 733 MHz Pentium I11 Linux machine our seed discovery programs ran between
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half a minute and an hour, exhaustively examining all possible patterns, while the EM-
like PSSM growing iterations added a couple of minutes. The shortest MEME run on
the same data sets took about an hour, while longer ones ran for days, when asked to
return only thetop thirty patterns. Second, M EME often gave top scores to spurious pat-
terns that are clear artifacts of the sequence distributions in the promoter regions (such
as poly A's). When using MEME one can try to avoid these problems by supplying a
more detailed background model. This has the effect of removing most low complex-
ity patterns from the top scoring ones. Our program avoids most of these pitfalls by
performing its significance tests with respect to the genome background to begin with.

6 Discussion

In this paper we examined the problem of finding putative transcription factor binding
sites with respect to a selected group of genes. We advocate significance calculations
with respect to the random selection null hypothesis. We claim that this hypothesis
is both smple and clear and is more suitable for gene expression experiments than
the random seguence null hypothesis. We then use a simple hyper-geometric test in
a framework for constructing models of binding sites. This framework starts by sys-
tematically scanning afamily of simple “seed” patterns. These seeds are then used for
building PSSM's. We describe how to construct statistical tests to select the most surpris-
ing threshold value for a PSSM and combine this with an EM-like iterative procedure
to improveit. We thus combine afirst phase of kernel identification based on arigorous
statistical analysis of word over-representation, with a subsequent phase of optimiza-
tion, leading to a PSSM, which can be used to scan sequences for new matches of the
putative regul atory motif.

We showed that even before performing iterative optimization of the PSSMs, our
method recovers highly selective seed patterns very rapidly. We reconstructed results
from several recent papers that use more elaborate and computationally intensive tools
for finding binding sites, as well as present novel binding sites.

A potential weakness of our model isthe fact that we disregard multiple copies of a
match in the same sequence (the restriction to binary events). Despite the fact that this
phenomenon is known to happen in eukaryotic genes, we recall that a mathematical
analysis of counting the number of occurrences in a single string is more elaborate,
and computationally intensive. This may indeed lead in such cases to under-estimation,
which is problematic mainly for small clusters of co-regulated genes. The recognition
of two conserved patterns separated by arelatively long spacer (say of 10bp or more),
resulting from a HTH motif or a dimer complex, can however be attacked by looking
for proximity relationships between pairs of occurrences of different significant seeds.

Asthis field is showing an influx of interest, our work resembles several othersin
different aspects. We highlight only the most relevant ones.

The use of the hyper-geometric distribution in the context of finding binding sitesis
used by Jensen and Knudsen [[17] to find short conserved subsequences of length 46
bp. They demonstrate the ability to reconstruct sequences, but suffer statistical problems
when they consider longer /-mers, due to the large number of competing hypotheses.
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Already in Galas et al. [[13], word statistics are used to detect over-represented mo-
tifs, and a definition of a general concept of “word neighborhood” is given similar
to the ball definition we give here. However, the analysis there is restricted to over-
representations at specific positions with respect to a common point of reference across
all sequence, deeming it mostly appropriate for prokaryotic transcription or transation
promoter region elucidation.

The general outline of our approach is similar to that of Wolferstetter et al. [[27] and
Vilo et al. [26]. Both search for over-represented words and try to extend them. Vilo
et al. examine ¢-mers of varying sizes that are identified by building a suffix tree for
the promoter regions. Then, they use a binomial formula for evaluating significance.
For the clustering they constructed, thisresulted in avery large pool of sequences (over
1500). They use multiple alignment-like procedure for combining these ¢-mers into
longer consensus regions. Thus, to learn longer binding sites with variable position,
they require overlapping subsequences to be present in the data. Thisis in contrast to
our approach that uses PSSMs to extend the observed patterns, and so is more robust to
highly variable positions that flank the conserved region.

Van Helden et al. [24] aso use binomial approach. They try to take into consider-
ation the presence of multiple copies of a motif in the same sequence, but suffer from
resulting inaccuracieswith respect to auto-correl ating patterns. Our work can be seen as
generaizing this approach in several respects, including the use of a hyper-geometric
null model, the discussion of general distance functions and event space coarsening,
and the iterative PSSM improvement phase.

There are several directions in which we can extend our approach, some of them
embedding ideas from previous works into our context.

First, in order to estimate the sensitivity of our model it will be interesting to exam-
ine it on smaller, and known, gene families, as well as on synthetic data sets, as those
advocated in [[19]. Extending our empirical work beyond yeast should also provide new
insights and challenges.

Our method treats the complete promoter region as a uniform whole. However, bi-
ological evidence suggests that the occurrence of binding sites can depend on the posi-
tion within the promoter sequence[[22]. We can easily augment our method by defining
events on sub-regions within the promoter sequence. This will facilitate the discovery
of subsequences specific to certain positions. Another biological insight already men-
tioned isthe phenomenaof two conserved patterns separated by arelatively long spacer.
In the case of homeodimerswe can easily expand our scopeto handle eventsthat require
two appearances of the subsequence within the promoter region. Otherwise, we can try
to extend our PSSM s further to flank the seed while weighting each column such as to
alow for longer spacers between meaningful sub-patterns.

So far we have looked for contiguous conserved patterns within the binding site.
M ore complex extensionsinvolve defining new distance measures that incorporate pref-
erences for more conserved positions in specific positions in the pattern, and random
projection techniques, akin to 5], which will allow us to easily handle longer ¢-mers.
We can also further generalize our model by allowing ourselves to express our ¢-mer
centroids over the [lUPAC aphabet. This allows both for a reduction of the event space
and the natural incorporation of biological insight, as outlined above. Our current
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method for diluting the set of “covering” é-balls is highly heuristic. Interesting theo-
retical issues include the formal criteria we should optimize in selecting this approxi-
mating set of §-balls and how to efficiently optimize with respect to such a criterion.
Finally, we intend to combine the putative sites we discover with learning methods that
learn dependencies between different sites and between sites and other attributes such
as expression levels and functional annotations[2].
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Abstract. Using current technology, large consecutive stretches of DNA (such
as whole chromosomes) are usually assembled from short fragments obtained by
shotgun sequencing, or from fragments and mate-pairs, if a “double-barreled”
shotgun strategy is employed. The positioning of the fragments (and mate-pairs,
if available) in an assembled sequence can be used to evaluate the quality of
the assembly and also to compare two different assemblies of the same chro-
mosome, even if they are obtained from two different sequencing projects. This
paper describes some simple and fast methods of this type that were developed to
evaluate and compare different assemblies of the human genome. Additional ap-
plications are in “feature-tracking” from one version of an assembly to the next,
comparisons of different chromosomes within the same genome and comparisons
between similar chromosomes from different species.

1 Introduction

Although current technology for DNA sequencing is highly automated and can deter-
mine large numbers of base pairs very quickly, only about (on averagephs&utive

base pairs (bp) can be reliably determined in a single relad [ 6]. Thus, a large consecutive
stretch of source DNA can only be determined by “assembling” it from short fragments
obtained using ahotgun sequencing strategy [5]. In a modification of this approach
called double-barreled shotgun sequencing [1], larger clones of DNA are sequenced
from both ends, thus producimgate-pairs of sequenced fragments with known relative
orientation and approximate separation (typically, employing a mixturziof 5kb,

10kb, 50kb and150kb clones). So, usually a sequencing project produces a collection
of fragments that are randomly sampled from the source sequence. The average num-
berz of fragments that cover any given position in the source sequence is known as the
fragment x-coverage.

Given two different assemblies of the same chromosome-sized source sequence,
possibly obtained from two different sequencing projects, how can one evaluate and
compare them? The aim of this paper is to present some fast and simple methods
addressing this problem that are based on fragment and mate-pair data obtained in
a sequencing project for the source sequence. Additional applications are in tracking

0. Gascuel and B.M.E. Moret (Eds.): WABI 2001, LNCS 2149, pp. £943-306, 2001.
(© Springer-Verlag Berlin Heidelberg 2001



Comparing Assemblies Using Fragments and Mate-Pairs 295

forward “features” from one version of an assembly to the next, comparison of differ-
ent chromosomes from the same genome and of similar chromosomes from different
species. Although each method on its own is just an implementation of a simple idea or
heuristic, our experience is that the integration of these methods gives rise to a powerful
tool. We originally developed this tool to compare different assemblies of the human
genome, see Figures 6 and 7[in [7].

In Section 2 we discuss assembly evaluation and comparison techniques based on
fragments. In particular, we introduce the concept of “segment discrepancy” that mea-
sures by how much the positioning of a segment of conserved sequence differs between
two assemblies. Then we present some mate-pair based methods in §kction 3, includ-
ing a useful breakpoint detection heuristic. Finally, we demonstrate the utility of these
methods in Sectiofl 4.

2 Fragment-Based Analysisand Comparison Methods

Several useful methods for evaluating a single assembly or comparing two assemblies—
such as sequencing coverage, dot-plots, or line-plots—can be implemented in terms of
the positions in an assembly to which fragments are assigned.

For our purposes, aontig is simply a finite stringA = aia- ... of characters
a; € {A,C,G,T,N} representing a stretch of contiguous DNA, whAreC, G andT
correspond to the four bases aldstands for “unknown”. Arassembly is a contigA
that was obtained from the fragments of some sequencing project using some assembly
algorithm, without elaborating on the details. A run of consecutligerepresents an
undetermined sequence part, and the numbéi'®fin the run is sometimes used to
represent its estimated length.

A fragment is a stringt’ = f1f»... of charactersf; € {A,C,G, T}, of length
len(F') usually less than 900. We say that a fragmg&nhits (or is recruited by) an
assemblyA if F' globally aligns toA with high identity (e.g. 94% or more). In this
case, we use(F, A) andt(F, A) to denote the position iA to which the first character
and last character of' align to, respectively. In particular, a fragment aligns in the
forward direction ifs(F, A) < t(F, A), whereas the alignment is against the reverse-
complement of if s(F, A) > ¢(F, A). For simplicity, we will assume that adlvalues
are distinct, i.e.s(F) # s(G) for any two different fragments that hit. (In practice,
fragment coordinates do sometimes agree, but our experience is that one can simply
ignore such fragments without a substantial loss of coverage.)

Given a set of fragment& and an assemblyt, we useF(A) to denote the set of all
fragments inF that hit A. If an assemblyl was obtained by assembling fragments from
a setF, then the seF(A), and the values of(F, A) andt(F, A) forall F € F(A), are
known. If an assemblyl of a chromosome is obtained from one sequencing project,
and the set of fragmenit& available was obtained from a different sequencing project
studying the same chromosome, then a fast high-fidelity alignment progiam [ 4] can be
used to computé& (A).
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2.1 Fragment-Coverage Plot

Let A be an assembly anfi(A) a set of fragments that hit. For each fragmenf’ €
F(A) define a begin-event (min{s(F,A),¢(F,A)},+1) and an end-event
(max{s(F, A),t(F,A)},—1). To obtain afragment-coverage plot for A, consider all
events(z, e) in order of their first coordinate and for each begin-event, plot the num-
ber of fragments that span given by the number of begin-events minus the number of
end-events seen so far, see Fiddre 1.

T IV AR B

34 35 3. 1 42 43 Mb

Assembly

Fig. 1. Fragment-Coverage Plot for a 1 Mb Region of ChromospmwigHuman [ 7]. The
assemblyA is represented by a line segméhtlen(A)] along thez-axis. The number
of fragments uniquely hitting! is plotted as a function of their position.

A fragment-coverage plot is useful because poorly assembled regions often have
low fragment-coverage, whereas regions of repetitive sequence can be identified as
those stretches of sequence that are hit by unusually high numbers of fragments.

In practice, one can easily accomodate for fragments hitting multiple times. How-
ever, for ease of exposition, throughout this paper we will assumefthaj is the set
of all fragments thatiniquely hit A.

2.2 Dot-Plot and Line-Plot

Consider two different assembligsand B of the same chromosome, and assume that
a setF of fragments obtained from a shotgun sequencing project for the chromosome
is given. Once we have determingdA) andF(B), how can we visualize this data?

Let (A, B) := F(A) n F(B) denote the set of fragments that hit both assem-
blies. A simple dot-plot can be produced by plottifig y) with  := s(F, A) and
y = s(F, B) forall F' € F(A, B), see Figur€l2; at higher resolution, plot a line from
(s(F,A),s(G, B))to(t(F, A),t(G, B)). Alternatively, represent assemblyandB by
a line segment fronl, 0) to (len(4),0) and from(1, 1) to (len(B), 1), respectively. A
simple line-plot showing matching regions of the two assemblies is obtained by draw-
ing a line segment betwedr(F, A),0) and (s(F, B),1) for all FF € F(A, B), see
Figure 3.

If F(A) is given, butF(B) is unknown, then a short-cut to recruiting fragments
to B is to computeF 4 (B) := {F € F(A) | F hits B} instead ofF(B), at the price
of obtaining a less comprehensive analysis. Alternatively, one could first compare the
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AssemblyA
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Fig. 2. Fragment based dot-plot comparison of two different assemblie§Mbaegion
of chromosome in human. Each point represents a fragment that hits both assemblies.

AssemblyB

AssemblyA

Fig. 3. Fragment Based Line-Plot Comparison. Each line segment represents a fragment
that hits both assemblies. Medium grey lines represent fragments contained in the heav-
iest common subsequence (HCS) of consistently ordered and oriented segments, light
grey lines represent consistently oriented segments that are not contained in the HCS,
and dark grey lines represent fragments (or segments) that have opposite orientation in
the two assemblies.

consensus sequence of asseniblgirectly against that of assemhblyand then project
fragments fromA onto B wherever compatible with the segments of local alignment
betweend andB.

2.3 Fragment Segmentation

For analysis purposes and also to speed up visualization significantly, it is useful to
segment the fragment matches by determining the maximal consistent and consecutive
runs of them.

Consider a fragmert € F(A, B). We say thaf" haspreserved orientation, if and
only if F' has the same orientation i and B, i.e., if either boths(F, A) < t(F, A)
and s(F,B) < t(F,B), or boths(F, A) > t(F,A) ands(F,B) > t(F,B) hold.
Let 7t (A, B) denote the set of all fragments that have preserved orientation and set
F~(A,B):=F(A,B)\ FT (A, B).
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For any two fragment#', G € F(A, B), defineF’ <4 G, if s(F,A) < s(G, A),
and defineF’ <z G, if s(F, B) < s(G, B). Because we assume that alalues are
distinct, these are both total orderings and we use pft&d and sucq (F') to denote
the < 4-predecessor and 4-successor of', respectively.

A sequenceS = (Fy, Fs,..., Fy) of fragments is called anatched segment, in
either of the two following cases:

1. {F,F,...,F,} C F*(A, B) and suca (F;) = sucg (F;) foralli = 1,2,...,
k—1,0r

2. {F,F,....,F,} C F (A,B)and sucq (F;) = predg(F;) foralli =1,2,...,
k—1.

A matched segment is calledaximal, if it can’t be extended.

LetS := S(F(A, B)) = {51, 52,...,S,} denote the set of all maximal matched
segments ofF (A, B), and letS™ andS~ denote the subset of such segments in cases
[M and2, respectively. Both™ andS~ can be computed in a simple loop that consid-
ers each fragment irt 4 order and decides whether it extends the current segment or
defines the start of a new one.

The A-support of a matched segmett = (F, Fs, ..., Fy) is defined as the in-
terval [s(S, A), t(S, A)], with s(S, A) := minpcs(s(F, A),t(F, A)) andt(S, A) =
maxpes(s(F, A),t(F, A)). The B-support is defined similarly. Let le(S) denote the
minimum length of thed- and B-supports ofS.

24 Heaviest Common Subsequence

Given two orderings); and O, of the set of number$1,2,...,n} (for some fixed
numbern) and a weight functionv : {1,2,...,n} — N=2°. A subsequencél :=
H(0O;1,042,w) of both orderings is called beaviest common subsequence, if it has
maximal weightw(H) := >, ., w(h). The heaviest common subsequence can be
computed inD(n log n) time and space, seel[3].

ForS = (54, 95:,...,5,), let O andO- denote the ordering of the indicés2,
..., ninduced by the orderings o defined bys(-, A) ands(-, B), respectively. With
weight functionw(s) := len(S;), compute the heaviest common subsequéfice O,
andO..

We call’H := {S; € S | i € H} the heaviest common subsequence of matched
segments. We can distinguish between four categories of matched segments:

1. ST N H is the set of segments that have the same ordering and orientation in both
assemblies,

2. S~ NH is the set of segments that have the same position in both assemblies, but
are inverted with respect to each other,

3. 8T\ H is the set of segments that have transposed positions, and

4. S~ \ H is the set of segments that appear both transposed and inverted.

The amount of sequence contained in each of these four categories is a good mea-
sure of how similar two assemblies are. In visualization, using different colors for each
of them significantly enhances the dot-plot and line-plot representation described above,
see Figurgl3.
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2.5 Segment Displacement

Consider two segments = (F4, Fy,...) andT = (G4, Ga,...). We say thatS and
T areparalld if either boths(Fy, A) < s(G1, A) ands(Fy, B) < s(G1, B), or both
s(F1, A) > s(Gy1, A) ands(F1, B) > s(G1, B) hold.

It seems reasonable to “trust” those portions of the two assembilies that are covered
by segments from the heaviest common subsequendéus, we propose to measure
the amount by which the positioning of a segm&mnot in S+ N H differs in the two
assemblies as follows: We define ttlisplacement D(.S) associated witty' as the sum
of lengths of all segments iK that are not parallel t&. In Figure[4 we plot segment
length vs. segment displacement.

160 xbp
140 +
120+
Segment 100 7 ©
length 80 P
60
40
20 [a

Displacement

Fig. 4. Scatter-Plot Comparison of Two Assemblies: a @oty) represents a sequence
segmentS of length ler{S) = = whose displacemer®(S) is y. In other words, the
placement of in the two assemblies differs by at led3{5) bp. Note that points along
thez-axis correspond to in-place inversions.

3 Mate-Pair-Based Evaluation M ethods

Let A andB be two assemblies of a chromosome andAdde a set of associated frag-
ments. Assume now that the fragmentsfirwere generated using a “double-barreled”
shotgun protocol in whiclmate-pairs of fragments are obtained by reading both ends
of longer clones. For purposes of this papenate-pair library M = (L, , o) consists
of a list L of pairs ofmated fragments, together with a mean estimatand standard
deviationo for the length of the clones from which the mate-pairs were obtained, see
Figure®.

Typical clone sizes used to produce mate-pair libraries used in Celera’s human
genome sequencing wetkb, 10kb, 50kb, andl150kb. The quality of shorter mate-pairs
can be very good with a standard deviation of abd$ of the mean length, whereas
the standard deviation can rea¥; for long clones. Also, because both ends of clones
are read in separate sequencing reactions, there is a potential for mis-associating mates.
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Source sequence

F G
| o

Fig.5. Two fragments:” andG that form a mate-pair with known mean distanpcend
standard deviation. Note their relative orientation in the source sequence.

However, a high level of automation and electronic sample tracking can reduce the oc-
currences of this problem to belo%. By construction, any fragment will occur in at
most one mate-pair.

Given an assemblyl with fragmentsF(A) and a collection of mate-pair libraries
M = {My,Ms,...}, letm = {F,G} C F(A) be a mate-pair occurring in some
library M; = (L, u,0). Thenm is calledhappy if the positioning of ¥ andG in A
is reasonable, i.e., if' and G are oriented towards each other (as in Figure 5) and
| |s(F,A)—s(G, A)|—u| < 3o, say. An unhappy mate-pait is calledmis-oriented if
the former condition is not satisfied, amik-separated if only the latter condition fails.

3.1 Clone-MiddlePlot

We obtain aclone-middle plot for A as follows: For each pair of fragments G €

F(A) that occurs in a mate-pair libraiy/, draw a line segment frortt(F, A),y) to

(t(G, A),y) , wherey € [0, 1] is a randomly chosen height. Lines can be shown in dif-
ferent colors depending on whether the corresponding mate-pair is happy, mis-separated
or mis-oriented, see Figuré 6, and also Figure 6in [7]. The intétyal A), (G, A)]
(assuming w.l.o.gi(F, A) < t(G, A)) is called theclone-middle (in A) associated with

the pairF, G.

One draw-back of this visualization for large assemblies is that substantially mis-
placed pairs give rise to very long lines in the plot and obscure the view of local regions.
To address this, we introduce tloealized clone-middle plot (see Figufg 7): LEF, G}
be a mis-separated or mis-oriented mate from some libkary= (L, i, o). Assume
w.l.o.g. thats(F, A) < s(G, A). Represent the mate-pair by a line that indicates the
range in whichF' expects to se€;, i.e., by drawing a line segment fromiF, A) of
lengthy + 30 — (len(F') + len(G)) towards the right, i(F, A) < t(F, A), and to the
left, otherwise. As above, define tbhlne-middle accordingly.

Mis-separated and mis-oriented mate-pairs indicate discrepancies between a given
assembly and the original source sequence or chromosome, as follows.

3.2 Breakpoint Detection

Loosely speaking, &ireakpoint of an assemblyA is a positionp in A such that the
sequence immediately to the left and rightpoh A comes from two separate regions
of the source sequence.

Letm = {F,G} be a mis-oriented mate-pair such thaf’, A) < s(G, A). We
distinguish between three different casssrmal-oriented: both fragments are oriented
to the right;anti-oriented: both are oriented to the left; amdtie-oriented:F' is oriented
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Fig.6. Clone-Middle Diagram for Assemblied and B. Each mate-paifn is repre-
sented by a horizontal line segment joining its two fragments; i mis-separated
(shown in light grey) or mis-oriented (shown in dark grey). Happy mates are not shown.
Mate-pairs are grouped by “library”, label@d<, 10K and50K . Ticks along the axis
indicate putative breakpoints, as inferred from the mis-oriented mates.

to the left andG is oriented to the right. (Happy and mis-separated mategnare
oriented).

We now describe a simple but effective heuristic for detecting breakpoints. Choose
a thresholdl” > 0, depending on details of the sequencing project. (All figures in this
paper were produced usifig = 5.) An event is a three-tupldz, ¢, a) consisting of a
coordinater € {1,...,len(A)}, a typet € {norma] anti, outtie mis-separateld and
an “action”a € {41, —1}, where+1 or —1 indicates the beginning or end of a clone-
middle, respectively. We maintain the number of curreatiye matesV (¢) of type
t. For each event = (z,t,a) in ascending order of coordinate If « = +1, then
increment/ (¢) by 1. In the other casei(= —1), if V(¢) > T, then report a breakpoint
at positionz and sef/’ (t) = 0, else decreas€(t) by 1. (For a better estimation of the
true position of the breakpoint, report the interi&l, ], wherez' is the coordinate of
the most recent alive-1-event of type’.) Breakpoints estimated in this way are shown
in Figure[T.

A useful variant of the breakpoint estimator is obtained by taking the current number
of alive happy mates into account: Scanning from left to right, a breakpoint is said to
be present at positian if there exists an evert = (z, t, —1) such that the number of
alive unhappy mates of typeexceeds the number of alive happy mates of type
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Fig.7. A Localized Clone-Middle Diagram for Assembliegsand B. Here, each mis-
separated or mis-oriented mate-pair is represented by a line that indicates the expected
range of placement of the right mate with respect to the left one. Ticks along the axis
indicate putative breakpoints, as inferred from the mis-oriented mates.

3.3 Clone-CoveragePlot

Similar to the fragment-coverage plot discussed in Sedtion 2, one can use the clone-
coverage events to computelane-coverage plot for each of the types of mate-pairs,
see Figuréls.

Note that the simultaneous occurrence of both high happy and high mis-separated
coverage may indicate the presence of a polymorphism in the fragment data.

34 Synthesis

Combining all the described methods into one view gives rise to a tool that is very
helpful deciding by how much two different assemblies differ and, more, which one is
more compatible with the given fragment and mate-pair data; see Higure 9. This latter
capability is an especially powerful aspect of analysis in terms of fragments and mate-
pairs.

4 Some Applications

The techniques described in this paper have a number of different applications in com-
parative genomics. Originally, our goal was to design a tool for comparing the simi-
larities and differences of assemblies of human chromosomes produced at Celera with
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Fig. 8. Clone-coverage plot for assemblidsand B, showing the number of of happy
mate-pairs (medium grey), mis-separated pairs (light grey) and mis-oriented ones (dark
grey).
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Fig.9. A combined line-plot, clone-middle, clone-coverage and breakpoint view of the
two assembliesA and B indicates that assembly is significantly more compatible
with the given fragment and mate-pair data than assebgy/
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those produced by the publicly funded Human Genome Project (PFP). A detailed com-
parison based on our methods is shown in Figures 6 and [7 of [ 7]. As an example, we

show the comparison for chromosome 2 in Figliré 10. For clarity, only segments of
length50kb or more are shown.

0 50 100 150 200 Mb

50

AssemblyH 25

ik i uWI l '# l w’ ik I””‘W
\ LW! ”’ ‘ L\

I I il V’H‘r\

50

AssemblyC
25

0 50 100 150 200 Mb

Fig. 10. Line-plot and breakpoint comparison of two different assemblies of chromo-
some2 of human. Assembly’ was produced at Celera][7] and assemHblyvas pro-
duced in the context of the publicly funded Human Genome Project and was released
on September 5, 2000/[2]. The number of detected breakpoints (indicated as ticks along
the chromosome axes) 78 for C' and3592 for H.

4.1 Feature-Tracking

A second application is in tracking forward features from one version of an assembly
to the next. To illustrate this, we consider two assemblies of chromosome 19 produced
in the context of the PFP from publicly available data. Asseniblywas released on
September 5, 2000 and assembly was released on January 9, 2001 [2].

How much did the assembly change and did it improve? The line-plot comparison of
H, andH, in Figurd 11 indicates that many local changes have taken place. A detailed
analysis (not reported here) shows that many changes are due to a change of orienta-
tion of so-called “supercontigs” in the assembly. The number of detected breakpoints
dropped from 723 to 488.
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Fig. 11. Line-plot, clone-middle and breakpoint comparison of the PFP assembly
of chromosome 19 as of September 5, 2000, and the a more recent PFP asd§embly
dating January 9, 2001.

4.2 Comparison of Different Chromosomes

Additionally, our algorithms can be used to compare different chromosomes of the same
species e.g. in search of duplication events, but also to compare different chromosomes
from different species, in the latter case using a lower stringency alignment method to
define fragment hits.

We illustrate this by a comparison of chromosomandY of human, as described
in [IZ]. In this analysis we use only uniquely hitting fragments. In summary, we see
approximatelyl .3Mb of sequence in conserved segments, of wihietkb are contained
in the heaviest common subsequence (relative to the standard orientalioarafY’),
82kb are contained in other segments of the same orientatioh.aslllb in oppositely
oriented segments, see Figlrg 12. We observe orientation preserving similarity at both
ends of the chromosomes and a large inverted conserved segment in the int&rior of
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